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PRBFACK 



The following summary view of the first principles of al« 
gebra is intended to be accommodated to the metnod of in- 
struction generally adopted in the American colleges. 

The b(K>k8 which have been published in Oreat Britain on 
mathematical subjects, are {nrincipally of two classes.-— One 
consists of extended treatises, which enter into a thorough in- 
vestigation of the particular departments which are the ob- 
jects of their inquiry. Many or these are excellent in their 
kind ; but they are too voluminous foi* the use of the body 
of students in a college. 

The other class are expressly intended for beginners ; but 
many of them are written in so concise a manner, that im- 
portant proofs and illustrations are excluded. They are 
mere text-books^ containing only the outlinea of subjects 
which are to be explained and enlarged upon, by the pro- 
fessor in his lecture room, or by the private tuUn: in his 
chamber. 

In the colleges in this country, there is generally put into 
the hands of a class, a book from which they are expiected of 
themselves to acquire the principles of the science to which 
they are attending : receiving, however, from their instructor, 
any additional assistance which may be found necessary. An 
elementary work for such a purpose, ought evidently to con- 
tain the explanations which are requisite, to bring the sub-^ 
jects treated of within the comprehension of the body of 
the class. 

If the design of studying the mathematics were merely to 
obtain such a knowledge of the prcictical parts, as is required 
for transacting business ; it might be sufficient to commit to 
memory some of the principal rules, and to make the opera- 
tions familiar, by attending to the examples. In this me- 
chanical way, the accountant, the navigator, and thfe land 
surveyor, may be qualified for their respective employmients, 
with very little knowledge of the principles that lie at the 
foundation of the calculations which they are to make. 

But a higher object is proposed, in the case K>i those who 
are acquiring a liberal education. The main design should 
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be to call into exercise, to discipline, and to invigorate the 
powers of the mind. It is the logic of the mathematics which 
constitutes their principal value, as a part of a course of col- 
legiate instruction. The time and atteiition devoted to them, 
is for the purpose of forming 8&und reasoners, rather than ex- 
pert mathematicians. To accomplish this object it is neces- 
sary that the principles be clearly explained and demonstra- 
ted, &:id that the several parts be arranged in such a manner, 
as to show the dependence of one upon another. The whole 
should be so CQfiducted, as to keep the reasoning powers in 
continual exercise, without greatly fatiguing them. No 
other subject affords a better opportunity for exemplifying the 
rules of correct thinking. A more finished specimen of clear 
and exact logic has, perhaps, never been produced, than the 
Elements of Geometry by Euclid. 

It may be thought, by some» to be unwise to form our gen-^ 
eral habits of arguing, on the model of a science in which 
the inquiries are accompanied with absolute certainty ; while 
the common business of life must be conducted upon probabU 
evidence, and not upon principles which admit of complete 
demonstration. There would be weight in this objection, if 
the attention were confined to the pure mathematics. But 
when these are connected with the physical sciences, astro-* 
nomy, chemistry, and natural philosophy, the mind has op- 
portunity to exercise its judgment upon all the various de- 
grees of probability which occur in the concerns of life. 

So far as it is desirable to form a taste for mathematical 
studies, it is important that the books by which the student is 
first introduced to an acquaintance with these subjects, should 
not be rendered obscure and forbidding by their conciseness. 
Here is no opportunity to awaken interest, by rhetorical ele- 
gance, by exciting the passions, or by presenting images to 
the imagination. The beauty of the mathematics depends 
on the distinctness of the objects of inquiry, the symtnetry of 
their relations, the luminous nature of the arguments, and the 
certainty of the conclusions. But how is this beauty to be 
perceived, in a work which is so much abridged, that the 
chain of reasoning is often interrupted, important demonstra- 
tions omitted, and the transitions from one subject to another 
so abrupt, as to keep their connections and dependencies out 
Qf view ? 

It may not be necessary to state every proposition and it§ 
proof, with all the formality whicli is so strictly adhered to 
by Euclid ; as it is not essential to a logical argument, that 
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it be expressed in regular and entire syllogisms. A step of 
a demonstration may be safely omitted, when it is so simple 
and obvious, that no one possessing a moderate acquaintance 
with the subject, could fail to supply it for himself. But this 
liberty of omission ought not to be extended to cases in 
which it will occasion obscurity and embarrassment. If it 
be desirable to give opportunity for the mind to display and 
enlarge its powers, by surmounting obstacles; full scope 
may be found for this kind of exercise, especially in the 
higher branches of the Mathematics, from difficulties which 
will unavoidably occur, without creating new ones for the 
sake of perplexing. 

Algebra requires to be treated in a more plain and diffuse 
manner, than some other parts of the mathematics ; because 
it is to be attended to, early in the course, while the mind of 
the learner has not been habituated to a mode of thinking so 
abstract, as that which will now become necessary. He has 
also a new language to learn, at the same time he is settling 
the principles upon which his future inquiries are to be con^ 
ducted. These principles ought to be estabhshed, in the 
most clear and satisfactory nianner wliich the nature of the 
case wiU admit of. Algebra and geometry may be consider- 
ed as lying at the foundation of the succeeding branches of 
the mathematics, both pure and mixed. EucUd and others 
have given to the geometrical part a degree of clearness and 
precision which would be very desuable, but is hardly to be 
expected, in algebra. 

For the reasons which have been mentioned, the manner 
in which the following pages are written, is not the most 
concise. ^ But the work is necessarily limited in extent of 
subject. It is far from being a complete treatise of algebra. 
It is merely an introduction. It is intended to contain as 
much matter, as the student at college can attend to, with 
advantage, during the short time allotted to this particular 
study. There is generally but a small portion of a classy 
who have either leisure or inclination, to pursue mathemati- 
cal inquiries much farther than is necessary to maintain an 
honorable standing in the institution of which they are 
members. Those few who have an unusual taste for this 
science, and aim to b'ecome adepts in it, ought to be refer- 
red to separate and complete treatises, on . the different 
branches. No one who wishes to be thoroughly versed in 
mathematics, should look to compendiums and elementary 
books for any thing more than the first principles. As soon 
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as these are acquired, he should be guided in his inqmries by 
the geuius and spirit of original authors. 

In the selection of materials) those articles have been 
taken which have a practical application, and which are pre- 
paratory to succeeding parts of the mathematics, philosophy, 
and astronomy. The object has not been to inU^oduce ori" 
gincd matter. In the mathematics, which have been cultiva* 
ted with success from the days of Pythagoras, and in which 
the principles already established are sufficient to occupy the 
most active mind foi: years, the parts to which the student 
ought first to attend, a^e not those recently discovered. Free 
use has been made of the works of Newton, Maclaurin, 
Saunderson, Simpson, Euler, Emerson, Lacroix, and others, 
but in a way that rendered it inconvenient to refer to them', 
in paj-ticulax instances. The proper field for the display of 
mathematical genius^ is in the region of invention. But 
what is requisite for an elementary work, is to collect, ar- 
range and illustrate, materials already provided. However 
humble this eipployment, he ought patiently to submit to it, 
whose object is to instruct, not those who have made consid- 
erable progress in the mathematics, but those who are just 
commencing the study. Original discoveries are not for the 
benefit of beginners^ though they may be of great importance 
to the advancement of science. 

The arrangement of the parts is such, that the explanation 
of one is not made to depend on another which is to follow. 
The addition, multiplication, arid division of powers, for in- 
stance, is placed after involution. In the statement of gen- 
eral rules, if they are reduced to a saoaaJl number, their ap- 
plications to particular cases may not, always, be readily un- 
derstood. On the other hand, if they are very numerous, 
they become tedious and burdensome to the memory. The 
rules given in this introduction, are most of them compre- 
hensive ; but they are explained and applied, in subordinate 
articles. 

A particular demonstration is sometimes substituted for a 
general one, when the application of the principle to other 
cases is obvious. The examples are not often taken from 
philosophical subjects, as the learner is supposed to be fa- 
miliar with none of the sciences except arithmetic. In treat- 
ing of negative quantities, frequent references are made to 
mercantile concerns, to debt, and credit, &c. These are 
merely for the purpose of illustration. The whole doctrine 
of negatives is made to depend on the single principle, that 
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they axe quantities to be aubtracted. But the student^ at 
this early period, is not accustomed to abstraction. He re- 
quires particular examples, to catch his attention, and aid his 
conceptions. 

The section on proparHony will, perhaps, be thought use- 
less to those who read the fifth Book of Euclid. That is suf- 
ficient for the purposes ci pure feametrical demonstration. But 
it is important that the propositions should also, be presented 
under the algebraic forms. In addition to this, great assis- 
tance may be derived ftom the algebraic notalionj iii demon- 
strating, and reducing to system, the laws of proportion. The 
subject instead of being broken up into a multitude of dis- 
tinct propositions, may be comprehended in a few general 
principles. ^ 
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INTRODUCTORY OBSERVATIONS 

ON THE 

MAThEMATICS IN GENERAL. 



Art. 1. M ATHEkATics is the science of quantity. 

Any thing which can be multiplied^ divtdedy or mecmtred, is 
called quantity. Thus, a line is a quantity, because it can 
be doubled, trebled, or halved ; and can be measured, by 
applying to it another line, as a foot, a yard, or an ell. 
Weight is a quantity, which can be measured, in pounds, 
ounces, and grains. Time is a species of quantity, whose 
measure can be expressed, in hom's, minutes, and seconds. 
But color is not a quantity. It cannot be said, with propri- 
ety, that one color is twice as great, or half as great, as 
another. The operations of the mindy such as thought, 
choice, desire, hatred, &c. are not quantities. They are in- 
capable of mensuration.* 

2. Those parts of the Mathematics, on which all the 
others are founded, are Arithmsticj Algebrc^ and Geometry. 

3. Arithmetic is the science of numbet*s. Its aid is 
required to complete and apply the calculations, in almost 
every other department of the mathematics. 

4. Algebra is a method of computing by letters and other 
symbols. Fluxions, or the Differential and Inte^al Cal- 
culus, may be considered as belonging to the higher oranches 
of algebra, f 

5. Geometry is that part of the mathematics, which treats 
of magnitude. By magnitude, in the appropriate sense of 
the term, is meant that species of quantity, which is extend- 
ed; that is, which has one or more of the three dimensions, 
lengthy breadthy and thickness. Thus a line is a magnitude, 
because it is extended, in length. A surface is a magnitude^ 

having length and breadth. A solid is a magnitude, having 

■ ■^^ , 

♦See Note A. f See Note B. 
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length, breadth, and thickness.^ But motiwa^ though a quan- 
tity, is not, strictly speaking, a magnitude. It has neither 
length, breadth, nor thickness.* 

6. Trigonometry and Come Sections are branches of 
the mathematics, in which the principles of g<V)metry are 
applied to triangles^ and the sections of a cone: 

7. Mathematics are either pure or mixed. In pure mathe- 
matics, quantities are considered, independently of any sub- 
stances actually existing. But, in mixed tnathematics, the 
relations of quantities are investigated, in connection with 
some of the properties of matter, or with reference to the 
common transactions of business. Thus, in Surveying, 
mathematical principles are applied to the measuring of 
land ; in Optics, to the properties of light ; and in Astrono- 
my, to the motions of the heavenly bodies. 

8. The science of the pure mathematics has long been 
distinguished, for the clearness and distinctness of its princi- 
ples ; and the irresistible conviction, which they cariy to the 
mind of eveiy one who is once made acquainted with them. 
This is to be ascribed, partly to the nature of the subjects, 
and partly to the exactness of the definitions, the axioms^ 
and the demonstrations. 

9. The foundation of all mathematical knowledge must 
be laid in definitions. A definition is an explanation of what 
is meant, by any wotd or pnrase. Thus, an equilateral tri- 
angle is defined, by saying, that it is a figure bounded by 
three equal sides. 

It is essential to a complete definition, that it perfectly dis- 
tinguish the thing defined, from every thing else. On many 
subjects it is difficult to give such precision to language, that 
it shall convey, to every hearer or reader, exactly the same 
ideas. But, in the mathematics, the principal terms may be 
so defined, as not to leave room for the least difierence of 
apprehension, respecting their meaning. All must be agi'eed, 
as to the nature of a circle, a square, and a triangle, when 
they have once learned the definitions of these figures. 

Under the head of definitions, may be ^included explana- 
tions of the characters which are used to denote the relatione 
of quantities. Thus the character V is explained or defined, 
by saying that it signifies the same as the words square root 

10. The next step, after becoming acquainted with the 
meaning of mathematical terms, is to bring them together, in 

♦ Some writers, however, use magnitude as synonymous with quantity. 
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the form of propositions. Some of the relations of quantities 
require no process of reasoning, to render them evident. To 
be understood, they need only to be proposed. That a 
square is a different figure from a circle ; that the whole of a 
thing is greater than one of its parts ; and that two straight 
lines cannot enclose a space, are propositions so manifestly 
true, that no reasoning upon them could make them more 
certain. They are, therefore, called self-evident truths, or 
axioms. 

11. There are, however, comparatively few mathematical 
truths which are self-evident. Most require to be proved by 
a chain of reasoning. Propositions of this nature are denom- 
inated theorems; and the process, by which they are shown 
to be true, is called demonstration. This is a mode of argu- 
ing, in which, every inference is immediately derived, either 
from definitions, or from principles which have been previ- 
ously demonstrated. In this way, complete certainty is made 
to accompany every step, in a long course of reasoning. 

12. Demonstration is either direct or indirect. The for- 
mer is the common, obvious^ mode of conducting a demon- 
strative argument. But in some instances, it is necessary to 
resort to indirect demonstration ; which is a method of es- 
tablishing a proposition, by proving that to suppose it not 
true, would lead to an absurdity. This is frequently called 
reductio ad absurdum. Thus, in certain cases in geometry, 
two lines may be proved to be equal, by showing that to sup- 
pose them ^mcquaJj-^ould involve an absurdity. 

13. Besfidesihe- principal theorems in the mathematics, 
th^re are/aW li&mnaj and Corollaries. A Lemma is a pro- 
posHion yrhich is demonstrated, for the purpose of using it, in 
the aembnajtraiion of some other proposition. This prepara- 
tory step is \aken to prevent the proof of the principal theo- 
rem frcHU becoming complicated and tedious. 

14. A Corollary is an inference from a preceding proposi- 
tion. A Scholium is a remark of any kind, suggested by 
something which has gone before, though not, like a corolla- 
ry, immediately depending on it. 

15. The immediate object of inquiry, in the mathematics, 
IS, frequently, not the demonstration of a general truth, but 
a method of performing some operation, such as reducing a 
vulgar fraction to a decimal, extracting the cube root, or 
inscribing a circle in a square. This is called solving a prob- 
lem. A theorem is something to be proved. A problem is 
something to be done> 
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16. When that which is required to be done, is so easy, as 
to be obvious to every one, without an explanation, it is call- 
ed a postulate. Of this nature is the drawing of a straight 
line, from one point to another. 

17,. A quantity is said to be giveUy when it is cither sup- 
posed to be already fcnotm, or is made a conditimy in the 
statement of any theorem or problem. In the rule of pro- 
portion in arithmetic, for instance, three terms must be given 
to enable us to find a fourth. These three terms are the 
data^ upon which the calculation is founded. If we are re- 
quired to find the number of acres, in a circular island ten 
miles in circumference, the circular figure, and the length of 
the circumference, are the data. They are said to be given 
by suppositiouy that is, by the conditions of the problem. A 
quantity is also said to be given, when it may be directly and 
easily inferred from something else which is given. Thus, if 
two niunbers are given, their mm is given ; because it is ob- 
tained, by merely adding the numbers together. 

In Geometry, a quantity may be given, either in posiflotiy 
or magnitude^ or both. A line is given in position, when its 
situation and direction are known. It is given in magnitude, 
when its length is known. A circle is given iapositiony when 
the place of its centre is known. It is given in magnitude^ 
when the lengtH of its diameter is known. 

18. One proposition is contrary , or contradictory to another, 
when, what is afiii-med, in the one, is denied, in the other. 
A proposition and its contrary, can never both be true. It- 
cannot be true, that two given lines are equal, and that they 
aie not equal, at the same time. 

19. One proposition is the converse of another, when the 
order is inverted ; so that, what is given or supposed in the 
first, becomes the conclv,sion in the last ; and what is given 
in the last, is the conclusion, in the first. Thus, it can be 
proved, first, that if the sides of a triangle are equal, the an- 
gles are equal ; and secondly, that if the angles are equal, 
the sides are equal. Here, in the fiist proposition, the equal- 
ity of the sides is given; and the equality of the angles in- 
ferred: in the second, the equality of the angles is given, and 
the equality of the sides inferred. In many instances, a pro- 
position and its converse^ are both true; as in the preceding 
example. But this is not always the case. A circle is a 
figure bounded by a curve ; but a figure bounded by a curve 
is not of course a circle. 
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20. The practical applications of the mathematics, in the 
common concerns of business, in the useful arts, and in the 
various branches of physical science are almost innumerable. 
Mathematical principles are necessary in MercarUUe transaC" 
tianSj for keeping, arranging, and settling accounts, adjusting 
the prices of commodities, and calculating the profits of trade : 
in J^ravigcUUm^ for directing the course of a ship on the ocean, 
adapting the position of her sails to the direction of the wind, 
finding her latitude and longitude, and determining the bear- 
ings and distances of objects on shore : in Surveyings for 
naeasuring, dividing, and laying out grounds, taking the eleva- 
tion of hills, and fixing the boundaries of fields, estates, and 
public territories ; in Civil Engineerings for constructing 
bridges, aqueducts, locks, &c. : in J)fechanics, for understand- 
ing the laws of motion, the composition of forces, the equili- 
briiun of the mechanical powers, and the structure of ma- 
chines : in Architecture, for calculating the comparative 
strength of timbers, the pressure which each will be required 
to sustain, the forms of arches, the proportions of colunms, &c. : 
in Fortification, for adjusting the position, lines, and an- 
gles, of the several parts of the works : in Gunnery, for regu- 
lating the elevation of the cannon, the force of the powder, 
and the velocity and range of the shot : in Optics, for tracing 
the direction of the rays of hght, understanding the forma- 
tion of images, the laws of vision, the sepaiation of colors, the 
natme of the rainbow, and the construction of microscopes 
and telescopes : in Astronomy, for computing the distances, 
«iagnitudes, and revolutions of the heavenly bodies ; and the 
mfluence of the law of gravitation, in raising the tides, dis- 
turbing the motions of the moon, causing the return of the 
comets, and retaining the planets in their orbits : in Geogra- 
phy, for determining the figure and dimensions of the earth, 
the extent of oceans, islands, continents, and countries ; the 
latitude and longitude of places, the courses of rivers, the 
height of inountains, and the boundaries of kingdoms : in His- 
tory, for fixing the chronology of remarkable events, and 
.estimating the strength of armies, the wealth of nations, the 
value of their revenues, and the amount of their population : 
and, in the concerns of Government, for apportioning taxes, 
arranging schemes of finance, and regulating national ex- 
penses. The mathematics have also important applications 
to Chemistry, Mineralogy, Music, Painting, Sculpture, and 
indeed to a great proportion of the whole circle of arts and 
ficiences. 
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21. It 18 true, that, in many of tbe branches which have 
been mentioned, the ordinary business is frequently trans* 
acted, and die- mechanical operations performed, by persons 
who have not been regularly instructed in a course of mathe- 
matics. Machines are framed, lands are surveyed, and ships 
are steered, by men who have never thoroughly investigated 
the principles, which lie at the foundation of their respective 
arts. The reason of this is, that the methods of proceeding, 
in their several occupations, have been pointed out to them, 
by the genius and labor of others. The mechanic often 
works by rules, wjiich men of science have provided for his 
U90^a3id of which he knows nothing more, than the practical 
applicatiecL The mariner calculates his longitude by tables, 
for which he icki^debted to mathematicians and astronomers 
of no ordinary attainments. In this manner, even the ab- 
struse parts of the mathemeXics are made to contribute their 
aid to the conmion arts of life. 

22. But an additional and more important advantage, to 
jp^ersons of liberal education, is to be found, in the enlarge- 
ment and improvement of the reasoning powers. The mind, 
like the body, acquires strength by exertion. The art of 
reascming, like other arts, is learned by practice. It is per- 
fected, only by long continued exercise. Mathematical stu- 
dies are peculiarly fitted for this discipline of the mind. 
They are calculated to form it to habits of fixed attention ; 
of sagacity, in detecting sophistry ; of caution, in the admis- 
sion of proof ; of dexterity, in the arrangement of arguments ; 
and of skill, in making all the parts of a long continued prcg* 
cess tend to a result, in which the truth is clearly and firmly 
established. When a habit of close and accurate thinking 
is thus acquired, it may. be applied to any subject, on which 
a man of letters or of business may be called to employ his 
talents. " The youth," says Plato, " who are furnished with 
mathematical knowledge, are prompt and quick, at all other 
eciences." 

It is not pretended, that an attention to other objects of 
inquiry is rendered unnecessary, by the study of the mathe- 
matics. It is not their office, to lay before us historical facts ; 
to teach the principles of morals ; to store the fancy with 
brilliant images ; or to enable us" to speak and write with 
rhetorical vigor and elegance. The beneficial effects which 
they produce on the mind, are to be seen, principally, in the 
regulation and increased energy of the reasoning powers 
These they are calculated to call into frequent and vigorous 
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exercise. At the same time, mathematical studies may be 
so conducted, as not often to require excessive exertion and 
fatigue. Beginning with the more simple subjects, and as- 
cending gradually to those which are more complicated, the 
mind acquires strength as it advances; and by a succession 
of steps, rising regularly one above another, is enabled to 
surmount the obstacles which lie in its way. In a course of 
mathematics, the parts succeed each other in such a con- 
nected series, that the preceding propositions are preparatory 
to those which follow. The student who has made himself 
master of the former, is qualified for a successful investiga- 
tion of the latter. But he who has passed over any of the 
ground superficially, will find that the obstructions to his 
i^ture progress are yet to be removed. In mathematics as in 
war, it should be made a principle, not to advance, while any 
thing is left unconquered behind. It is important that the 
student should be deeply impressed with a conviction of the 
necessity of this. Neither is it sufficient that he imde.rstands 
the nature of one proposition or method of operation, before 
proceeding to another. He ought also to make himself /o- 
miliar with every step, by careM attention to the examples. 
He must not expect to become thoroughly versed in the sci- 
ence, by merely rectdmg the main principles, rules, and obser- 
vations. It is practice only, whicn can put these completely 
in his possession. The method of studying here recom- 
mended, is not only that which promises success, but that 
which will be found, in the end, to be the most expeditious, 
and by &r most pleasant. While a superficial attention oc^ 
casions perplexity and consequent aversion; a thorough 
investigation is rewarded with a high degree of gratification. 
The peculiar entertainment which mathematical studies are 
calculated to furnish to the mind, is reserved for those wha 
make themselves masters of the subjects to which their 
attention is called. 
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Note. — The principal definidons, theorems, rules, &c which it is neoessarf 
to eommil l« tnemory, are distinguished by being put in Italics or CapitaJs. 
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^ SECTION I. 

NOTATION, NEGATIVE aUANTITIES, AXIOMS, &c 

Art. 23". ALGEBRA may be defined, a general method 

OF INVESTIGATING THE RELATIONS OF QUANTITIES, BT LET- 
TERS, AND OTHER STMBOLS. TMs, it must be acknowledged, 
is an imperfect account of the subject; as every account 
must necessarily be, which is comprised in the compass of a 
definition. Its real nature is to be learned, rather by an 
attentive examination of its parts, than from any summary 
description. 

The solutions in Algebra, are of a more general nature 
than those in common Arithmetic. The latter relate to par- 
ticular numbers ; the former to whole classes of quantities. 
On this accoimt. Algebra has been termed a kind of universal 
Arithmetic. The generality of its solutions is principally 
owing to the use of letters, instead of numeral figures, to 
express the several quantities which are subjected to calcula- 
tion. In Arithmetic, when a, problem is solved, the answer 
is limited to the particular numbers which are specified, in 
the statement of the question. But an Algebraic solution 
may be equally applicable to all other quantities which have 
the same relations. This important advantage is owing to 
the difference between the customary use of figures, and the 
manner in which letters are employed in Algebra. One of 
the nine digits, invariably expresses the same number : but a 
letter may be put for any number whatever. The figure 8 
always signifies eight ; the figure 5, five, &c. And, though 
one of the digits, in connection with others, may have a local 
value, different from its simple value when alone ; yet the 
same combination always expresses the same' number. Thus 
263 has Q|^toimiform signification. And this is the case with 
every oth«R)mbination of figures. But in Algebra, a letter 
may stand for any quantity which we wish it to represent. 
Thus b may be put for 2, or 10, or 50, or 1000. It must not 
be understood from this, however, that the letter has no d^- 
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termmate value. Its value is fixed for the occasion. For 
the present purpose, it remains unaltered. But on a different 
occasion, the same letter may be put for any other number. 
A calculation may be greatly abridged by the use oi let« 
ters; especially when very large nmnbers are concerned. 
And when several such numbers are to be combined, as in 
multiplication, the procesn becomes extremely tedious. But 
a single letter may be put for a large number, as well as 
for a small one. The numbers 26347297, 68347823, and 
27462498, for instance, may be expressed by the letters, 6, c, 
and d. The multiplying them together, as will be seen 
hereafter, will be nothing more than writing them, one after 
another, ia the form of a word, and the product will be sim- 
ply bed. Thus in Algebra, much of the labor of calcula- 
tion may be saved, by the rapidity of the operations. Solu- 
tions are sometimes effected, in the compass of a few lines, 
which, in common Arithmetic, must be extended through 
many pages. 

24. Another advantage obtained from the notation by let- 
ters instead of figures, is, that the several quantities which 
are brought into calculation, may be preserved dUtinct from 
each, other ; though carried through a number of comphcated 
processes; whereas, in arithmetic, they are so blended to- 
gether, that no trace is left of what they were, before the 
operation began. 

25. Algebra dififers farther from arithmetic, in making use 
of unknown quantities, in carrying on its operations. In 
arithmetic, all the quantities which enter into a calculation 
must be k^own. For they are expressed in numbers. And 
every number must necessarily be a determinate quantity. 
But in Algebra, a letter may be put for a quantity, before 
its value has been ascertained. And yet it may have such 
relations to other quantities, with which it is connected, as 
to answer an important purpose in the calculation. 

NOTATION. 

26. To facilitate the investigations in algebra, the several 
steps of the reasoning, instead of being expressed in words^ 
are translated into the language of signs and symbols, which 
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_ ctly before 
the eye, and to bring them all into view at once. They are 
thus more readily compared and understood, than when re- 
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moved at a distance from each other, as in the common 
mode of writing. But before any one can avail himself of 
this advantage, he must become perfectly^ familiar with the 
new language. 

27. The quantities in algebra, as has been already ob- 
served, are generally expressed by letters. The first letters of 
the Alphabet are used to represent ktwwn quantities ; and 
the last letters, those which are unknaim. Sometimes the 
quantities, instead of being expressed by letters, are set down 
in figures, as in common arithmetic. 

28. Besides the letters and figures, there are certain char- 
acters used, to indicate the relations of the quantities, or the 
operations which are perfoiTfied with them. Among these 
are the signs -f. and — , which are read plus and minusy or 
more and less. The fonner is prefixed to quantities which 
are to be added ; the latter, to those which are to be svb^ 
traded. Thus a+i signifies that b is to be added to a. It 
is read a plus 6, or a added to 6, or a and 6. If the expres- 
sion be a -by i. e. a minus 6; it indicates that b is to be sub- 
tracted from a. 

29. The sign -|- is prefixed to quantities which are con- 
sidered as affirmative or positive ; and the sign — , to those 
which are supposed to be negative. For the nature of this 
distinction, see art. 54. 

All the quantities which enter into an algebraic process, 
are considered, for the purposes of calculation, as either posi- 
tive or negative. Before the first one, unless it be negative, 
the sign is generally omitted. But it is always to be under- 
stood. Thus a-|-6, is the same as -\-a-\-b, 

30. Sometimes both -|- and -^ are prefixed to the same 
letter. The sign is then said to be ambiguous. Thus a^hb 
si^ifies that in certain cases, comprehended in a general so- 
lution, 6 is to be added to a, and in^ther cases subtracted 
from it. 

31. When it is intended to express the difference between 
two quantities without deciding which is the one to be sub- 
tracted, the character c/> or -*- is used. Thus a^6, or a<fib 
denotes the difference between a and 6, without determining 
whether a is to be subtracted fif^m 6, or b from a. 

32. The eqiffty between two quantities or sets of quanti- 
ties is expressed by parpJlel lines =. Thus o+6=d sig- 
nifies that a and b together are equal to d. And a-^-dzzzc 
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=b-\'g=:h signifies that a and d equal c, which is equal to 
6 and g, which are equal to A. So 8-4-4= 16 - 4= 10+2=: 

7+2+3=12. 

S3. When the first of the two quantities compared, is 
greater than the other, the character ]> is placed between 
them. Thus a]>ft signifies that a is greater thaix^. 
"^ If the ftrst is kss than the other, the character <^ is used ; 

as a<Ch; i. e. a is less than b. In both cases, the quantity 
towards which the character open^, is greater than the other. 

34. A numeral figure is often prefixed to a letter. This 
is called a co-efficient. It shows how often the quantity ex« 

fressed by the letter is to be taken. Thus 2b signifies twice 
; and 96, 9 times 6, or 9 multiplied into b. 

The co-eflicient may be either a whole number or a fi^ac- 
tion. Thus |6 is two-thirds of b. When the co-efiicient is 
not expressed, 1 is always to be understood. Thus a is the 
same as la; i. e. once a. 

35. The co-efficient may be a letterj as well as a figure. 
In the quantity m6, m may be considered the co-efficient of 
b ; because 6 is to be taken as many times as there are units 
in m. ^Mf^m stands for 6, then mb is 6 times 6. In Soic, 3 
may be considered as the co-efficient of abc; 3a the coneffi- 
cient of 6c; or 3a6, the co-efficient of c. See art. 42. 

36. A svmple quantity is either a single letter or number, 
or several letters connected together without the signs + 
and-. Thus a, a6, abd and 86 are each of them simple 
quantities. A compound quantity consists of a nimiber of 
simple quantities connected by the sign + or - . Thus a+ 
65 d — 2/, b — d+3/i, are each compound quantities. The mem- 
bers of which it is composed are called terms. 

37. If there are two terms in a compound quantity, it is 
called a binomial. Thus a+6 and a - 6 are binomials. The 
latter is also called a residual quantity, because it expresses 
the difierence of two quantities, or the remainder, after one is 
taken from the other. A compound quantity consisting of 
three terms, is sometimes called a trinomial; one of four terms, 
a quadrwMmaly &c. 

38. When the several members of a compound quantity 
are to be subjected to the same operation, they are firequent- 

ly connected by a line called a vinculum. Thus a - 6+c 
shows that the sum of b and c is to be subtracted firom a. But 
0-6+c signifies that b only is to be subtracted from a 
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whUe c is to be added. The sum of c and 4, subtracted 

from the sum of a and 6, is o+t - c+rf. The marks used 
for parentheses, ( ), are often substituted instead of a line, for 

a vinculum. Thus x - (a-j-c) is the same as a? - a^e. The 
equcdity of two sets of quantities is expressed, without using 
a vinculum. Thus a+6=c4-^ signifies, not that b is equsd 
to c ; but that the sum of a and b is equal to the sum of c 
and d. ' 

39. A single letter, or a number of letters, representing any 
quantities vdth their relations, is called an algebraic expres- 
sion; and sometimes a formula. Thus (i^b-\-^d is an 
algebraic expression. 

40. The character x denotes multiplication. Thus axb 
is a multiplied into b: and 6x3 is 6 times 3, or 6 into 3. 
Sometimes a point is used to indicate multiplication. Thus 
a. 6 is the same as ax^* But the sign of multiplication is 
more commonly omitted, between simple quantftjes; and 
the letters are connected together, in the form of a word or 
syllable. Thus ab is the same as a. 6 or ax^* And bcde 
is the same as6xcX^Xc« When a compound quantity is 
to be multiplied, a vinculum is used, as in the case of sub- 
traction. Thus the sum of a and b multiplied into the smn 

of c and dy is a+6 X c+rf, or (a-\-b) x (c-f<i). And 
(6-f 2) X 5 is 8 X 5 or 40. But 6 + 2x5 is 6+10 or 16. 
When the marks of parentheses are used, the sign of multi- 
plication is frequently omitted. Thus (ar+j/) (a? - y) is {x-\-y) 

X («-y.) 

41. When two or more quantities are multiplied together, 
each of them is called a factor. In the product a6, a is a 

factor, and so is 6. In the product a:x»+w, x is one of the 
factors, and a-f-wi? the other. Hence every co-efficient may be 
considered a factor. (Art. 35.) In the product 3y, 3 is a 
factor as well as y, 

42. A quantity is said to be resolved into factors, when any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity. Thus Sab may be resolved into 
the two factors 2a and 6, because Saxb is Sab, And 5amn 
may be resolved into the three factors da, and w, and ». 
And 48 may be resolved into the two factors 2x^4, or 3x16, 
or 4x1^, or 6xS ; or into the three factors 2x^x3, or 4x 
6x2, &c. 
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43. The chaxacter -^ is used to show that the quantity 
which precedes it, is to he dividedf by t h at wh ich follows. 

Thus a-i^ is a divided by c : and a-f-^-f^+^ ^ ^^® s^^ini 
of a and b, divided by the sum of e and d. But in algebra, 
divifiion is more commonly expressed, by writing the divisor 
under the dividend, in the form of a vulgar fraction. Thus 

^ is the same as a^b: and j-pr is the difference of c and b 

divided by the sum of d and h. A chaiacter prefixed to the 

dividing line of a fractional expression, is to be understood 

as referring to all the parts taken collectively ; that is to the 

b-\~c 
whole value of the quotient. Thus a- — p- signifi^es that 

the quotient of 6+c divided by m+n is to be subtracted from a. 

c ^' d h \ ft 
And — : — X denotes that the first quotient is to be 

multiplied into the second. 

44. When four^quantities are proportumaly the proportion 
is expressed by points, in the same manner, as in the Kule of 
Three in arithmetic. Thus a:b::cid signifies that a has to 
6, the same ratio which c ha^s to d. And abzcd:: o-f-vn : 
b^n^ means, that ab is to cd; as the sum of a and tn, to the 
sum of b and n. 

45. Algebraic quantities are said to be oKfce, when they 
are expressed by the same letters^ and are of the same power: 
and unlikcy when the letters are different, or when the same 
letter is raised to different powers.* Thus a6, 3a6, -a6, 
and -6a6, are like quantities, because the letters are the 
same in each, although the signs and co-efficients are differ- 
ent. But 3a, 3i/, and Sbx^ are unlike quantities, because 
the letters are unlike, although there is no difference in the 
signs and co-efficients. 

46. One quantity is said to be a multiple of another, when 
the former contains the latter a certain number of times with- 
out a remainder. Thus 10a is a multiple of 2a; and 24 is 
a multiple of 6. 

47. One quantity is said to be a measure of another, when 
the former is contained in the latter, any number of times, 
without a remainder. Thus 36 is a measure of 156; and 7 
is a measure of 35. 



* For the notatioii of powers and rootSf see the sections on thoee subjects. 
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48. The value of an expression, is the number or quantit]^, 
for which the expression stands. Thus the value oi 3-{-4 is 
7; of 3x4 is 12; of ^ is 2. 

49. The RECIPROCAL of a quantUj/y is the quotiefa toismg 
from dividir^ a unit by that qua/ifUity. Thus the reciprociu 

of a is - ; the reciprocal of a+b is —r\ ; the reciprocal of 4 

. 1 

^4- 

50. The relations of quantities, which in ordinary language, 
are signified by words^ are represented in the algebraic nota- 
tion, by signs. The latter mode of expressing these rela- 
tions, ought to be made so familiar to the mathematical 
student, that he can, at any time, substitute the one for the 
other. A f^w examples are here added, in which, words 
are to be converted into signs. 

1. What is the algebraic expression for the following 
statement, in which the letters a, 6, c, &c. may be supposed 
to represent any given quantities 1 

The product of a, 6, and c, divided by the difference of c 
and dy is equal to the sum of b and c added to 15 times h. 

Ans. '—r=^b^C'\'15h. 

2. The product of the difference of a and h into the sum 
of by Cy and dy is equal to 37 times tn, added to the quotient 
of b divided by the sirni of A and b. Ans. 

3. The sum of a and 6, is to the quotient of 6 divided by 
c; as the product of a into c, to 12 times h. Ans. 

4. The sum of a, ft, and c, divided by six times their pro- 
duct, is equal to four times their sum diminished by d. Ans. 

5. The quotient of 6 divided by the sum of a and 6, is 
equal to 7 times dy diminished by the quotient of 6, divided 
by 36. Ans. 

51. It is necessary also, to be able to reverse what is done 
in the preceding examples, that is, to translate the algebraic 
signs into common language. 

What will the following expressions become, when, words 
are substituted for the sighs 1 

1. ——z^abc-SmA r-. 

h ' o+c 

Ans. The sum of a and b divided by A, is equal to the 

Eroduct of a, 6, and c diminished by 6 times m, and increased 
y the quotient of a divided by the sum of a and c. 



k 



NOTATION. » 15 



3A-C 



x+y 6+6 

3. a+7 (A+x)-fzg=(a+A) (6- c). 

m 

a-h , ^+a^ iaX^+H c <i 
' 3+6 - c 2w aw A+dm 

52. At the close of an algebraic process, it is frequently 
necessary to restore the numbers^ for which letters had been 
substituted, at the beginning. In doing this, the sign of mul- 
tiplication must not be omitted, as it generally is, between 
factors, expressed by letters. *Thus, if a stands for 3, and 6 
for 4 ; the product ab is not 34, but 3x4, i. e. 12. 

In the following examples. 

Let a=3 And d=6. 

6=4 i»=8. 

- c=2 »=10. 

Then I a+m,bc^n_S+S,4x2-M 
Then, 1. -7X+-3^-2^+ 3x6 

2.*±?i-6cmn+lz^= . 

c-rdm Bab 

o r j/a6~3d 36n-6c, 6 
. 3. 6 m a+ — -^ — — — -A = ^• 

cdm 4a-{-Scd a 

53. An algebraic expression, in which numbers have been 
substituted for letters, may often be rendered much more 
simple, by reducing several terms to one. This cannot 
generally be done, while the letters remain. If a+6 is used 
for the sum of two quantities, a cannot be united in the same 
term with 6. But if a stands for 3, and 6 for 4, then o-f-6 
=3+4=7. The value of an expression, consisting of many 
terms may thus be found, by actually performing, with the 
numbers, the operations of addition, subtraction, multiplica- 
tion, &c. indicated by the algebraic characters. 

Find the value of the following expressions, in which the 
letters are supposed to stand for the same numbers, as in the 
preceding article. 
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«. a 6«H— ?* + 2rt=3 X 4 X 8+|^+ 8 X W= 
wi — o — o 



m-l^ 



3. a+cXn-m+^^—Z-'^d x n-ms^ 



n-d n-6 c 

5. i±t^+m- cb _f.Mzi><«Hf = 
2n+3 n - 

POSITIVE AND NEGATIVE QUANTITIES * 

54. To one who has just entered on the study of algebra, 
th6re is generally nothing more perplexing, than the use of 
what are called negative quantities. He supposes he is about 
to be introduced to a class of quantities which are entirely 
new ; a sort of mathematical nothings^ of which he can form 
no distinct conception. As positive quantities are redly he 
concludes that those which are negative must be imaginary. 
But this i» owing to a misapprehension of the term negative, 
as used in the mathematics.- 

55. A NEGATIVE QuWriTr is one which is required 
TO BE SUBTRACTED. When several quantities enter into 
a calculation, it \^ frequently necessary that some of them 
should be added together, while others are suhtf acted. The 
former are called affirmative or positive, and are marked with 
the sign -j- > ^he latter are termed negative, and distinguished 
by the sign - . If, for instance, the profits of trade are the 
subject of calculation, and the gain is considered positive ; 
the loss will be negative ; because the latter must be subtracted 
from the former, to determine the clear profit. If the siuns 
of a book account are brought into an algebraic process, the 
debt and the credit are distinguished by opposite signs. If a 
man on a journey is, by any accident, necessitated to retm'n 
several miles, this backward motion is to be considered nega- 
tive, because that, in determining his real progress, it must 
be subtracted from the distance which he has travelled in 
the opposite direction. If the ascent of a body from the earth 
be caued positive, its descent will be negative. These are 
only different examples of the same general principle. In 

'*' On t&6 Biiliject of negative ooantitie^ see Newton's Umversal Arithmetic, 
Maseres on the Negative Sign, Mansfield's Mathematical Essays, and Mac- 
laurin's, Simpson's, Euler's, Saunderson's, and Ludlam's Algebra. 
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each of the instances, one of the quantities is to be subtracted 
from the other. 

56. The terms positive and negative, as used m the mathe- 
matics, are merely relative. They imply that there is, either 
in the natute of the quantities, or in their circumstances, or 
in the pinrposes which they are to answer in calculation, 
some such apposition as requires that one should be subtracted 
from the other* But this opposition is not that of existence and 
non-existence, nor of one thing greater than nothing, and 
another less than nothing. For, in many cases, either ot 
the signs may be, indifferently and at pleasure, applied to 
the very same quantity ; that is, the two characters may 
change places. In determining the progress of a ship, for 
instance, her easting may be marked -f-.j and her westing- ; 
or the westing may be + > and the easting - . All that is 
necessary is, that the two signs be prefixed to the quantities, 
in such a manner as to show, which are to be added, 
and which subtracted. In different processes, they may 
be differently applied. On one occasion, a downward mo- 
tion may be called positive, and on another occasion negative. 

57. Li every algebraic calculation, some one of the quan- 
tities must be fixed upon, to be considered positive. All 
other quantities which will increase this, must be positive also. 
But those which will tend to dimimsh it, must be negative. 
In a mercantile concern, if the stock is supposed to be positive, 
the profits will be positive ; for they increase the stoct. ; they 
are to be added to it. But the losses will be negative ; for 
they dimkdsh the stock ; they are to be subtracted fi"om. it. 
When a boat, in attempting to ascend a river, is occasionally 
driven back by the current ; if the progress up the stream, to 
any particular point, is considered positive, every succeeding 
instance of forward motion will be positive, while the back- 
ward motion will be negative. 

58. A negative quantity is firequently greater, than the 
positive one with which it is connected. But how, it may 
be asked, can the former be subtracted from the latter? The 
greater is certainly not contained in the less : how then can 
it be taken out of iti The answer to this is, that the greater 
may be supposed first to exhaust the less, and then to leave 
a remainder equal to the difference between the two. If a 
man has in his possession 1000 dollars, and has contracted a 
debt of 1500; the latter subtracted from the former, not 
only exhausts the whole of it, but leaves a balance of 500 

3 
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against him. la common language, he is 500 dollars worse 
than nothing. 

59. In this way, it frequently happens, in the course of an 
algebraic process, that a negative quantity is brought to stand 
(done. It has the sign of subtraction, without being con- 
nected with any other quantity, from which it is to 1^ sub- 
tracted. This denotes that a previous subtraction has left a 
remainder, which is a part of the quantity subtracted. If 
the latitude of a ship which is 20 degrees north of the equator, 
is considered positive, and if she sails south 25 degrees ; her 
motion first diminishes her latitude, then reduces it to noth^ 
ing, and finally gives her 5 degrees of south latitude. The 
sign - prefixed to the 25 degrees, is retained before the 5, 
to show that this is what remains of the southward motion, 
after balancing the 20 degrees of north latitude. If the mo- 
lion southward is only 15 degrees, the remainder must be 
-|-5, instead of - 5, to show that it is a part of the ship's 
northern latitude, which has been thus far diminished, but not 
reduced to nothing. The balance of a book account will be 
positive or negative, according as the debt or the credit is the 
greater of the two. To determine to which side the remain- 
der belongs, the sign must be retained, though there is no 
other quantity, from which this is again to be subtracted, or to 
which it is to be added. 

60. When a quantity continually decreasing is reduced to 
nothing, it is sometimes said to become afterwards less than 
nothing. But this is an exceptionable manner of speaking.* 
No quantity can be really less than nothing. It may be di- 
minished, till it vanishes, and gives place to an opposite quan- 
tity. The latitude of a ship crossing the equator, is first 
made less than nothing, and afterwards contrary to what it 
was before. The north and south latitudes may therefore 
be properly distinguished, by the signs + and - ; all the 
positive degrees being on one side of 0, and all the negative, 
on the other ; thus, 

+6, +5, 4-4, -f 3, +2, +h 0, - 1, - 2, - 3, - 4, - 5, &c. 

The numbers belonging to any other series of opposite 
quantities, may be arranged in a similar manner. So that 
may be conceived to be a kind of dividing point between 

♦ The expression "iM* than noihing,^^ may not be wholly improper; if it is 
intended to be understood, not literally, but merely as a convenient phrase 
adopted for the sake of avoiding a tedious circumlocution ; as we say " the sun 
rises," instead of saying " the earth rolls round, and brinpi the sun into view.'* 
Th« use of it in this manner, is warranted by Newton, Euler and others. 
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positive and negative' numbers. On a thermometer, the de- 
grees abiHie may be considered positive, and those beUm 0, 
negative. 

61. A quantity is sometimes said to be subtracted from 0. 
By this is meant, that it belongs on the negative side of 0. 
But a quantity is said to be added to 0, when it belongs on 
the positive side. Thus, in speaking of the degrees of a 
thermometer, O4-6 means 6 degrees abope 0; and 0-6, 6 
degrees bdow 0. 

AXIOMS. 

6S. The object of mathematical inquiry is, generally, to 
investigate some unknown quantity, and discover how grt€A 
it is. This is effected, by comparing it with some other 
quantity or quantities already known. The dimensions of 
a stick of timber, are found, by applying to it a measuring 
rule of known (length. The weight of a tnody is ascertained 
by placing it in one scale of a balance, and observing how 
many pounds in the opposite scale, will equal it. And any 
quantity is determined, when it is found to be equal to some 
known quantity or quantities. 

Let a and b be known quantities, and 1/,. one which is un- 
known. Then y will become known, if it be discovered tc 
be equal to the sum of a and 6 ; that is if 

yz=ic^b. 

An expression like this, representing the equality between 
one quantity or set of quantities, and another, is called an 
equation. It will be seen hereafter, that much of the business 
of algebra consists - in finding equations, in which some un- 
known quantity is shown to be equal to others which are 
known. But it is not often the fact, that the first compari- 
son of the quantities, furnishes the equation required. It 
will generally be necessary to make a number of additions, 
subtractions, multiplications, &c. before the unknown quanti- 
ty is discovered. But in all these changes, a constant equality 
must be preserved, between the two sets of quantities com- 
pared. This will be done, if, in making the alterations, we 
are guided by the following axUmis, These are not inserted 
here, for the purpose of being proved ; for they are self- 
evident. ^Art. 10.) But as they must be continually intro- 
duced or unplied, in demonstrations and the solutions of 
problems, thev are placed together, for the convenience of 
reference. 
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63. Axiom 1. If the same quantity or equal quantities be 
added to equal (quantities, their sums will be equal. 

2. If the same quantity or equal quantities be stAtracted 
from equal quantities, the reinainders will be equal. 

3. If equal quantities be multiplied into the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same or equal 
quantities, the qupiients will be equal, 

5. If the same quantity be both added to and subtracted 
Jrom another, the value of the latter will not be altered. 

6. If a quantity be both multiplied and divided by another, 
the value of the former will not be altered. 

7. If to unequal quantities, equals be added, the greater 
will give the greater sum. 

8. . If from unequal quantities, equals be subtracted, the 
greater will give the greater remainder, 

9. If unequal quantities be multiplied by equals, the 
greater will give the greater product. 

10. If unequal quantities be divided by equals, the gieater 
will give the greater quotient. 

11. Quantities which are respectively equal to anj'^ other 
quantity are equal to each other. 

1 2. The whole of a quantity is greater than a part. 

This is, by no means, a complete list of the self-evident 
propositions, which are furnished by the mathematics. It is 
not necessary to enumerate them all. Those have been 
selected, to which we shall have the most frequent occasion 
to refer, 

64. The investigations in algebra are carried on,, princi- 
pally, by means of a series of equations wild, proportions. But 
instead of entering directly upon these, it will be necessary 
to attend in the first place, to a number of processes, on 
which the management of equations and proportions de- 
pends. These preparatory operations are similar to the cal- 
culations under the common rules of arithmetic. We have 
addition, multiplication, division, involution, &c. in algebra, 
as well as in arithmetic. But this application of a common 
name, to operations in these two branches of the mathemat- 
ics, is often the occasion of perplexity and mistake. The 
learner naturally expects to find addition In algebra the same 
as addition in arithmetic. They are in fact the same, in 
many respects : in all respects perhaps, in which the steps of 
th^ one will admit of a direct comparison, with those of the 
other. But addition in algebrf^, h more extenswCy^ than in 
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arithmetic. The same observation may be made concerning 
several other operations in algebra. They are, in many 
points of view, the same as those which bear the same names 
in arithmetic. But they are frequently extended farther, and 
comprehend processes which are unknown to arithmetic. 
This is commonly owing to the introduction of negative 
quantities. The management of these requires steps which 
are unnecessary, where quantities of one class only are con- 
cerned. It will be important, therefore, as we pass along, to 
mark the difference as well as the resemhlancey oetween arith* 
metic and algebra ; and, in some instances, to give a new 
definition, accommodated to the latter, 
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Akt. 65. In entering on an algebraic calculation, the first 
thing to be done, is evidently to cottect the materials. Seve- 
ral distinct quantities are to be concerned in the process. 
These must be brought together. They must be connected 
in some form of expression, which will present them at once 
to our view, and show the relations which they have to each 
other. This collecting of quantities is what, in algebra, is 
called ADDITION. It may be defined, the connecting op 

SEVERAL QUANTITIES, WITH THEIR SIGNS, IN ONE ALGEBRAIC 
EXPRESSION. 

66. It is common to include in the definition, " uniting in 
one term, such quantities, as will admit of being united.'^ 
But this is not so much a part of the addition itself, as a 
reductiarhy which accompanies or follows it. The addition 
may, in all cases be performed, by merely connecting the 
quantities by their proper signs. Thus a added to 6, is evi- 
dently a and h : that is, according to the algebraic notation, 
a^b. And a added to the sum of h and c, is a4-ft4"^* -^^^ 
a-f-ft, added to c-\-dy is a-|-6-f-c-(-^. lu the same manner, if 
the sum of any quantities whatever, be added to the sum of 
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any others, the expreissipn for the whole, will contain all 
these quantities connected by the sign -f-- 

67. Again, if the difference of a and b be ac|ded ioe; the 
sum will be a- 6 added to c, that is a-b-f^. And if a~fr' 
be added to c-i, the sum will be o-6+^-d. In one of 
the compound quantities added here, a is to be diminished 
by i, and in the other, c is to be diminished by d; the 9uni 
of a and e must therefore be diminished, both by &, and by 
df that is, the expression for the sum total, must' contain - b 
and <^ d. On the same principle, all the quantities which, in 
the parts to be added, have the negative sira, must retain this 
sign in the amount. Thus 0-^-26 -c^ added to df-A-m, is 
a-|-26 - c+d - A - m. 

68. The sign must be retained also, when a positive quan- 
tity is to be added, to a single negative quantity. If a be 
added to - fc, the sum will be - b-^a» Here it may be object- 
ed, that the negative sign prefixed to 6, shows that it is to be 
subtracted. What propriety then can there be in adding it 1 
In reply to this, it may be observed, that the sign prefixed 
to b while standing alone, signifies that b is to be subtracted, 
not' from a, but from some other quantity, which is not here 
expressed. Thus - 6 may represent the loss, which is to be 
subtracted from the stock in trade. (Art. 55,) The object 
of the calculation, however, may not require that the value 
of this stock should be specified. But the loss is to be con- 
nected with a profit on some other article. Suppose the 
profit is 2000 dollars, and the loss 400. The inquiry then, is 
what is the value of 2000 dollars profit, when connected with 
400 dollars loss ? 

The answer is evidently 2000-400, which shows that 
2000 dollars are to be added to Aie stock, and 400 subtracted 
from it ; or which will amount to the same, that the difference 
between 2000 and 400 is to be added to the stock. 

69. Quantities are added, then, by writing them one 

AFTER another, WITHOUT ALTERING THEIR SIGNS ; observ- 
ing always, that a quantity, to which no sign is prefixed, is 
to be considered positive. (Art. 29.) 

The sum of a+w, and 6-8, and 2&-3fn-f d, and A-n 
and r-f-3m-y, is 

a^m+b - S+2h - Sm+d+fc - n-f r+Sm - y. 

70. It is immaterial in what order the terms are arranged. 
The sum of a and b and c is either o-f-i+c, or o-j-c+^j ^^ 
c-f-ft-f-a. For it* evidently makes no difference, which of the 
quantities is added first. The sum of 6 and 3 and 9, is the 
Mune as 3 and 9 andf 6, or 9 and 6 and 3. 
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And a-ftn - n, is the same as a - n^tn. For it is plainly 
of no consequence, whether we first add m to a, and after- 
wlLrds subtract n; or first subtract n and then add m. 

71. Though connecting quantities by their signs is all 
which IS essefiXidl to addition ; yet it is desirable to make the 
expression as simple as may be, by reducing several termt to 
(me. The amount of 3a, and 66, and 4a^ and 56, is 

3a+66+4a-f 56. 
But this may be abridged. The first and third terms may 
be brought into one; and so may the second and fourth. 
For 3 times a, and 4 times a, make 7 times a. And 6 times 
6, and 5 times 6, make 1 1 times 6. The sum when reduced 
is therefore 7a4-116. 

For making the reductions connected with addition, two 
rules are given, adapted to the two cases, in 6ne of which, 
the quantities and signs are alik6, and in the other, the quan* 
tities are alike, but the mgns are unlike. Lake quantities 
are the same powers of the same letters, f Art. 45.) But 
as the addition of powers ^nd radical quantities will be con- 
sidered in a future section, the examples given in this plaoe^ 
wifi be all of the first power. *> ^ 

72. Casx: I. To reduce several terms to one, when 

THE QUANTITIES ARE ALIKE, AND THE SIGNS ALIRfc, ADD TBS 
CO-EFFICIENTS, ANNEX THE COMMON LETTER OR LETTERS, 
AND PREFIJt tHE COMMON SIGN. 

Thus to reduce 364-76, that is 4.36-4-76 to one term, add 
the co-efficients 3 and 7 ; to the sum 10, annex the common 
letter 6, and prefix the sign 4-. The expression will then 
be 4-106. That 3 times any quantity, ana 7 times the same 
quantity, make 10 times that quantity, needs no proof. 



Examples. 

he 3«y 76-|- xy ry- 

2bc 7ay 864-3ay 3ry- 

96c xy 2b'\-2xy 6ry- 

36c 2xy 6b+5xy ^ 2ry- 



Sabh cdxy- 

• abh 2cdxy' 
'4ahh 5cdxy- 

• abh 7cdxy- 



.3mgr 

^7mg 
•Smg 



156c 236411a!y IScdxy+ldmg 

The mode of proceeding will be the same, if the signs are 
ne^^ve. 
Thus - 36c - 6c - 56c, becomes, when reduced, - 96c. 
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m 

And - aar - Sax - 2ax=. - 6aa:. Or thus, 

-36c - ax -2a6- my • -3acfc-86dy 

- 6c - Sax " ab" Smy - ach - 6dy 

-.56c -2air -7a6-8wj/ -^Sach-'lhdy 



«-96c - -10a6-12mj/ 



73. It may perhaps be asked here, as in art. 68, what pro- 
priety there is, in adding quantities, to which the negative 
sign is prefixed ; a sign which denotes suhtraci^cn ? The an- 
swer to. this is, that, when the negative sign is applied to sev- 
eral quantities, it is intended to indicate that th?se quantities 
are to be subtracted, not from each other^ but from some other 
quantity marked with the contrary sign. Suppose that, in 
estimating a man's property, the si^m of money in his pos- 
session is marked +> aud the debts which he owes are mark- 
ed -. If these debts are 200, 300, 500 and 700 dollars, and 
if a is put for 100 ; they will together be - 2a - 3a - 5a - 7a. 
And the several terms reduced to one, will evidently be 
- 17a, that is, 1700 dollars, 

'74. Case;, II. To reduce several terms to one, when 

THE QUANTITIES ARE ALIKE, BUT THE SiGNS UNLIKE, TAKE 
THE LESS CO-EPPICIENT FROM THE GREATER; TO THE DIF- 
FERENCE, ANNEX THE COMMON LETTER OR LETTERS, AND 
PREFIX THE SIGN OF THE GREATER CO-EFFICIENT. 

Thus^ instead of 8a- 6a, we may write 2a. 

And instead of 76 -56, we may put 56. 

Por the simple expression, in each of these instances, is 
equivalent to the compound one for which it is substituted. 
To 4-66 +46 56c 2Awi -dj/+6m 3A- dx 

Add -46 -66 -76c -9Am 4di/- m Sh+Adx 

Sum-|-26 - 26c 3dfj/+5w 



76. Here again, it may excite surprise, that what appears 
to be subtraction, should be introduced under addition. But 
according to what has been observed, (Art. 66.) this subtrac- 
tion is strictly speaking, no part of the addition. It belongs 
to a consequent reduction, Suppo^ 66 is to be added to 
a - 46. The sum is a - 46+66. (Art. 69. ) 

But this expression may be rendered more simple. As it 
now stands, 46 is to be subtra^^^ ff^va a, and 66 added. 
But the amount will be the same, :i^ without subtracting any 
thing, we add 26, making the whole a+26. And in all sim- 
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ilar instances, tb^fra/aHojjW two or more quantities, may be 
substituted for^lfRnjuiarntities themselves. 

77. If two ecffw, quantities have cofUrar^ ngna^ they de- 
stroy each othCT, and may be Caucelled. Thus 4-66 - 6& 

=♦ : And 3x6 - 18=0 : And 76c-76c=0. 

Ujct there be any. two quantities whatever, of which a is 
the greater, and 6 m^less. 

•'•' Their sum will be a-f-6 

And their difference a - 6 



The simi and difference added, will be 2a4-0, or simply 
2a. That is, if the sum and difference of any two quantities 
be added together, the whole will be twice the greater quan- 
tity. This is one instance, among multitudes, of the rapidity 
with- which general truths are discovered and demonstrated 
in algebra. (Art. 23.) 

78. If several positive, and several negative quantities are 
to be reduced to one term \ first reduce those which are posi- 
tive, next those which are negative, and then take the enffer- 
ence of the coefficients, of the two terms thus found. 

Ex. 1 . Reduce \Sb-\r6b'{'b -- 46 - 56 - 76, to one term. 

By art. 72, 136+66+ 6= 206 > 
And ..46-56-76=-I66 5. 



By art. 74, 206-1 66=46, which is the value 

of ali the given quantities, taken together. 

Ex. 2. Reduce 3«y - iry+2a;y - 7xy'{-4ay - 9a;y+7a:y - Bxy. 

The positive terms are 3«y The negative terms are - xy 

2xy -7ay 

4ay -9«y 

7ay -6ay 

And their sum is 16a;y - 2^xy 

Then 16a;y-23a:y=-7a:y 

Ex. 3. 3od-6ad+arf+7ad-2arf+9arf-8arf-.4ad=0. 

4. 2a6m-a6m+7o6w-3a6w*+7a6m= 

5. aa:y-7aa:y+8aa:y-aani-8aa:2^+9aay= 

79. If the letters^ in thejseveral terms to be added, are 
different, they can only bA'^ced after ea ;h other, with their 

jHToper signs. They cannot >e united in one simple term. 

.4 
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If 46, and - 6yy and 3x, and 17A, aad - Sef^id 6, be ftd^ed ; 
their sum will be •* .t^ « 

46 - 62/+3a;+17A - 5ei+6. (Art. 69.) 

Different letters can no more be united in the same term, 
than dollars and guineas' can be added, so as to make a 
single sum. Six gumeas and 4 dollars aijMi^ther ten guineas 
nor ten dollars. Seven hundred and ifi^ dozen, are neither 
12 hundred nor 12 dozen. But, in such ^ases, the al^Maic 
signs serve to show how the different quantities stand related 
to each other ; and to indicate future operations, which are 
to be performed, whenever the letters are converted into 
numbers. In the expression a-4-6, the two terms cannot be 
united in one. But if a stands for 15, and if, in the course 
of a calculation, this number is restored ; then a-f-6 will be- 
came 15-f-6, which is equivalent to the single term 21. In 
the same manner, a- 6, becomes 15-6, which is eq\^ to 9. 
The signs keep in view the relations of the quantities till an 
opportimity occurs of reducing se\wral terms to one. 

80. When the quantities to be added contain several tenifi 
which are alike, and several which are tm2t/ee, it wiU br <3on< 
venient to arrange them in such a manner, that the similar 
terms may stand one under another. ^ 

To 36c - 6^4-26 -Sy) These may be arranged thus : 

Add-36c4-a:-3d+6g \ 36c-6(f+26 - 3y 

And 2d+y+Sx+h ) ^Sbc-Sd + ^+bg 

2d . +y+Sx +b 



The sum will be - 7rf + 26 - 2y+4x+bg+ 6. 

Examples. 

1. Add and reduce a6-4-8 iocd-S and 5a6-4in+2. 
The sum is 6a64-7+c J - 4w. 

2. Add x+Sy - dx, to 7 - a; - S+fcw. 
Ans. Sy-dx-l-^hm. 

3. Add abm^Sx+bm, to y-x+7 and 5aj- 6^4-9. 

4. Add 3am+6 - 7xj/ - 8, to lOicy - 9+5am. 

5. Add 6ahy+7d - 1 +mxy, to Sahy - 7d+ 1 7 - mxy. 

6. Add 7 ad - h-\-Sxy - ad, to 5ad+h - 7an/. 

7. Add 3a6 - 2ay-f a:, to ah - ay-f*^ "" ^• 

8. Add 2by - Saar-f 2o, to 36a: - by+a. 
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SUBTEACTION. 

Art. 81. ADDITION is bringmg quantities together, to 
Gnd tbeir amount. On the contrary, SUBTRACTION it 

VINDING THE DIFFERENCE OF TWO QUANTITIES, OR SETS 
OP QUANTITIES. 

Particular rules might be given, for the several cases in 
subtraction. But it is more convenient to have one general 
rule, founded on the ninciple, that taking aicay a posUke 
quantity, from an algMJjj^ic^xpression, is the same in effect, 
as annexing an equal mgative quantity ; and taking away 
a negative quantity is the .same, as annexing an equal posi- 
tive one'. 

Suppose -\-b is to be subtracted from o-f-fc 

Tarang away -f-6> from a-}-fr,4eaves a 

And annexing - 6, to o-f-i^, gives a-^-b - h 

But by sudom 6th, o-f-^ b is equal to a 

That is, taking away a positive terrn^ from an algebraic 
expression, is the same in effect, as annexing an equal nega- 
tive term. 

Again, suppose - 6 is to he subtracted from a-b 
Taking away -t, from a -6, leaves a 

And annexing -j-^* to a -6, gives a-t-f-^ 

But a- 6-f-* is equal to a 

That is, taking away n^negative tenn, is equivalent to an- 
nexing a positive one. If an estate is encumbered with 9. 
debt ; to cancel this debt is to add so much to the value of 
the estate. Subtracting an item from one side of a book ac- 
coimt,«will produce the same alteration in the balance, aar 
adding an equal sum to the opposite side. 
To plape this in another pomt of view. 
If m is added to 6, the sum is by the notation 6-f.wi ) 
But if m is subtracted from 6, the remainder is 6 - m ) 
So if m and h arc each added to 6, the sum is fe-j-m-f-fc ) 
But if m and h are. each subtracted from 6, the ^ 

remainder is b-m-h y 
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The only difference then between adding a positive quan- 
tity and subtracting it, is, that the sign is changed from -f- 
to-. 

Again, if m-n is subtracted from 6, the remainder is, 

6— «i-|-n. 
For the less the quantity subtracted, the greater will be the 
remainder. But in the expression m-n, m is diminished by 
n; therefore, 6-m must be increased by n; so as to become 
fc-m-4-w: that is, m-n is subtracted from 6, by changing 
-f-YH into -m, and -n into -{-riy and then writing them after 
6, as in addition. The explanation will be the same, if there 
are several quantities which have the negative sign. Hence, 

82. To PERFORM SUBTRACTION IN ALGEBRA, CHANGE THE 
SIGNS OF ALL THE QUANTITIES TO BE SUBTRACTED, OR SUP- 
POSE THEM TO BE CHANGED, FROM -f- TO -, OR FROM - TO -f-, 
AND THEN PROCEED AS IN ADDITION. 

The signs are to be chanffed^^m the subtrahend only. 
Those in the minuend are not To b^ Altered. Although the^ 
rule here given is adapted to every case of subtraction ; yet 
there may be an advantage in giving some of the examples 
in distinct classes. 

83. In the first place, the signs may be alike^ and the min- 
uend greater than the subtrahend. 

From +28 166 Uda -28 -166 -I4da 

Subtract +16 126 eda -16 -126 -6da 



Difference +12 46 Sda -12 -46. -8rfa 

Here, in the first example, the + before 16 is supposed 
to be changed into -, and then, the signs being unlike, the 
two terms are brought into one, by the second case of re- 
duction in addition. (Art. 74.) The two next examples 
are subtracted in the same way. In the three last, the — in 
the subtrahend, is supposed to be changed into +. It may 
be well for the learner, at fiist, to write out the examples ; 
and actually to change the signs, instead of merely con- 
ceiving them to be changed. When he has beconie familiar 
with the operation, he can save himself the trouble of tran- 
scribing. 

This case is the same as subtraction in arithmetic. . The 
two next cases do not occur in common arithmetic. 

84. In the second place, the signs may be alike, and the 
minuend less than the subtrahend. 
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Frcrni +166 126 6da -16 -126 - Sda 

Sub. ^ +286 166 Uda -28 -166 -14Ai 

Dif. -126 -46 -8rfa +12 46 8da 

The same quantities are given here, as in the preceding 
article, for the purpose of comparing them together. But the 
minuend and subtrahend are made to change places. The 
HKxIe of subtracting is the same. In this class, a greater 
quantity is taken from a less : in the preceding, a less from a 

freater. By comparing them, it will be seen, that there is no 
ifference in the answers, except that the signs are opposite. 
Thus 166- 126 is the same as 126-166, except that one is 
+46, and the other -46: That is, a greater quantity sub- 
tracted from a less, gives the same result, as a less subtracted 
from a greater, except that the one is positive, and the other 
negative. See Art. 58 and 59. 

85. In the third place, the signs may be unUke. 

From +28 +166 +I4da -28 -166 -14da 
Sub. -16 -126 - 6da +16 +126 + 6du 

Dif. +44 286 20da -44 -286 -2(Wa 

From these examples, it will be seen that the difference 
between a positive and a negative quantity, may be greater 
than either of the two quantities. In a thermometer, the dif- 
ference between 28 degrees above cypher, and 16 below, is 
44 degrees. -The difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 

86. Subtraction may be proved, as in arithmetic, by adding 
the remainder to the subtrahend. The sum ought to be equal 
to the minuend, upon the obvious principle, that the difference 
of two quantities added to one of them, is equal to the other. 
This serves not only to conect any- particular error, but to 
verify the general rule. 

From 2xy-l A+36a: A-y- ah tMl-76j 

Sub. -xy^l Sh-9bx 5hy-6ah Bnd-^ dy 

Dif. San/ - 8 - 4hy+5ah 

From Sabm- xy -17+4aa; ax'\- 76 Sah^axy 

Sub. -7a6w+6iry -20- ax -4oa;+156 -7ah^axy 

Rem. \0abm'-7xy 5ax- 86 
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87. When there are several termt alike, they may be re- 
duced as in additioiL 

1. From cA subtract Sam-\-am-\-7am^2am^6am. 

Ans. o6-3am-am-7am-2am-6a»n=o6-19om. (Art. 72.) 

2. From y, subtract-a-a-a-a. 
Ans. j/4-^*+^H-<*+^=!/+4a* 

8. From a«-6c-f-3flw;+76c, subtract ^bc-^tuc-^be-^-iax. 

Ans. ax - tc+Saa:-f-76c - 4bc-^2ax - ic - 4ax — 2ax+bc. 
(Art. 78.) 

4. From cki-f-dcfc-frdTy subtract 3a(24-'^^^'^^+^- 

88. When the letters in the minuend are different from 
those in the subtrahend, the latter are subtracted^ by first 
changing the signs, and then placing the several term, one 
after another, as in addition. (Art. 79.) 

From 3a6-f-8-wy+^^ subtract a?-dr+4Ay-6nM:. 
Ans. Sab-^-S - my-^dh - x-^-dr - Ahy^bmx. 

88. b. The sign-, placed before the marks of paren*he$%8y 
which include a number of quantities, requires, that when 
these marks are removed, the signs of all the quantities thus 
included, should be changed. 

Thus a- {b-c-^d) signifies that the quantities 6, -c, and 
4-d, are to be subtracted from a. The expression will then 
become a - 6+^ "" ^• 

2. 1 iad^xy-\-d - {^ad -. xy^d-^-hm - ry) = 6ac^-2jcy - Ant 

3. lobe - 84.7a; - (3a6c - 8 - dx-\-r) = 4aic+7ar4- Ar - r. 

4. 3ad+A-2!/-(7y+3A-ma:+4arf-Ay-arf) = 

5. 6aw - dy4-8 - ( 1 6+3dy - 8+atn - e+r) = 
«. 7ay-2a:+5.-(4+A-ay4.a:+a6) = 

88. c. On the other hand, when a number of quantities are 
introduced within the marks of parenthesis, with-immedi* 
fttely preceding; the signs must be changed. 

Thus -m+6-Ap+3fc=5: -(m-t+Ar-SA.) 
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MULTIPUCATION.* 

Art. 89. In addition, one quantity is connected with an- 
other. It is frequently the case, that the quantities brought 
together are e^ual; that is, a quantity is added to Uself, 

As ar^a=z2a a-{-a-|-a-f-<>=4a 

This repeated addition of a quantity to itself, is what was 
originally called muliiplication. But the term, as it is now 
used, has a more extensive signification. We have frequent 
occamon to repeat, not only the whole of a quantity, but a 
certain portion of it. If the stock of an incorporated com* 
pany is divided into shares, one man may own ten of them, 
fltfiother five, and another a part only of a share, say two- 
fifths. When a dividend is made, of a certain simx on a 
share, the first is entitled to ten times this sum, the second to ^ 
fme times, and the third to only two-fifths of it. As the ap- 
portioning of the dividend, in each of these instances, is 
upon the same principle, it is called multiplication in the 
last, as weU as in the two first. 

Again, suppose a man is obligated to pay an annuity of 100 
^k)llars a year. As this is to be subtracted from his estate, it 
may be represented by - a. As it is to be subtracted year 
&fter year, it will become, in four years, - a - a - o - a=: - 4a. 
This rqi^eated subtraction is also called multiplication. Ac- 
^rding to the view of the subject; 

90. Multiplying by a whole number is takino the 
icultiplicand as many times, as there are units in the 
multiplier. 

Multiplying by 1, is taking the multiplicand once, as a. 
Multiplying by 2, is taking the multiplicand twieSy as o+«. 

* Newton's UniTersal Arithmetic, jp. 4. Maseros on the Neeatire Si^^ 
Sec. II. Camus' Arithmetic, Book 11. Chap. 3. Euier's Alg3)ra, Sec L 
n. Chap. 3. Siinpson's Algebra, Sec. tV. Madaurin, SaondeFson, Lacroix, 
Ludlam. 
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Multiplying by 3, is taking the multiplicand three timeSy as 

Multiplying by a FRACTION is taking a certain 
PORTION OF THE multiplicand as many times, as there 

ARE LIKE PORTIONS OP A UNIT IN THE MULTIPLIER^* 

Multiplying by J, is taking J of the multiplicand, ance^ as Ja. 
Multiplying by }, is taking ^ of the multiplicand, twke^ as 

Multipljring by f, is taking ^ of the multiplicand, three Hme$. 
Hence, if the multiplier is a unit, the product is equal to 
the multiplicand : If tne multiplier is greater than a unit, the 
product is greater than the multiplicand : And if the multipli- 
er is less than a unit, the product is less than the multiplicand. 

Multiplication by a NEGATIVE quantity, has the 

SAME relation TO MULTIPLICATION BY A POSITIVE QUANTITY, 

WHICH SUBTRACTION has to addition. In the one, the 
sum of the repetitions of the multiplicand is to be added, to 
the other quantities with which this multiplier is connected. 
In the other, the sum of these repetitions is to be subtracted 
from the other quantities. This subtraction is performed at 
the time of multiplying, by changing the sign of the pro- 
duct. See Art. 107 and 108. 

91. Every multiplier is to be considered a number. We 
sometimes speak of multiplying by a given weight or measure, 
a sum of money, &c. But this is abbreviated language. If 
construed literally, it is absurd. Multiplying is taking either 
the whole or a part of a quantity, a certain number of times. 
To say that one quantity is repeated as many times, as an- 
other is heavy, is nonsense. But if a«part of the weight of a 
body be fixed upon as a unit, a quantity may be multifdied 
by a number equal to the number of these parts contained 
in the body. If a diamond is sold by weight, a particular 
price may be agreed upon for each grain. A grain is here 
the unit; and it is evident that the value of the diamond, is 
equal to the given price repeated as many times, as there are 
grains in the whole weight. We say concisely, that the price 
is multiplied by the weight; meaning that it is multiplied by 
a ntmiber equal to the number of grains in the weight. In a 
similar manner, any quantity whatever may be supposed to 
be made up of parts, each being considered a unit, and any 
number of these may become a multiplier. 



* See Note C. 
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92. As multiplying is taking the whole or a part of n 
quantity a certain number of times, it is evident that the 
producty must be of the same nature as the mvJtiplicand, 

If the multiplicand is an abstract number; the product will 
be a number. 

If the multiplicand is weighty the product will be weight. 
If the multiplicand is a line, the product will be a line. Re- 
peating a quantity does not alter its natifre. It is frequently 
said, mat the product of two Unes is a surface^ and that the 
product of three lines is a solid. But these are abbreviated 
expressions, which if interpreted literally are not correct. 
See Section xxi. 

93. The multiplication of fractions will be the subject of 
a future section. We have first to attend to multiplication 
by positive whole numbers. This, according to the defini- 
tion (Art. 90.) is taking the multiplicand as many times, as 
there are units in the multiplier. Suppose a is to be multi- 
plied by 6, and that b stands for 3. There are then, three 
units in the multiplier 6. The multiplicand must therefore 
be taken three times ; thus, a+a+a=3a, or 6a. 

So that, multiplying two letters together is nothing mjore^ 
than vynJtimg them one after the other ^ either with, or without 
the sign of multiplication between them. Thus b multiplied 
into c is bx^i or be. And «. into y, is a?Xy» or ar.y, or xtf. 

94. If more than two letters are to be multipUed, they 
must be connected in the same manner. Thus a into b and 
c, is abc. For by the last article, a into 6, is ba. This pro- 
duct is now to be multiplied into c. If c stands for 5, then 
ba is to be taken five times thus, 

6a-j-6a-4-?a-j-6a+6a=56a, or cba. 

The same explanation may be appliecP to any number of 
letters. Thus, am into a;y, is amxy. And bh into mrx^ is 
bhmrx. ^^^ 

95. It is immaterial in wha^Mer the letters are arranged. 
The product ba is the game a«p; Three times five is equal 
to five times three. ^Xet the nronber 5 be represented by as 
many points; in a horizontal lii|&; and the number 3, by as 
many points in a perpendicularhine. 



Here it is evident that the whole number of points is equal, 
either to the number in the horizontal row three times repeat- 

6 
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ed, or to the number in the perpendicular row Ji»e timed Re- 
peated ; that IS, to 5 X 3> or 3 X 5. This explanation may be 
extended to a series of factors consisting of any m)unberd 
whatever. For the product of two of the factors may be 
considered as one number. This may be placed- before ^ 
after a third factor : the product of three, before or after a 
fourth, &c. 

Thus 24=4x6 or 6x4=4x3x2 or 4x^x3 or 2x3x4. 

The product of a, 6, c, and d, is abed, or acdb^ or dcba^ or hade. 
It will generally be convenient, however, to place the letters 
in alphci)etical order. . 

96. When the letters have numerical CO-EPPI- 
CIENTS, these must be multiplied together, ani> 

PREFIXED TO THE PRODUCT OP THE LETTERS. 

Thus, 3a into 26, is 6€tb. For if a into b is a6, then S times 
a into by is evidently Sab : and if, instead of multiplying by 
6," we multiply by twice fc, the product must be tunce as great; 
that is 2 X 3a6 or 6a6. 

Mult. 9a6 nhy Sdh 2ad ihdh Say 

Into Sxy 2rx my IShmg x Bmx 

Prod. nabxy Sdhmy 7bdhx 

97. If either of the factors consists of figures anlyy thesfe 
must be multiplied into the co-efficients and letters of thfe 
other factors. 

Thus Sab into ^ is 12ai. And 36 into 2x, is 72x. And 
24 into %, is 24%. 

98. If the multiplicand is^ compound quantity, each of its 
terms must be multiplied idgthe multiplier. Thus fc+c-fd 
into a is afr+oc-f ad. Pot^b whole of the multiplicand is 
to be taken as many timeTas there are units in the multi- 
plier. If then 0, stands foHl, the repetitions of the multipli- 
cand are, 

b+c+d 

b+c+d 
b+c+d 

And their sum is 3fc4-Sc+3rf, that is, ;fl*4^-f ad. 
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Mult. d+2xjif f^h+m S/iZ+1 ihm+S+dr 

Int^ Sb . 9dy my 4b 

Prod ^bd+^bxy SUmy+my 



99. The preceding instances must not be confounded 
with t^ose m which several factors are connected Iw the 
signX> Oit by a point. In the latter case, the multiplier in 
to be written before the other factors wUhovi being rM^eated. 
The product oi bxd into a, is ab^d^ and not abx^^- For 
bxdiB bd^ and this into a, is abd. ?Art. 94.) The expression 
bxd is not to be considered, like \jkd9 a compound quantihf 
eonsistingf of two terms. Different terms are always separ.'x- 
tcd by+or-. (A.rt, 36.) The product of bx^X^f^Xy in- 
to a, is axbxb>X^Xy ox abhmy. But b-^-h^-m-^-y into a, 
is ab-\-ah-\-am^ay. 

100. If both the factors are compound quantities, each 
term va the m\dtvpl%eT must be muUiplkd into each in the mtdti- 
plicand. 

Thus (i+^iDLto c+d is oc+orf+^o+M. 

For the imits in the multiplier a+b are equal to the units 
in a added to the units in 6. Therefore the product produ- 
ced by 0, must be added to the product produced by b. 
The product of fc-|-d into a is ac-j-ad ) a ♦ qq 
The product of c+d into t is cfr+ii J ^"- ^^• 
The product of C'\-d into a-|-6js therefore oc-farf+Jc+ferf. 

Mult, Sx^d 4ay+26 a+1 

Into 2a+hm Sc -^-rx Sx+i 



Prod. 6ax+2ad+Shmx+dhm . 3aa:+8a?-f.4a+4 

> 

Mult. 2h+7 into 6(i+l. Prod. 12rfA4.42rf+2A+7. 
Mult, dy+rx+h into 6m-f 4+ 7y. Prod. 
Mult. 7+eb+ad into Sr+4-f-2fc. Prod. 

101. When several terms in the product are alikey it will 
be expedient to set one under the other, and then to unite 
them, by the rules for the reduction in addition. 



/. 



l4 



V 



-^ i 



2 L, -/6 



36 

Mult. 
Into 



6+a 
6+a 



ALGEBRA. 

i_|.c4-3 



a- 
36- 






W-l- 



ah 



66_|.ic+26 

+36 +3c4-6 



Prod. 66+2a6+aa 664-26c4-56+cc4-5c4.6 



Mult. 3a+d+4 into 2a+3c/+ 1 . Prod. 
Mult. 6+cei+2 into 36+4cd+7. Prod. 
Mult. 36+2a:-l-^ into a X ^ X ^x. Prod. 

103. It will be easy to see that when the multiplier and 
multipUcand consist of any quantity repeated as a JactWy this 
factor will be repeated in the product, as many times as in 
the multiplier and multiplicand together. 

Mult. aXAX<> Here a is repeated three times as a factor. 
Into aX^ Here it is repeated tioice. 

Prod. aX«X«X«X«- Here it is repeated ^ve times. 

The product of 6666 into 666, is 6666666. 
The product of 2a: X 3a: X 4a? into dxX^^i:^ is 2a?x3arx4arX 
5a:X6ar. 

104. But the numeral co-efficients of several fellow-factors 
may be brought together by multipUcation. 

Thus 2ax36 into 4ax56 is 2ox36x4ox56, or 120aa66. 

For the co-efficients aiefactors^ (Art. 41.) and it is imma- 
terial in what order these are arranged. (Art. 95.) So that 
2ax36x4ax56=2x3x4x5xaX«X6x6=120aa66. 

The product of 3a X 46^ into 5mx62/> is 360a6^my. 

The product of 46x6«^ into 2a;+l, is 4Sbdx+24bd, 

. 105. The examples in multiplication thus far have been 
confined to positive quantities. It will now be necessary to 
consider in what manner the result will be affected, by mul- 
tiplying positive and negative quantities together. We shall 
find, 

That 4" into -f- produces + 

- into -|- - 
+ into - - 

- into - -[- "* 
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All these may be comprised in one general rule, which it 
will be important to have always familiar. If the signs of 

THE FACTORS ARE ALIKE, THE SIGN OF THE PRODUCT WILL 
BE AFFIRMATIVE ; BUT IF THE SIGNS OF THE FACTORS ARE 
UNLIKE, THE SIGN OF THE PRODUCT WILL BE NEGATIVE. 

106. The first case, that of + into -{-, needs no farther 
illustration. The second is - into +> that is, the multipli. 
cand is negative, and the multipUer positive. Here -a 
into +4 is - 4a. For the repetitions of the multiplicand are, 

— a— a— a— o:= — 4a. 
Mult. b-Sa 2a-m A-3d-4 a-.2-7(i-a: 

Into 6y Sk+x 2y 36+A 



Prod. 65y-18ay 2%-.6(^-.8y 



107. In the two preceding cases, the affirmative sign pre- 
fixed to the multiplier shows, that the repetitions of the mul- 
tipUcand are to be added to the other quantities with which 
the multiplier is connected. But in the two remaining cases, 
the negative sign prefixed to the multiplier, indicates that 
the sum of the repetitions of the multiplicand are to be ««6- 
tracted from the other quantities. (Art. 90.) And this sub- 
traction is performed, at the time of multiplying, by making 
the sign of the product opposite to that of the multiplicand. 
Thus 4-a into - 4 is - 4a. For the repetitions of the multi- 
plicand are, 

-(-o+a-f o-f a= -f 4a. 

But this sum is to be subtracted, firom the other quantities 
with which the multiplier is connected. It will then become 
-4a. (Art. 82.) - 

Thus in the expression 6 -(4X0,) it is manifest that 4xa 
is to be subtracted from 6. Now 4x« is 4a, that is -f-4a. 
But to subtract this from 6, the sign 4- must be changed 
into -. So that 6-(4xa) is 6 -4a. And ax -4 is there- 
fore - 4a. • 

Again, suppose the multiplicand is a, and the multiplier 
(6-4.) As (6-4) is equal to 2, the product will be equal 
to 2a. This is less than the product of 6 into a. To obtain 
then the product of the compoimd multiplier (6 - 4) into a, 
we must subtract the product of the negative part, from that 
of the positive part. 
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MulUplying a > . .. ^^^^ ^^ C Multiplying a 
Into 6-4r ^'^^^^'^ilnto 2 

And the product 6a-4<i, is the same as the ptodwi 2a. 

Therefore a into -4, is -4a. 

But if the multiplier had been (64-4,) the two products 
must have been added. 

And the prod. 6a-4-4a is the same as the product 10a. 

This shows at once the difference between multiplying 1^ 
a positioe factor, and multiplying by a negative one. In the 
former case, the sum of the repetitions of the multiplicand is 
to be cMed to, in the latter, subtracted Jroniy the otner quan- 
tities, with which the multiplier is connected. For every 
negative quantity must be supposed to have a reference to 
some other which is positive; though the two may not 
always stand in connection, when the multiplication is to be 
performed. 

Mult, a+b Sdy+hx+2 Sh +3 

Into b-x mr-ab ad- 6 



Prod, ab+bb -ax-bx $adh+3ad - 1 8A - 18 

108. If two negatives be multiplied together, the produce 
will be afiirmative : - 4x -«=+'^^' ^^ ^^^ case, as in the 
preceding, the repetitions of the multipUcand are to be stih- 
tractedy because the multiplier has the negative sign. These 
repetitions, if the multiplicand is - a, and the multiplier - 4, 
are -a-a-a-a=-4a. But this i^ to be subtracted by 
changing the sign. It then becomes +4a. 

Suppose -a is multiplied into (6-4.) As 6-4=2, the 
product is, evidently, firocc the multiplicand, that is, -2a. 
But if we multiply - a into 6 and 4 separately ; - a into 6 
is - 6a, and - a into 4 is - 4a. (Art. 106.) As in the multi- 
plier, 4 is to be subtracted from 6 ; so, in the product, - 4a 
must be subtracted 'from -6a. Now - 4a becomes by sub- 
traction +4a. The whole product then is - 6a-4-4a which is 
cquad to - 2a. Or thus, 

And the prod, - 6a4-4a, is equal to the product - 2a. 
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It 16 often considered a great mystery, that the product of 
t\^ negtitives should be affirmative. But it amounts to no- 
thing more than this, that the subtraction of a negative quan- 
tity, is equivalent to the addition of an affirmative one ; 
(Art. 8i.) and, therefore, that the repeated subtraction of a 
negative quantity, is equivalent to a rqi>eat€d addition of an 
afiumative one. Taking off from a man's hands a debt of 
ten ddlars every month, is adding ten dollars a month to the 
value of his property. 

Mult. a-4 Sd''hy-2x Say-h 

Into 36-6 4fr-7 6a; -1 



Prod. Sab - I2b ^ ea+24 l&axy^6bx"iay+b 

Multiply Sad-ah"! into 4-i^-Ar. 
Multiply 2hy+3m - 1 into 4if - 2a?4-3. 

1 09. As a negative multiplier changes the sign of the quan- 
tity which it multiplies ; if there are several negative factors 
to be multiplied together. 

The two first wiU make the product positive; 
The third will make it negative; 
The fourth wiU make it positive^ &c. 

Itixrs - ax - ^=4"^ 1 r ^^0 factors. 

4-a6x -c= "Obc [*\. J * r J thrce^ 
-obex -d= Xabcd f t^« P'°^"<^* «^ i four, 
+abcdx - c = - abcde J [ five. 

That is, the product of any even nimiber of negative fee- 
tors is poeitke ; but the product of any odd number of nega- 
tive factors is negative. 

Thus-ax -a=:aa And-ax -«X -«X -a^^aaaa 

-ax-«X -a^z-oiM -ax-aX-ax-<»X-fl=-«wwM» 

The product of several factors which are all positb^ey is in- 
variably positive. 

110. Positive and negative terms may frequently balance 
each other, so as to disappear in the product. (Art. 77.) A 
star is sometimes put in the place of a deficient term. 
Mult, a- 6 mm-^yy aa^ab+bb 

Into o-f-ft mm-|-yy a- 6 

aa~ab aaa-^adb'\-abb 

-f-oi - 6i , - adb - abb - bbb 



Prod.aa * -66 ^ ' aoa * ♦ -666 
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111. For many purposes, it is sufficient merely to indicate 
the multiplication of compound quantities, without actually 
multiplying the several terms. . Thus the product of 
a+b+c into h+m+y, is {a+b+c) X (*+wi+y.) (Art. 40.) 
The product of 

a^m into fc-f ar and c?+y, is (o-j-w) X (A+^) X i^+y-) 

By this method of representing multiplication, an important 
advantage is often gained, in preserving the factors distinct 
from each other. 

When the several terms are multiplied in form, the expres 
sion is said to be expanded. Thus, 

(a-[-6) X (^+^) becomes when expanded ac-\-ad-\'bC'^bd 

112. tVith a given multiplicand, the less the multiplier, 
the less will be the product. If then the multiplier be 
reduced to nothings ihe product will be nothing. Thus axO 
=0. And if be one of any number of fellow-factors, the 
product of the whole will be nothing. 

Thus, a6xcx3(ixO=3a6cdxO=0. 

And (04.6) x (c+rf) X (/i - wi) xO=0. 

113. Although, for the sake of illustrating the different 
points in multiplication, the subject has been drawn out into 
a considerable number of particulars; yet it will scarcely be 
necessary for the learner, after he has become familiar with 
the examples, to burden his memory with any thing more 
than the following general rule. 

Multiply the letters and co-efficients of each term 

IN THE MULTIPLICAND, into THE LETTERS AND CO-EFFICIENTS 
OF EACH TERM IN THE MULTIPLIER; AND PREFIX TO EACH TERM 
OF THE PRODUCT, THE SIGN REQUIRED BY THE PRINCIPLE, THAT 
LIKE SIGNS PRODUCE-I-, AND DIFFERENT SIGNS — . 

1 . Mult. a-fSft - 2 into 4a - 66 - 4. 

2. Mult. 4a6xa?X2 into 3»iy-l+A. 

3. Mult. (7aA-y)x4into4a:x3x5x«^. 

4. Mult. (6a6 - hd+ 1 ) x 2 into (8+4a; - 1 ) X A 

6. Mult. 3ay4^y-4+Ainto (ei+a;)x(/H-y-) 

6. Mult/ 6aa:- (4A-d) into (6+1) X (A+L) 

7. Mult. 7ay - l-ffcx (<i - a^) into - (r+S - 4w.) 
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Art. 114. IN multiplication, we have two factors given, 
and are required to find their product. By multipl3ring the 
factors 4 and 6, we obtain the product 24. But it is fre- 
quently necessary to reverse this process. The number 24, 
and one of the factors may be given, to enable us to find the 
other. The operation by which this is effected, is called 
Division, We obtain the number 4, by dividing 24 by 6. 
The quantity to be divided is called the dividend ; the ^ven 
fiactor, the divisor ; and that which is required, the quotient 

115. DIVISION IS FINDING A QUOTIENT, WHICH MULTI- 
PLIED INTO THE DIVISOR WILL PRODUCE THE DIVIDEND.* 

In multiplication the multiplier is always a number. (Art. 
91.) And the product is a quantity of the same kind, as the 
multiplicand. (Art. 92.) The product of 3 rods into 4, is 12 
rods. When we come to division, the product and either of 
the factors may be given, to find the other : that is. 

The divisor may be a nufnier, and then the quotient will 
be a quantity of the same kind as the dividend ; or. 

The divisor may be a quantity of the same kind as the 
dividend ; and then the quotient will be a number. 

Thus 12 ro(fe-=-4=3 rods. But 12 rods-i-Srods=4. 

And 12 rods-^%4=irod. And 12 rorf*-f-24 rods=zi 

In the first case, the divisor being a number, shows into 
how many parts the dividend is to be separated ; and the quo- 
tient shows what these parts are. 

If 12 rods be divided into 3 parts, each will be 4 rods long. 
And if 12 rods be divided into 24 parts, each will be half a 
rod long. 

In the other case, if the divisor is less than the dividend, 
the former shows into wliat parts the latter is to be divided ; 
and the quotient shows hotp many of these parts are contained 



* The renudnder is here supposed to be included in the quotient, as is com- 
monly the case in alfcbra. 

6 
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4 

in the dividend. In other words, division in this case con- 
sists in finding how often one quantity is contained in another. 

A line of 3 rods, is contained in one of 12 rods, four times. 

But if the divisor is greater than the dividend, and yet a 
quantity of the same kind, the quotient shows yfhat part of 
the divisor is equal to the diAadend. 

Thus one half of 24 rods is equal to 12 rods. 

116. As the product of the divisor and quotient is equal to 
the dividend, the quotient may be found, by resolving the 
dividend into two such factors, that one of them shall be the 
divisor. The other will, of course, be the quotient. 

Suppose dbd is to be divided by a. The factor a and bd 
will produce the dividend. The first of these, being a divb- 
sor, may be set aside. The other is the quotient. Hence, 

When the divisor is found as a factor in the divi- 
dend, THE division IS PERFORMED BT CANCELLIN& THIS 
FACTOR. 



Divide ex 
By € 


dh 
d 


drx 
dr 


hmy 
km 


dhxy 

dy 


abed 
b 


a&zy 


Quot. X 




X 




hx 




by 



In each of these examples, the letters which are commcm 
to the divisor and dividend, are set aside, and the other let- 
ters form the quotient. It will be seen at coice, that the pro- 
duct of the quotient and divisor is equal to the dividend. 

117. If a letter is repeated in the dividend, care must be 
taken that the factor rejected be only equal to the divisor. 

Div. aab hhx aadddx aammyy aaaxxxh yyy 
By a h ad amy aaxx j/y 

» 

Quot. ab addx ahx 



In such instances, it is obvious that we are not to reject 
every letter in the dividend which is the siame with one in the 
divisor. 

118. If tKe dividend consists of any factors whatever^ ex- 
punging one of them is dividing by it. 



i 
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Dit. a{h+d)a{b+d) (b+x){c+d) ih+tf)x{d^h)x 

By a b+d b+x d^-h 

Quot. fc+(i a c+rf (H"y)X* 



In all these instances the product of the quotient and divi- 
8or is equal to the dividend by Art. 111. 

119. In performing multiplication, if the factors contain 
waMTaL figures^ these are multiplied into each other. (Art. 
96.) Thus Sa into lb is 2\ab, Now if this process is to be 
reversed, it is evident that dividing the number in the product, 
by the number in one of the factors, will give the number in 
the other factor. The quotient of 21a6-f-3a is 76. Hence, 

In division, if there are numeral coefficients prefixed to the 
letters, the co^effident of the dividend must be dividedy by the eo- 
effideni of the divisor. 

Div. 6ab I6dxy 25dhr 12a;y 34drx 20hm 
By 2b 4dx dh 6 S4 m 

a_^MM mm^m^-mmi^V^^ o^^Ba^^^ao. ^m^m^i^tmm^^ «iM««K«BM« MM^m^mihv 

Quot.3a 25r drx 



120. When a simple factor is multiplied into a compound 
one, the former enters into every term of the latter. (Arf. 
98.) Thus a into b-^-dy is cA-^-ad', Such a product is easily 
resolved again into its original factors. 

Thus ab-i-ad^^zax {b+d). 

ab+ac+ah=zax{b+c+h). 
aniL^amx-^amy=amx{b^x4-y), 
4ad4.8a&4- 1 2am+4ay == 4a X (<H-2ft+3m-fy) . 

Now if the whole quantity be divided by one of these factors, 
according to Art. 118, the quotient will be the other factOT. 

Thus, {ab+ad)^a=zb+d. And {ab+ad)-^{b-\-d)=za. 
H^nce, 

If the divisor is contained in every term of a compound divi- 
dend, U must be cancelled in each. 

Div. ab-^-aC bdh'\-bdy ctah-^ay drx'-\'dhx'^-dxy 

By a bd a dx 



Quot b-^c ah-^y 



And if there are co-effidentSy these must be divided, in each 
term also. 
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Div. 6ab+12ac 10dry+l6d I2hx+S S5dm+Udx 
By. 3a 2d 4 7d 



Quot. 264-4C ^hx+2 



121. On the other hand, if a compound expression contain- 
ing any factor in every term, he divided by the other quantities 
connected by theit signs, the quotient wUl be that factor. See the 
first part of the preceding £u:dcle. 

Div. ab'^-acr{-ah amh-\'amx-{-amiy iab-^-Say ahm^(dvy 

By 6-1-^4-^ 'H-^+y ^4-% wH-y 

Quot. a 4a 



122. In division, as well as in multiplication, the caution 
must be observed, not to confound terms with factors. See 
Art. 99. 



Thu3(ab+ac)-^a=b+c. (Art. 120.) 
But labX(ic)'T'a=:aabC'i-az=abc. 
Aud (c^+acj^{b+c)^a. (Art. 121.) 
But (a6xa<^)-T-(ixO=flW»6c-r6c==aa. 



123. In division, the same rule is to be observed 
respecting the signs, as in multiplication ; that is, 
if the divisor and dividend are both positive, or 
both negative, the quotient must be positive : if 
one is positive and the other negative, the quo- 
TIENT MUST BE NEGATIVE. (Art. 105.) 

This is manifest from the consideration that the product of 
the divisor and T}uotient must be the same as the dividend. 

If +ax+b=+ab \ c +a6-t.+5=4-a 



-ax 



■6= — aft f .1 7 —ah' 
then 



■6= -a 



-\-ax - b=z -- ab L i -afc-T--6=+a 

Div. ahx 8a - 1 Oay ^ax - ^ay 6am x dh 
By -a -2a 3a -2a 



Quot. "hx - 4+5t/ - 3m X ^== - 8Wm 
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124. If the letters of the divisor are not to be found 
in the dividend, the division is expressed bt writing 
the divisor under the dividend, in the form of ▲ vul« 
gar fraction. 

xy d—x 

Thus aiy-j-azr — ; and (d - a?) -f- - &== —^ 

This is a melJbod of denoting division, rather than an actual 
performing of the operation. But the purposes of division 
may frequently be answered, by these fractional expressions. 
As they are of the same nature with other vulgar fractions, 
they may be added, subtracted, multipUed, &c. See the 
next section. 

125. When the dividend is a compound quantity, the divi- 
sor may either be placed under the whole dividend, as in the 
preceding instances, or it may be repeated under each term^ 
taken separately. There are occasions when it will be con- 
venient to exchange one of these forms of expression for the 
other. 

Thus b-\-c divided by a:, is either-^'^, or -| — . •J 

X XX 

a+b 
And a+& divided by 2, is either ""V"? that is, half the sum 

A 

of a and b; or^-|-— , that is, the sum of half a and half 6. 

For it is evident that half the sum of two or more quantities, 
is equal to the sum of their halves. And the same principle 
is applicable to a third, fourth, fifth, or any other portion of 
the dividend. 

So also a-b divided by 2, is either ^^ ., or - « — 

^ ^^ 2 2 

For half the difference of two quantities is equal to the dif- 
ference of their halves. 

'. a - 2b +h a 2b h Sa-c Sa c 

^ m ^m'm+m And-r^=— -— • 

126. If some of the letters in the divisor are in each term 
of t^e dividend, the firactional expression may be rendered 
more' simple, by rejecting equal factors from the numerator 
and denominator. 
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Div. ah 
By ac 


b 
c 


Ma 

dy 
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ahm-^Say 
ab 


ab'^'bx 

• 


2aint 


ab 
Quot. — 01 
ac 


b 


am 
xy 



These reductions are made upon the principle, that a given 
divisor is contained in a given qjividend, just as maay times, 
as .double the divisor in double the dividend ; triple the divi- 
sor in triple the dividend, &c. See the reduction of fractions. 

127. If the divisor is in some of the terms of the dividend, 
but not in all ; those which contain the divisor may be divi- 
ded i^s in Art. 116, and the others set down in the form of a 
fraction. 

Thus (ab+d) -f-a is either — ^^, or —A — , or bA — . 
\ ^ ^ ' a a^ a ^ a 

Div. dxy-^-rx-^hd .2aA-f od-j-a; bm+9y 2my+dh 

By a; a -6 2m 

hd Sy 

Quot. dy+r - — ..^ — ^ . 



128. The quotient of any quantity divided by jfself or its^ 
eqwdy is obviously a unit. 

Tbu8-=1. And3^=i. And^=l. Ani-j^-^=h 

Div. ax-^-x SM-Srf 4axy -- ia-^-Sad 3a&-f3-6m 
By a? 3d ^ 4a 3 

Quot. 0+1 at^-l+2rf 



Cor. If the dividend is greater than the divisor, the quo- 
tient must be greater than a unit : But if the dividend is less 
than the divisor, the'quotient must be less than a unit. 
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PROMISCUOUS EXAMPLES. 



1. Divide 12a6y+6aiar- 18i6m+246, by 66. 
i. Divide 16a- 12+8y-H-20alar+m, bj 4. 
S. Divide (a-2A)x(Sm+j)Xa?, by (a-2A)x(3m+y) 

4. Divide oM -4ikH-8«»-Oi by W-4d4.3sf-.l. 

5. Divide oa? - ry+ad - 4my - 6+a, by - «. 

6. Divide amy+Smy - mxy+am - d, by - dmy. 

7. Divide ard - 6a+2r - W+6, by 2ard. 

8. Divide 6ax - 8+2ay+4 - 6%, by 4axy. 

129. From the nature of division it is evident, that the 
value of the quotient depends both on the divisor and the 
dividend. With a given divisor, the greater the dividend, 
the greater the quotient. And with a given dividend, the 
greater the divisor, the less the quotient. In several of the 
succeeding parts of algebra, particularly the subjects of frac- 
tious, ratios, and proportion, it will be important to be able 
to determine what change will be produced in the quotient, 
by increasing or diminishing either the divisor or the mvidend. 

If the given dividend be 24, and the divisor 6 ; the quotient 
will be 4. But this same dividend, may be suf^posed to be 
multiplied or divided by some other number, before it is 
divided by 6. Or the dwisar may be multiplied or cUvided 
by some other number, before it is used in dividing 24. In 
each of these cpises, the quotient will be altered. 

130. In the first place, if the given divisor is contained in 
the given dividend a certain number of times, it is obvious 
that the same divisor is contained. 

In datAle that dividend, tufice as many times ; 
In fripk the dividend, thrice as many times, &c. 

That is, if the divisor remains the same, multiplying the 
dhndend by any quantity, is, in elSTect, muttiplying the qw)iieni 
by that quantity. 

Thus, if the constant divisor is 6, then 24-t-©==4 the 
quotient 

Multiplying the dividend by 2, 2 X 24-f.6 =2x4 

Multiplying by any number n, n X 24-f-6 = n x 4 
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131. Secondly, if the given ^ visor is contained in the 
given dividend a certain nimiber of times, the same divisor 
is contained, 

In half that dividend, half as many tinies ; 

In one third of the dividend, <Hie third as many times, &c. 

That is, if the divisor remains 'the same, dividk^ the dim- 
dend by any other quantity, is, in effect, dividing the quotient 
by that quantity. 

Thus 24^6=4 

Dividing the dividend by 2, ^24-^-6=^4 

Dividing by n, ^24-^6 = ^4 

■ 

132. Thirdly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend, 

Tvnce that divisor is contained only half as many times ; 
Three times the divisor is contained one third as many times. 

That is, if the dividend remains the same, multiplying the 
divisdr by any quantity, is, in effect, dividing the quotient by 
that quantity. 

Thus 24^6=4 

Multiplying the divisor by 2, 24-5-2x6=4 

Multiplying by n, 24-f-n X 6 = | 

153. Lastly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend, « 

Half that divisor is contained tunce as many times ; 

One third of the divisor is contained thrice as many times. 

That is, if the dividend remains the same, dividing the divi- 
sor by any other quantity, is, in effect, multiplying the quotient 
by that quantity. 

Thus 24-1.6=4 ' 

Dividing the divisor by 2, 24-^i6 =2x4 

Dividing by n, 24-1-^6 =n X 4 

For the method of performing division, when the divisor 
and dividend are both compound quantities^ see one of the fol- 
lowing sections.' 
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SECTION V. 



FRACTIONS.* 

Art. 134. EXPRESSIONS in the form of fractions occur 
more frequently in Algebra than in arithmetic. Most in- 
stances in division belong to this class. Indeed the niunera- 
tor of every fraction may be considered as a cUmdend^ of 
which the denominator is a divisor. 

According to the common definition in arithmetic, the 
denominator shows into what parts an integral unit is sup- 
posed to be divided ; and the numerator shows how many 
of these parts belong to the fraction. But it makes' fio dif- 
ference, whethei* the tofiole of the numerator is divided by 
the denominator ; or only one of the integral units is divided, 
and then the quotient taken as many times as the number of 
units in the numerator. Thus | is the same as }-{.i-{.i. 
A fourth part of three dollars, is equal to three fourths of one 
dollar. 

135. The value of a fraction, is the qtwHent of the nume- 
rator divided by the denominator. 

6 ' ab 

Thus the value of — is 3. The value of -— is a. 

2 b 

From this it is evident, that whatever changes are made 
in the terms of a fraction ; if the quotient is not altered, the 
value reihains the same. For any fraction, therefore, we 
may substitute any other fraction which will give the saiQe 
quotient. 

Thus|=^=g?!=?^=:f±?,&c. For the quotient in 
2 5 26a 4drx 3+1 ^ 

each of these instances is 2. 

136. As the value of a fraction is the quotient of the nu- 
merator divided by the denominator, it is evident from Art. 
128, that when the numerator is equal to the denominator, the 
value of the fraction is a unit ; when the mmierator is less 

"^ Horsley's Mathematics, Camas' Arithmetic, Emerson, Euler, Saunderson, 
and Ludlam. 

7 
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than the denominator, the value is less than a unit; and when 
the numerator is greater than the denominator, the value is 
greater than a unit. 

The calculations in fractions depend on a few general 
principles, which will here be stated in connexion with each 

other. 

• 

137. If the denominator of a fraction remains the samey mtd- 
t^lymg the numerator by any quantUy^ is multiplying the 
VALUE by that quantity ; and dinming the numeraiofi is dividing 
the value. For the numerator and denominator are a divi- 
dend and divisor, of which t]ie value of the fruition is the 

Suotient. And by Art. 130 and 131, multiplyinjg^ the divi- 
end is in effect multipl3nng the quotient, and dividing the 
dividend is dividing the quotient. 

Thus in the fractions — , ,• ^ i — , &c. 

a a a a 

4 

Tl^e quotients or values are 6, 3i, 76d, j^6, &c. 

Here it will be seen that, while the denominator is mi 
altered, the value of the fraction is multiplied or divided by 
tbe same quantity as the numerator. 

Cor. With a given dendminator, the greater the ntmie- 
rator, the greater will be the wdue of the fraction ; and, on the 
other hand, the greater the value, the greater the numerator. 

138. tf the numerator remains the same^ multipb/ing the cfe- 
nonmator by any quantity , is dividing the value by that quantUy ; 
and dividing the denomtnatOTy is muttiphfing the wdue. ¥ox 
multiplying the divisor is dividing the quotient ; and dhidilig 
the divisor is multiplying the quotient. (Art. 132, 133.) 

1 *u r *• 24a6 24a6 24ah 24a6 «_ 
In the fractions — --, -_ , -— -, -— , &c. 

66 126 36 6 
The values are 4a, 2a, 8a, 24a, &c. 
Cot. With a given numerator, the greater the deaonunator, 

the less will be the value of the fraction ; and the less the 

value, the greater the denominator. 

139. Fr<»n the last two articles it follows, that dividing the 
mmercUor by any quantity, will have the same effect on the 
value of the fraction, as mulHplying the denominator by that 
quantity ; and mul^lying the numerator will have the same 
effect, as dividing the denominator. 
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140. It is also evident from the preceding articles* that if 

THE MJlfnUTOlt AlfD DWOMINATOR BE BOTH MULTintllB, 
OR BOTH DIVIDEIH B7 THE SAME QUANTITY, THE TALU^ OP 
THE VRACTION WILL NOT BE ALTERED. 

„ bx abx 35a: ibx iabx ^ _, . , ^ 

^^^ i ="5 = 36 = i6"=156" * *""• *^^' "^ ^^^ ^^ 
these instances the quotient is x. 

141. Any integral quantity may, without altering its value, 
be thrown into the form of a fraction, by multipl3ring the 
quantity into the proposed denominaUMr, and taking the pro- 
duct Ibr a numerator. 

Thus a=j=j =-^ =-^, &c. For the qiio«ieiit 
of each of these is a. 

143. There is nothing, perhaps, in the calculation of alge- 
braic fractions, which occasions more perplexity to a learner, 
than the positive and negative signs. The changes in these 
are so frequent, that it is necessary to become fiuniliar with 
the principles on which the^ dre made. The use of the siffn 
which is prefixed to the dividing Ime, is to show whether the 
vcdue of the ubok fraction is to be added to, or subtracted 
from, the other quantities with which it is connected. (Art. 
43.) This sign, therefore, has an influence on the several 
terms taken collectively. But in the nmnerator and de- 
nominator, each sign affects only the single term to which it 
is applied. 

ab 
The value of-r is a. (Art. 136.) But this will become 

negative, if the sign - be prefixed to the fraction. 

Thus y4-j =y+«- B^^ y - "i =y- «• 

So that changing the sign which is before the whole frac« 
tion, has the effect of changing the value from positive to 
negative, or from negative to positive. 

Next, suppose the sign or signs of the numerator to be 
changed. 

ab ^ah 

By Art. 123, j s+a. But -y^= -a. 
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And — T — =+a-c. But j^ — =-a-4-c. 

That is, by changing all the signs of the numerator, the 
value of the fraction is changed from positive to negative, or 
the contrary. 

Again, suppose the sign of the denominatar to be changed. 
As before -T =+a. But — ^=-a. 

143. We have then, this general proposition; If the 

SIGN PREFIXED TO A FRACTION, OR ALL THE SIGNS OP THE 
NUMERATOR, OR ALL THE SIGNS OF THE DENOMINATOR BE 
CHANGED ; THE VALUE OF THE FRACTION WILL BE CHANGED, 
FROM POSITIVE TO NEGATIVE, OR FROM NEGATIVE TO POSI- 
TIVE. 

From this is derived another important principle. As each 
of the changes mentioned here is from positive to negative, 
or the contrary ; if any two of them bie made at the same 
time, they toUl balance each other. 

Thus by changing the sign of the numerator, 

_ =+a becomes ^^^-= '- »• 
b b 

But, by changing both the numerator and denominator, it 
becomes ■^--=Z'{-ay where the positive value is restored. 

By changing the sign before the fraction, 
y-f.^ =y+« becomes y--j =y - «• . 

But by changing the sign of the numerator also, it becomes 
y - -Z — where the quotient - a is to be subtracted from y, 

or which is the same thing, (Art. 81,) +^ ^^ ^^ ^ addedy 
making y+« as at first. Hence, 

144. If all the signs both of the numerator and 

DENOMINATOR, OR THE SIGNS OF ONE OF THESE WITH THE 
SIGN PREFIXED TO THE WHOLE FRACTION, BE CHANGED AT 
THE SAME TIME, THE VALUE OF THE FRACTION WILL NOT BC 
ALTERED. 
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6 -6-6 6 

Thus 2 = -2= - "2-= -32=+^- 

<6^ -6 6_ -6 

Hence the quotient in division may be set down in different 
ways. Thus (a - c)-t-6, is either -r ^ — 7-, or ^ - r-. 

« 

The latter method is the most common. See the exam- 
ples in Art. 127. 



REDUCTION OP FRACTIONS. 

145. From the principles which have been stated, are de- 
rived the rules for the reduction of fractions, which are sub- 
stantially the same in algebra, as in arithmetic. 

A FRACTION MAT BE REDUCED TO LOWER TERMS, BT DIVI* 
DING BOTH THE NUMERATOR AND DENOMINATOR, BT ANT QUAN- 
TITY WHICH WILL DIVIDE THEM WITHOUT A REMAINDER. 

According to Art. 140, this will not alter the value of the 
fraction. 

^, ab a ^ ^ 6dm 3m 7m 1 

Thus-^=-- And^=^. And;^=-- 

In the last example, both parts of the fraction are divided 
by the numerator. 

If a letter is in every term, both of Ihe numerator and de- 
nominator, it may be cancelled, for this is dividing by that 
letter. (Art. 120.) 

Thus ^^^N-gy _3m+y dry-\^dy _^r+l 
' ad^ah d-^h' dky-dy ^-1 

If the numerator and denominator be divided by the greats 
est common measvrey it is evident that the fraction will be 
reduced to the lowest terms.' For the method of finding the 
greate^Bt common measure, see Sec. xvi. 

• 

146. Fractions of different denominators may be re- 
duced TO A common denominator, BY MULTIPLYING EACH 
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NUMERATOR INTO ALL THE BENOMIKATORS RJCCEVT ITS OWN» 
FOR A NEW NUMERATOR ; AND ALL TBE. II8N0HI1KATOR8 TO- 
GETHER, FOR A COMMON DENOMINATOR. 

Ex. 1. Reduce _ and ^ and ~ to a commcm denominator. 

axrfxy=arfy \ 

<^ X ^ XSf =<% > the three numerators. 

w»XftXd=»wd ) 

^X'^Xy^^^'y ^b® eomidon denominator. 

The fractions reduced are ^, and J^, and **?. 

oay hdy bay 

Here it will be seen, that the reduction consists in multt- 
plying the numerator and denominator of each fraction, into 
all the other denominators. This does not alter the value. 
(Art. 140.) 

• 3. Reduce Jl,imd?^, and 5i. 

3m g y 

5. Reduce ?, and -, andlif . 
3 » d+k 

4. Reduce ;•, and f. 

After the fractions have been reduced to a common de- 
nominator, they may be brought to lower terms, by the rule in 
the last article, if there is any quantity which ¥rill divide the 
denominator, aad aU the numerators without a remainder. 

' An integer and a fraction, are easily reduced to a common 
denominator. (Art. 141.) 

Thus a and - are equal to-? and -, or ?£ and -. 
c I c c c 

Anda,b,±, 1 are equal to ?!!3?. *?Sf, ^ *? 
my my my my my 

147. To REDUCE AN IMPROPER FRACTION TO A MIXED 
(QUANTITY, DIVIDE THE NUMERATOR BT THE DENOMINATOR, 

as in Art. 127. 

Thus °^^^ =a+m+t 
b b 
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if 

Reduce ^ ' ■ , to a mixed qoAiitHy . 

For the reduction of a mixed quantity to an improper frac- 
tion, Befe Alt. UO. And for tne Temicti<»i of a compound 
fractionio:iL simple one, see Art, 160. 

ADDITION OP FRACTIONS. 

148. In adding fractions, we may either write them one 
after the other, witibi iheir signs, as in the addition of integers, 
or we may incorporate them into a sinj^eftadtion, by tke fol- 
lowing rule : 

Rbd0C£ fHfi «li^CTIOKS TO A COMUOH JIBIfOMlNAtOR, 
MAKE THE SI6KS BEFORE THEM ALL FOSITtYE, AND tBEH ADD 
THEIR NUMERATORS. 

The common denominator shows into what parts the inte- 
gral unit is supposed to be divided ; and the numerators show 
die minfter ef iliese parts belonging to each of the fractions. 
^Art. iS4.) I^erefore the numerators tdken together show 
the whole number of parte in all the fractions. 

rp, 2 1,1 . ,3 1,1,1 

lnUS,.^=5y+y Andy=y4-y+5p- 

Therefore, J+|=|+*+J,+J,+' =J. 
77 7777 7 7 

The numerat(»rs are added, according to the rules for the 
addition of inteffers. (Art. 6% &c.) It is obvious that the 
sum is to be j^aced over the common denominator. To 
avoid the perplexity which might be occasioned by the si^ns, 
it wffl be espedieat to aeialQe those pr^isfed to the fractions 
imifiifmly poddv«. But in doing this, care must be taken 
not to alter the value. This will 1^ preserved, if all the signs 
in the numerator are changed at the same time with that be- 
fore the fraction. (Art. 144.) 

Ex. 1. Add—, and-i of a pound. Ans. -X-or~--. 
16 16 ^ .16 16 

, It is as evident that i^ and t% of. a pound, are ^ ^ a 
pound, as that 2 otmces and 4 ounces, are 6 ounces. 

*2. Add t and t. First reduce them to a common denemi 
9 a 

nator. They will then be?! and -£ , and their sum Tl . ^ - 

bd .bd 6a 
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5. Given -and - ?!i:^ to find their sum. 

d Sh 

Ans.!?and - ?r±^^^ and - ^dr+dd _ Shm ^ 2dr ^ dd 
d Sh Sdh Sdh Sdh 

4 ^ and _ b^m __a . - fe+m_oy - bd^dm 

d "jT""^ ~y " ^ 

- «t ^ A d _ —gwi , cZy _ - gm-l-dy ^ ^ am - rfy 
y -m --my -my — wm/ my 

6. _fL. and -A_ = aa-a^+«fc+y ^ aa+bb ^^ ^^ . 
o-f-o a- 6 oa-rj-oo - ao - 66 aa-hh . ' 

7. AddIL?Lto— . a Add :iito^ll|. Ans. -6. 

d m-r • 2 7-3 

149. For many purposes/ it is sufficient to add fractions in 
the same manner as integers are added, hy writing them one 
after another with their signs. (Art. 69.) 

Thus the sum of— and — and - ;r— ,"" 



,is , 

h y 2m b y 2m 

In the same manner, fractions and integers may be added^ 

J TL d h 

The sum of a and — and 3m and -— , is a4-3m+-- - -. 

y r y r 

150. Or the integer may be incdrporated with the fraction, 
by converting the former into a fraction, and then adding the 
numerators. See Art. 141. 

n^u £ ^ b . a b am b ' am4-6 

The sum of a and ~, is^-l — = h-= ■ — 

m I'm m * m m 

mi_ r « . J M-d . ^^^ - ^dy+h+d 

The sum of 3(1 and --^,18 dJ-J— . 

m-y' m-y 

Incorporating an integer with a fraction, is the same as re- 
ducing a mixed quantity to an improper fraction. For a mixed 
quantity is an integer and a fraction. In arithmetic, these 
are generally placed together, without any sign between 
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them. But ki algebra, they are distinct terms. Thus 2^ is 
2 and i, which is the same as 2+i- 

Ex. 1. Rediaoe «+— to an improper fraction. Ans i-. 

b o 

2. Reduce m+d-~^. Ans. wi- ^^ __z — H-. 
8, Reduce 1+^. Ans. ^^. 4. Reduce 1- *. 
6. Reduce b+ ^ . 6. Reduce S+?4^- 



SUBTRACTION OF FRACTIONS. 

51. The methods of performing subtraction in algebra, 
depend on the principle, that adding a negative quantity is 
equivalent to subtractmg a positive one ; and v. v. (Art. 81.) 
For the subtraction of fractions, then, we have the following 
simple rule. Chakge the fraction to be subtracted, 

FROM positive fo NEGATIVE, OR THE CONTRARY, AND THEN 

PROCEED AS IN ADDITION. ?Art. 148.) In making the re- 
quired change, it will be expedient to alter, in some instances, 
the signs of the numerator, and in others, the sign before the 
dividing line, (Art. 143,) so as to leave the latter always 
affirmative. 

Ex. 1. From ^ subtract A. 

First change — , the fraction to be subtracted, to — . 

m tn 

Secondly, reduce the two fractions to a common denomi-* 

nator, making, ^ and Z^. 

bm bm 

Thirdly, the sum of the numerators am - 6&, placed over 

the common denominator, gives the answer, ?!?Ll — 

bm 

2. From ?+Ii subtract t Ans. «'^+'^y-^. * 

r d dr 

3. From ? subtract ll^. Ans. ^lzl^!i±^. 

my my 

... 8 



• • 
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4. Prom ±t^ subtract ^JLzM. Ana. ^1^1^. 

4 3 12 

5. Prom*zi subtract -t Ans. ^-<^y+fa». 

m y my 

6. Prom ?±1 subtract lli. 7. From 1 subtract 1. 

a m a b 

152. Fractions may also be subtracted, like integers, by 
setting them down, after their si^ns are changed, without rer 
ducing them to a common denominator. 

From* subtract -.Hi. AnsA+^I^. 
m y my 

In the same manner, an integer may be subtracted from 
a fraction, or a fraction from an integer. 

From a subtract — Ans. a- 

m m 

153. Or the integer may be incorporated with the fracticm, 
as in Art. 150. 

Ex. 1 . From ~ subtract rn. Ans. ^ - m=*lZ!^. 

y y y 

2. From 4a+*L subtract 3a « i. Ans. «f^M+Ac^ 

c d cd 

3. From l+*Lz£ subtract iZ^. Ans.^±?^. 

d d d 

4. From a+3h - ^"^. subtract 3a - A+^±^. 



MULTIPLICATION OF FRACTIONS. 

f 

154. By the definition of multiplication, multi[d3ring by a 
fraction is taking a parf of the multiphcand, as many times as 
there are like parts of an unit in the multiplier. (Art. 90.) 
Now tbe denominator of a fraction shows into what parts the 
integral unit is supposed to be divided ; and the numerator 
shows how many of those parts belong to the given fraction. 
In multiplying by a frioetion, therefore, the multiplicand is 
to be divided into such parts, as are denoted by the denom- 
inator ; and then one of these parts is to be repeated, as 
many times, as is required by the numerator. 
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Suppose a is to be multiplied by — . 

4 

' A fourth part of a is — - 

4 

This taken 3 times is ~ +-+ r =^ i^^- ^^') 

4 *4 4 4 

o 3 

AgA^ suppose r- is to be multiplied by j- 

One fourth of ^ is ~. (Art. 1 38. ) 

This taken 3 times is 5+5+^=4?* 

the product required. 

In d similar manner, any fractional multiplicand may be 
divided into parts, by multiplying the denominate ; and one 
of the parts may be repeated, by multiplying the numerator. 
We have then the following rule : 

155. To MULTIPLY FRACTIONS, MULTIPLY THE NUMERAL- 
TORS TOGETHER, FOR A NEW NUMERATOR, AND THE DENOMI- 
NATORS TOGETHER, FOR A NEW DENOMINATOR. 

Ex. 1. Multiply — into- — Product ;r — 

2. Multiply — ^— mto — s- Product ~r — 

^ y ni-2 wy-% 

3. Multiply ^ J into ; r- Product \[. - r- 

^l 3 >-») 3x(a-n) 

^ ^m 1 o+fc. . 4-m ^ ^^ . 1 3 

4. Mult. 5-7-jmto— ; — 5. Mult. — r-5- intos-. 

156. The method of multiplying is the same, when there 
are more than two fractions to be multiplied together. 

Multiply together r^ jy and — Product g^-. 

• 

For ^Xy is, by the last article ^, and this into 5 is *?£?. 
o a bd y bdy 

2. Multiply 2?,Az^, 6, and _L. Product ?f!**--^f^ 
m y c r-V cmry - cmy 



60 AJLGEBRA. . * 

S. Midt. i+* i and -i_. 4. Midt, fl, iz5, and J, 
n ' A r+2 Ay' S+Tl* 7 

157. The multiplication may sometimes be shortened^ by 
rejecting equal factors, from the numerators and denomina- 
tors. 

1. Multiply - mto — and —- Product—. ^ ^^ 

*^ "^ r ay ry ^^ 

Here a, being in one .of the numerators, and in one of the 
denominators, may be omitted. If it be retained, the product 

will be But this reduced to lower terms, by Art. 145, 

ary 

will become — as before. 

2. Multiply ^ into ?? and ?*. Product ?*. 
J ^ 3a 2d 6 

It is' necessary that the factors rejected from the numera- 
tors be exactly equal to those which are rejected from the 
denominators. In the last example, a being in two of the 
nimierators, and in only one of the denominators, must be re- 
tained in one of the numerators. 

3. Multiply !!±^ into !?S^. Product ?!!!±^. 

y ^ O'h ah 

Here, though the same letter a is in one of the numerators, 
and in jone of the denominators, yet as it is not in every term 
of the numerator, it must not be cancelled. 

4. Multiply ^^+^ into ^ and ^. 

h m 5a 

If any difficulty is found, in making these contractions, it 
will be better to perform the multiplication, without omitting 
any of the factors ; and to reduce the product to lower terms 
afterwards. 

168. When a fraction and an mtcgar are multiplied to- 
gether, the numerator of the fraction is multiplied into the 
integer. The denominator is not altered; except in cases 
where division of the denominates: is substitufe# for multipli- 
cation of the numerator, according to Aft. 139. 



Thus «X-= -. Fbr o=«; and •x??=?^. 

y y 1 1 y y 

So rxix*±l=^^^ ABdaxi^. Hence.' . 

159. A FRACTION IS MULTIPLIED INTO A QUANTITY EQUAL 
TO ITS DENOMINATOR, BT CANCELLING THE DENOMINATOR. 

,^ Thus lxb=(L For ?.x^=— . But the letter i, being 

in both the numerator and denominator, may be set aside. 
(Arfc 145.) 

a-y S+m 

On the same principle, a fraction is multiplied into wy 
factor in its denominator, by cancelling that factor. 

160. From the definition of multipUcation by a fraction, it 
follows that what is commonly called a comp&und fraeHiOn,* 

is the prpdtuit of two or more fractions. Thus ^ of ~ is 

4 b 

~X— For,- of _, islof " taken three times, that i& 
4 * 4 6 4 6 

?L+i? +if But this is the same as - multiplied by— 
46 46 46 6 4 

(Art. 154.) 

Hence, reducing a compound fraction into a simple onCy is ths 
same as multiplying fractums into each other, 

O gm Oft 

Ex. 1. Reduce !l of , . Ans. . 

7 S+2 76+14 

2. Reduce ^ofiofiH. Ans. JH-^. 

3 5 2a^m 30a -15m 

3. Reduce 1 of i of Ans. 



S-d 168-21dl 



* By a compound fraction is meant a fraction o/a fraction, and not a fraction 
whose numerator or denominator is a compound quantity. 
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« 

161. The exprefl^ion la, 769 4y, &c. are eqiuvalent to 

!?, *, ^. For ia is f of a, which is equal to ^xa=^. 
IT 5 7 ^ 3 S 

(Art 168.) So I6=ixft=-- 

5 



DIVISION OF FRACTIONS. 

1612. To DIVIDE ONE FRACTION BT ANOTHER, INVERT THE 
DIVISOR) AND THEN PROCEED AS IN MULTIPLICATION. (Art. 
155.) 

Ex. 1. Divide ibyi. Ans. 'Lx-=~ 

b d ^ c be 

To understand the reason of t^he rule, let it be premised, 
that the product of any fraction into the same fraction inverted, 
is always a imit. 

Thus f x*.=?J=l. And_^x-^y:^=l. 
b a ab h+y d 

But a quantity is not altered by multiplying it by a unit. 
Therefore, if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself, the last product will 
be equal to the dividend. Now, by the definition, (art. 115,) 
" division is finding a quotient, which multiplied into the di- 
visor will produce the dividend." And as the dividend mul- 
tiplied into the divisor inverted is such a quantity, the quo- 
tient is truly found by the rule. 

This explanation will probably be best understood, by at- 
tending to the examples. In several which follow, the proof 
of the division will be given, by multiplying the quotient into 
the divisor. This vnQ. present, at one view, the dividend 
multiplied into the inverted divisor, and into the divisor itself. 

2. Divide HL by ?*. Ans. ^ x^=^^. 

2d y 2d Sh edh 

Proof. H x^=— the dividend. 
6dh y 2d 

3. Divide ?±^ by ^. Ans. H:^x^=?»±^ 

r y r 5d 5dr 

Proof. ?^tt^X-=^. 
5dr y r 
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4. Divide ^ by ^. Ans. i^x4-=^ 

Proof. 2^X — =^ the dividend. 
rx a X 

5. Divide iW by 1^. Ans. i^^xl^^^^. 

5 -^ lOy 5 18A h 

6. Divide ?!*±1 by ^"V 7. Divide *Z^ by J-. 

163. When a fraction is divided by an integer^ the (denomi- 
nator of the fraction is multiplied into the integer. 

Thus the quotient of - divided by m, is ~ 

For m=^ ; and by the lawt article, f!.i.?=f!x-=^. 
1 & 1 6 m 6m 

So-L^A=JLxl=— L- And?^6=l=l J- 
a-6 a-6 A oA-W 4 24 8 

In fractions, multiplication is made to perform the office 
of division ; because division in the usual form often lieaves a 
troublesome remainder : but there is no remainder in multi- 
plication. In many cases; there are methods of shortening 
the operation. But these will be suggested by practice, 
without the aid of particular rules. 

164. By the delSnition, (art. 49,) "the redprocal of a 
quantity, is the quotient arising from dividing a unit by that 
quantity." 

Therefore the reciprocal of ?L is l-5-!?L=l X-=:*- That is, 

. b b a a 

The reciprocal of a fraction U the fraction imerted. 
Thus the reciprocal of is .^jlIM. ; the reciprocal of 

JL is ^ or Sy ; the reciprocal of i is 4. Hence the recip- 

rocal of a fraction whose numerator is* 1, is the denominator 
of the fraction. 

Thus the reciprocal of — is a ; of -, is a4-6, &c. 

a 0+6 
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65. A fraction «K>metimes occurs in the numerator or de- 

nominator of another fraction^ as tf . It is offen convenient, 

b 

in the course of a calculation, to transfer such a fraction, 
from the numerator to the denominator of the principal frac- 
tion, or the contrary. That this may be done without alter- 
ing the value, if the frfilction transferred be inverted^ is evi- 
dent from the following principles : 

First, Dividing by a fraction, is the same as muUiplying by 
^e fraction inverted. (Art. 162.) 

Secondly, Dividing me numerator of a fiaction has the 
same effect on the value, as multiplying the denominator; and 
multiplying the numerator has the same effect, as dividing 
the denominator. (Art. 139.) 

Thus in the expression I? the munerator of -? is multiplied 

X X 

into f . But the value will be the same, if, instead of multi- 
plying the numerator, we divide the denominator by |, that is, 
multiply the denominator by |. 

Therefore 1"=-?. ' So 1=1*. 

« |x 4m m 

AndJl= i =_!_ And 5zf ==i?Lzi^. 

M-y 5x(M-2/) ^^+^y ^^ ^- 

.166. Multiplying the numerator, is in effect multiplying the 
value of the fraction. (Art.137.) On this principle, a frac- 
ticm may be cleared of a fractional co-efl5cient which occurs 
in its munerator. 

Thus t?=lx-=-. Andi?=ixi=l 
b 5 b 6b y 6 y by 

And *M-»g _l^/i-i-a?_M-a: ^^^ fa?_ 3a? 
m 3 m 3m ' 5a 20a 

On the other hand, |?=:lx-=^. 

IX 1 X X 

And l=lx-=i^. And ' *« - «« 



% 3 y y 6d'\-6x rf+a? 

167. But multiplying the denominator, by another fraction, 
is in effect dividing the value ; (Art. 138.) that is, it is widti- 
plying the value by the fraction inverted. The principal frac- 
tion may therefore be cleared of a fractional co-eiffioient, 
which occurs in its denominator. 



\ 
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i* 6 • 5 is S6 4x 2* 

On the other hand, -^=~. 

3x fe 

And 8y+8^ ^y+jf . And??=^. 

167* 6. The numerator or the denominator of a fraction, 
may be itself a fraction* The expression may be reduced to 
a more simple form, on the principles which have been applied 
in the preceding cases. 
a 

^. b a c ai 
Thus -=^4-5=6^- 



And T r""' And ~ri= — ~' 

h—hy m in 

n 
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SIMPLE EaUATtONS. 

Art. 168. Tnt; subjects of the preceding sections are in- 
troductory to what may be considered the peculiar province 
of algebra, the investigation of the values of unknown quan* 
tities, by means of equations. 

An equation is a PROPOdlTION, EXPRESSING IN ALGEBRAIC 
CHARACTERS, THE EQUALITT BETWEEN ONE QUANTITY OR SET 
OP QUANTITIES AND ANOTHER, OR BETWEEN DIFFERENT EX- 

9 
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PRESSIONS FOR THE SAME QUANTITT.^ ThuS 9-^a=i-f^, is 

an equation, in which the sum of x and a» is equal to the supo 
of b and c. The quantities on the two sides of th^ sign of 
equality, are sometimes called the members of the equation ; 
the several terms on the left constituting the first member, 
and those on the rights the second member. 

169. The object aimed at, in what is called the resolution 
or reduction of an equation, is to find the value of the unknoim 
quantity. In the first statement of the conditions of a problem, 
the known and unknown quantities are frequently thrown 
promiscuously together. To find the value of that which is 
required, it is necessary to bring it to stand by itself, while 
all the others are on the opposite side of the equation. But 
in doing this, care must be taken not to destroy the equation, 
by rendering the two members unequal. Many changes 
may be made in the arrangement of the terms, without af- 
fecting the equahty of the sides. 

170. The reduction of an equation consists, then, 
in bringing the unknown quantity by itself, on one 
side, and all the known quantities on the other side, 
without destroying the equation. 

To effect this, it is evident that one of the members must 
be as much increased or diminished as the other. If a quan- 
tity be added to one, and nDt to the other, the equality will 
be destroyed. But the members will remain equal ; 

If the same or equal quantities be added to each. Ax. 1. 
If the same or equal ({imniiiieshe subtracted from each. Ax. 2. 
If each be multiplied by the same or equal quantities. Ax. 3. 
If each be divided by the same or equsd quantities. Ax» 4. 

171. It may be farther observed that, in general, if the 
unknown quantity is connected with others by addition, mul- 
tiplication, division, &c. the reduction is made by a contrary 
process. If a known quantity is added to the unknown, the 
equation is reduced by subtraction. If one is multiplied by 
the other, the reduction is effected by dioisiony &c. The 
reason of this will be seen, by attending to the several cases 
in the following articles. The known quantities may be ex- 
pressed either by letters or figures. The unknoton quantity 
is represented by one of the last letters of the alphabet, gen- 
erally ar, jjf, or z, (Art. 27.) The principal reductions to 

* See Note D, 
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be considered in this section) are those which are efiected by 
ttansposiHmf miaUiplicaHonj and dmsurn. These ought to be 
made perfectly fsamliar^ as one or more of them wUl be ne- 
cessary, in the resdution of ahnoet every equation. 

TRANSPOSITION. 

172. In the equation 

«-7=9, 
the number 7 being connected with the unknown quantity x 
by the sign-, the one is svbtracted from the other. To re- 
duce the equation by a contrary process, let 7 be added to 
both sides. It then becomes • 

a; -7+7=9+7. 

Tlie equality of the members is preserved, because one is 
as much increased as the other. (Axiom 1.) But on one 
side, we have - 7 and + 7. As these are equal, and have 
contrary signs, they balance each other^ and may be cancel- 
led. (Art. 77.) The equaticm will then be 

a:=9+7. 
Here the value of x is found. It is shown to be equal to 
9+7, that is to 16. The equation is therefore reduced. 
The unknown quantity is on one side by itself, and all the 
known quantities on the other side. 

In the same manner, if x-bzrza 

Adding b to both sides x - &+&=:a+& 

And cancelling (- 6+6) x=a^b. 

Here it will be seen that the last equation is the same as 
the fibrst, except that b is on the opposite side, with a contra- 
ry sign. 

Next suppose y-^c=zd. 

Here c is €tdded to the unknown quantity y. To" reduce the 
equation by a contrary process, let c be subtracted from both 
sides, that is, let - c, be applied to both sides. We then have 

y^C'-czzid'-c, 

The equality of the members is not affected, because one 
is as much diminished as the other. When (+c -c) is can- 
celled, the equation is reduced, and is 

y=rf-c. 

This is the same as y+c=d,' except that c has been trans- 
posed, and has received a contrary sign. We hence obtain 
the following general rule : 
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173. When known quantities are connected with the 
unknown quantity jy the sign + or -, the equation is 
reduced by transposing the known quantities to 
the other sipe, and prefixiiftg the contrary sign. 

This is called reducing an equation by addiMon or subtrac- 

tiaiy because it is, in effect, adding or subtracting certain 

quantities, to or from, each of the members. 

Ex. 1 . Reduce the equation x-^-Sb - m = A - d 

Transposing+3i, we have x - m= A - d - 3ft 

And transposing - m, »= A -.d -^ 3b-{-m. 

174. When several terms on the same side of an equation 
are alike^ they may be united in one, by the rules for reduc- 
tion in addition. (Art. 72 and 74,) 

Ex. 2. Reduce the equation x-^-Sb - 4A=7ft 

Transposing 5b - 4A x=:7b - 5ft-|-4A 

Uniting 76 - 5b in one term x = 2&-|-4A. 

175. The unkniown quantity must also be transposed, 
whenever it is on both sides of tibe equation. It is not mate- 
rial on which side it is finally placed. For if x=S, it is evi- 
dent that 3=rr. It may be ^ell, however, to bring it on that 
side, where it will have the affirmative sign, when the equa- 
tion is reduced, 

Ex. 3. Reduce the equation 2a?+2A=A+(i-|-3^ 

By transposition 2A - A - d= 3a: - 2a? 

And A-d=a:. 

176. When the same term^ with the same sign, is on oppo- 
site sides of the equation, instead of transposing^ we may ex- 
pmige it from each. For this is only subtracting the same 
quantity from equal quantities. (Ax. 2. ) 

Ex. 4. Reduce the equation a;-j-3A+d=fc+3A+7«I 

Expunging 3A ;jc^d=b-\^7d • 

And x=b'i-Qd. 

177. As all the terms of an, equation may be transposed, 
or supposed to be transposed ;' and it is immaterial which 
member is written first ; it is evident that the signs of all the 
te^^ms mau be cha^ged^ without affecting the equality. 

Thus, if we have x - &= d - a. 

Then by transposition - d^a= - x -^-b 

Or, inverting the members -a?-j-6= -<i+a. * 

178. If all the terms on one side of an.eqiiation he trans- 
posed, each member will be equal to 0, ' 



I' 
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Thus, if a:+& = d, then x+b - rf= 0. 

It is frequently convenient to reduce an equation to this 
form, in which the positive and negative terms balance each 
other. In the example just given, 0:4-^ is balanced by - d. 
For in the first of the two equations, op-f-^ is equal to d. 
Ex. 6. Reduce a-4-2a?- 8=6- 4+a;+a. 

6. Reduce y+ab - Rm=:c^2y - ab'\'kin, 

7. Reduce h+S0+7x=8 - eX+Sa; - d+b. 

8. Reduce 6*4-21 - 4x+dz=:\2 - Sx+d - 7bh. 

REDUCTION OF EQUATIONS BY MULTIPLICATION. 

179. The unknown quantity, instead of being connected 
with a known quantity by the sign -U ^' "» ^^7 ^ divided 

by it, as in the equation _ =6. 

a 

Here the reduction cannot be made, as in the preceding 
instances, by transposition. But if both members be mviti- 
pUed by a, (Art. 170,) the equation will become, 

x=ab. 

For a fracHon is muUiplied into its denominatOTy by removing 
the denommator. This has been proved from the properties 
of fractions. (Art. 159.) It is also evident from the sixth 
axiom. 

Thu8x=g^3=^^ (^^)X^ ^ ^+^^ &c. For in each 
a 3 a-|-6 rf-f-6 

of these instances, x is both multiplied and divided by the 
same quantity ; and this makes no alteration in the value. 
Hence, 

180. When the unknown quantity is DIVIDED by a 

KNOWN QUANTITY, THE EQUATION IS REDUCED BY MULTI- 
PLYING EACH SIDE BY THIS KNOWN QUANTITY. 

The same transpositions are to be made in this case, as in 
the preceding examples. It must be observed also, that every 
terr^ of the equation is to be multiplied. For the several 
terms in each member constitute a compound multiplicand, 
which is to be multiplied according to Art. 98. 

Ex.- 1. Reduce the equation — [-a=6+rf 



c 
Multiplying both sides by c 



The product is 0:4-00= 6c-j-cd 

And xz=:bc-\-cd-ac» 
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2. Reduce the equation ^Zi:*^5=20 

Multiplyiog by 6 or - 4+30:= 1 iO 

And ^sl204-4- 30=94. 

3. Reduce the equation ^ - f-^-^fc 

Multiplying by a+b (Art 100.) x+ad+bds^ak+bh. 
And arsaA-{-fr&-adl-iil. 

181. When the unknown quantity is in the denominaior of 
a fraction, the reduction is made in a similar manner, by mul- 
tiplying the equation by this denominator. 

Ex. 4. Reduce the equation — — f-7=8 

* 10-« 

Multiplying by 1 - a? 6+70 - 7ar=: 80 - 8a: 

And x=:4. 

182. Though it is not generally necessary ^ yet it is often 
convenient, to remove the denominator from a fraction con- 
sisting of known quantities only. This may be done, in the 
same manner, as the denominator is removed from a fraction, 
which contains the unknown quantity. 

Take for example £=.--4-. 

a b c 

Multiplying by o ' x^^^+^ 

b c 

Multiplying by b bx=ad+^h 

c 

Multiplying by c bcx=: acd+abh. 

Or we may multiply by the product of M the denomina- 
tors at once. 

In the same equation ' -=tH — 

a b c 

miT Tx* 1 •-. u L abcx abed , abck 
Multiplying by abc =—- — | 

a e 

Then by cancelling from each term, the letter which is 
common to its numerator and denominator, (Art. 145,) we 
have bcx=acd^abhy8ijs before. Hence, 

183. An equation may be cleared of FRACTIONS by 

MULTIPLlfir^G each SIDE INTO ALL THE DENOMINATORS. 
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Thus the equation 

is the oame as 
And the eqyatipn 

19 the same as 



X b I e h 

a a g m 



dgmxziifibgm+adem - adgh. 
2 3^6 ^2 



80ar=404-48+180. 

In clearing an equation of fractions, it will be necessary 
tq observe, that the sign -prefixed to any fraction, denotes 
tl\at the whole value is to be subtracted, (Art. 142,) which is 
Aojc^e by cbyanging the signs of all the terras in the numerator. 

The equation 
is the same tm 



a-d ^ 36-2Am-6n 

=rC -" — 

X r 

or - dr^crx ^3bx^2hmx-^'6m» 



EEDUCTION OP EQUATIONS BY DIVISION. 

184, When the unknown quantity is MULTIPLIED 

INTO ANY KNOWN QUANTITY, THE EQUATION IS RE0VCED BY 
DIVIDING BOTH SIDES BY THIS KNOWN QUANTITY. (Ax. 4.) 



Sk, 1. Reduce the equation 
By transposition 

Dividing by a 

2. Reduce the equation 

Clearing of fracticms 
Dividing by 2ch 



ax=d+3h-b 
^_ d+Sh^b 



c h^ 
2chx=: ah - cd^4bch 

2ch 



185. If the unknown quantity has co-efficients in seffertd 
termsy the equation must he (Uvided by all these co-efficienta> 
cwmectedby their rigns, according to Art. 121. 

Ex. 3. Reduce the equation Sx-bxz^a- d 

That is, (Art. 120.) (3 - 6) x«=a - d 

Dividiiig^)y3-6 - ^"^ 



ap= 



4* Reduce the equation 
Dividing by o+l 



S-fc 



aX'{-x=zh'"^ 
^ h-4 
o+l 
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Ex^ 6. Reduce the equation x - ^"^-^^ 

. h 4 

Cleaxing of fractions 4hx - 4a7=ah4'<'^ " 46 

Dividing by 4A- 4 ar=?*±^^ri^. 

44-4 , 

186, If any quantity, either known or unknown, is found 
as a factor in every termy the equation may be divided by it. 
On the other hand, if any quantity is a divisor in every tentiy 
the equation may be multiplied by it. In this way, the factor 
or divisor will be removed, so as to render the expression more 
simple. 

Ex. 6. Reduce the equation aar-|^3a6=6ac2-f ^ 

Dividing by a ar+36 = 6d4- 1 

And ar=6d+l-36. 



7. Reduce the equation 



a;+l _6 _h-d 

XXX 



Multiplying by x (Art. 159.) a;-|-l - 6=fc - d 

And . a?=ft-d-|-6- 1. 

8. Reduce the equation a?x ifl+h) - o - 6=(lx («+*) 

Dividing by a-fft (Art. 1 18.)a? - 1 =rf 
And ar=d+l. 



187. Sometimes the conditions of a problem are at first 
stated, not in an equation, but by means of a proportion. To 
show how this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a future section, so fiar as 
to admit the principle that '^ when four quantities are in geo- 
metrical proportion, the product of the two extremes is equal 
to the product of the two means :'* a principle which is at 
the foundation of the Rule of Three in ant)imetic. See 
Arithmetic. 

Thus, ii a: b::c : d, then ad=:bc. 

And if 3 : 4 : : 6 : 8, then 3x8=4x6. Hence, 

188: A PROPORTION is converted into an equation by 
making the product of the extremes, one side of the 
equation; and the product of the means, the other side. 



*1 
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Ex. 1. Reduce to an equation ax :b:: chid. 

The product of the extremes is adx 
The product of the means is bch 
The equation is, therefore adx=bch, 

2. Reduce to an equation a-^b : c : : fc— m : y. 

The equation is ag-\-by:=:eh--cM. 

189. On the other hand, an equation may be con- 
verted INTO a proportion, BY RESOLVING ONE &IDE OF THE 

EQUATION INTO TWO FACTORS, FOR THE MIDDLE TERMS OF 
THE PROPORTION t AND THE OTHER SIDE INTO TWO FACTORS, 
^OR THE EXTREMES. 

As a quantity may often be resolved into difierent pairs of 
factors ; (Art. 42,) a variety of proportions may frequently 
be derived from the same equation. j. 

Ex. 1. Reduce to a proportion (ibc=deh. 

The side abc maybe resolved into ax 6c, or abxc, or acxb. 
And deh may be resolved into d x eh^ or dexK or dh X e. 

Therefore a: d:\eh\bc And (Uixdhwe :b 

And abidewhx c And ac\d::eh:by &c. 

For in each of these instances, the product of the extremes 
is abcy and Uie product of the means deh, 

2. Reduce to a proportion ax-[-bx=:cd - ch 

The first member may be resolved into a:X (a^-^) 
And the second into cx{d-h) 

Therefore x :c:: d-h :a-f 6 And d-h: xi: a-f-6 : c, &c. 

190. If for any term or terms in an equation, any other ex- 
pression of the same value be substUutedy it is manifest that 
the equality of the sides will not be affected. 

Thus, instead of 16, we may write 2x8> or — , or 26-9, Ac. 

4 

For these are only different forms of expression for the same 
quantity. 

191. It will generally be well to have the several steps, iri 
the reduction of equations, succeed each other in the follow- 
ing order. 

First, Clear the equation of fractions. (Art. 183.) 
Secondly, Transpose and unite the terms. (Arts. 173, 4, 5.) 
Thirdly^ Divide by the co-efiicients of the unknown, quan- 
tity. (Arts. 184, 5.) 

10 
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EXAMPLES. 

1 . Reduce the equation -5-|-6 = -5+7 

4 8 

Clearing of fractions 24ar-{-192=20a;+224 

Transp. and uniting terms 42:=:32 
Dividing by 4 «= 8. 

2. Reduce the equation ^-|~^=^-~+^ 

a 6c' 

Clearing of fractions bcx-^-abx-acx^zabcd-cibch 
Dividing ^^ abcd^abch 

bc^ab - oc 

3. Reduce 40-6a:- 16=120- 14ar. Ans. ar=12. 

4. Reduce izi+^=20 -^zl?. Ans. «=??. 

2 ^3 2 4 

5. Reduce ?.+^=20-?.. 6. Reduce Ll?^-4=5. 

3 5 4 ar 

7. Reduce -iL-2=8. v . ' 8. Reduce ^^ =1. 

ar+4 ap+4 

9. Reduce a:+^4.?.= ll. 10. Reduce ^+?. --= I. 

^2^3 2 3 4 10 

11. Reduce iZJ?+ex=?§lz£ ' 

4 5 , 

12. Reduce 3ar+?f±?=6+?i^::^. 

13. Reduce ?^zi-2=l?zi^+x. 

14. Reduce 21+?iZLLL=?fZ^+?IzJ5. 

^16 8 2 

15. Reduce Sa;-f^-4=5^±li-i . 

4 3 12 

16. Reduce Z^.!J5+45^6 =?£+?. 

3 5 2 

17. Reduce lIz^.lH::!=6.6;r+!^l - 

5 3 3 

18. Reduce :t-?iz5+4=:?2zf .?£Z^+f5zf. 

5 T. 2 7 "^5^ 
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19. Reduce 5?±I+?_zl?=!?±i. 

«0. Reduce ??+i : lin^ : : 7 : 4. 

2 4 



SOLUTION OF PROBLEMS. 

192. In the solution of proUems, by means of equations, 
two things are necessary: First, to translate the statement of 
the question from common to algebraic language, in such a 
manner as to form an equation: Secondly, to reduce this 
equation to a state in which the unknown quantity will stand 
by itself, and its value be given in known terms, on the op- 
posite side. The manner in which the latter is effected, has 
already been considered. The former will probably occasion 
more perplexity to a beginner ; because the conditions of 
questions are so various in their nature, that the proper me- 
thod of stating them cannot be easily learned, like the reduc- 
tion of equations, by a system of definite rules. Practice, 
however, will soon remove a great part of the difiSculty. 

193. It is one of the principal peculiarities of an algebraic 
solution, that the quantity sought is itself introduced into the 
operation. This enables us to make a statement of the con- 
ditions in the same form, as though the problem were already 
solved. Nothing then remains to be done, but to reduce the 
equation, and to find the aggregate value of the known quan- 
tities. (Art. 53.) As these are equal to the unknown quantity 
on the other side of the equation, the value of that also is 
determined, and therefore the problem is solved. 

Problem 1. A man being asked how much he gave for his 
watch, replied ; If you miJtiply the price by 4, and to the 
product add 70, and from this sum subtract 50, the remain- 
der will be equal to 220 dollars. 

To solve this, we must first translate the conditions of the 
problem^ into such algebraic expressions as will form an equa- 
tion. 

Let the price of the watch be represented by x 

This price is to be mult'd by 4, whifch makes Ax 

To the product, 70 is to be added, making 4a;-|-70 

From this, 50 is to be subtracted, making 4a:+70- 50 
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Here we have a numjber of tjie conditions, expressed in 
algebraic terms ; but have as yet no equatwr^ We must ob- 
serve then, that by the last condition of the problem, the pre- 
ceding terms are said to be equal to 220. 

We have, therefore, this equation 4ar+70-50=:220 

Which reduced gives a? =60. 

Here the value of x is found to be 50 dollars, which is the 
price of the watch. 

194. To ororc whether we have obtained the true value of 
the letter wiuch represents the unknown quantity, we have 
only to substitute this value, for the letter itself, in the equa- 
tion which contains the first statement of the conditions of 
the problem ; and to see whether the sides are equal, after 
the substitution is made. For if the answer thus satisfies th6 
conditions proposed, it is the quantity sought. Thus, in the 
preceding example. 

The original equation is 4a?-f-70 - 50=220 

Substituting 50 for a?, it becomes 4 X 50+70 - 50= 220 
That is, 220=220. 

Prob. 2. What number is that, to which, if its half be add* 
ed, and from the sum 20 be subtracted, the remainder will be 
a fourth of the number itself? 

In stating questions of this kind, where fractions are 
concerned, it should be recollected, that ix is the same as 

1; that fa?=?5, &c. (Art. 161.) 
3 ' 5 ^ ^ 

In this problem, let x be put for the number required. 
Then by the conditions proposed, x-^-— - 20=— 

And reducing the equation a:= 16. 

Proof, 16+*^ -20=-. 

^2 4 

Prob. 3. A father divides bis estate among his three sons, 
in such a manner, that. 

The first has $1000 less than half of the w&ole ; 

The second has 800 less than one third of the whole ; 

The third has 600 less than one fourth of the whole ; 

What is the value of the estate ? 

If the whole estate be represented by x^ then the several 

f hares will be |^ -lOOQ, and % - 800, and %■ -600. 

2 3 4 
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Aud as these constitute the whole estate, they aire together 
equal to x. 

We have then this equation f - 1000+f - 800+ * - 600=*. 

Which reduced gives a:= 28800. 

Proof ?^22 - 10004-???29 - 800+^^^^ - 600=28800. 

195. To avoid an unnecessary introduction of unknown 
quantities into an equation, it may be well to observe, in this 
place, that when the sum or d^ermce of two quantities is 
given, both of them may be expressed by means of the same 
letter. For if one of the two quantities be subtracted from 
their sum, it is evident the remainder will be equal to the 
other. And if the difference of two quantities be subtracted 
from the greater, the remainder will be the less. 

Thus if the sum of two numbers be 20 

And if one of them be represented by x 

The other will be equal to 20 - x. 

Prob. 4. Divide 48 into two such parts, that if the less be 
divided by 4, and the greater by 6, the sum of the quotients 
will be 9. 

Here, if ar be put for the smaller part, the greater will be 

By the conditions of the problem ^-f ^^~9 

4 6 

Therefore ar=I2, the less. 

And 48 - ar=36, the greater. 

196. Letters naay be employed to express the knoum quan- 
tities in an equation, as well as the unknown. A particular 
value is assigned to the numbers, when they are introduced 
into the calculation : and at the close, the numbers are re- 
stored. (Art. 52.) 

Prob. 5. If to a certain number, 720 be added, and the 
sum be divided by 125 ; the quotient will be equal to 7^92 
divided by 462. What is that number? 

Let a?= the number required. 

a=.720 . d=7392 

6=125 fc=462 
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Then by th^ conditions of the problem *+<*— 

Therefore 

Restoring thenumbers,^= (^^^Xy392)-(720x462) ^^^ 

^ 462 

197. When the resolution of an equation brings out a 
negixHve answer, it shows that the value of the unknown 
quantity is contrary to the quantities which, in the statement 
of the question, are considered positive. Bee Negative Quan- 
tities. (Art. 54, &c.) 

Prob. 6. A merchant gains or loses, in a bargam, a certain 
sum. In a second bargain, he gains 350 dollars, and, in a 
third, loses 60. In the end he finds he has gained 200 dol- 
lars, by the three together. How much did he gain or lose 
by the first 1 _ 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished by contrary signs. (Art. 
57.) If the profit is marked +> the loss must be - . 

Let x=z the simi required. 

Then according to the statement a:-}-350- 60=200 

And x= - 90 

The negative sign prefixed to the answer, shows that there 
was a loss in the first bargain ; and therefore that the proper 
sign of X is negative also. But this being determined by the 
answer, the omission of it in the course of the calculation 
can lead to no mistake. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. then 19 S. and has finally 11 degrees of south latitude. 
What was her latitude at starting ? 

Let x= the latitude sought. 
Then marking the northings +, and the southings - ; 
By the statement a:+4-13+17-.19=-ll 

And a:=0. 

The answer here shows that the place fi-om which the ship 
started was on the equator, where the latitude is nothing. 

Prob. 8. If a certain number is di\dded by 12, the quo- 
tient, dividend, and divisor, added together, will amount to 
64. What is the number ? 
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Let :r=: the number sought 
Then ^+0:4-12=64. 

And XT^=:4S. 

13 

Prob. 9. An estate is divided among four children, in such 
a manner that 

The first has 200 dollars more than i of the whole. 
The second has 340 dollars more than J of the whole, 
The third has 300 ddlars more than 7 of the whole. 
The fourth has 400 dollars more than i of the whole, 
What is the value of the estate ? Ans. 4800 dollars. 

Prob. 10. What is that number which is as much less than 
500, as a fifth part of it is greater than 40 1 Ans. 450. 

Prob. 11. There are two numbers whose difference is 40, 
and which are to each other as 6 to 5. What are the num- 
bers 1 Ans. 240 and 200. 

Prob. 12. Three persons, .5, By and 0, draw prizes in a 
lottery. .3 draws 200 dollars ; B draws as much as w3, to- 
gether with a third of what C draws ; and C draws as much 
as ^ and B both. What is the amount of the three prizes 1 

Ans. 1200 dollars. 

Prob. 13. What number is that, which is to 12 increased 
by three times the number, as 2 to 9 ? Ans. 8. 

Prob. 14. A ship and a boat are descending a river at the 
same time. The ship passes a certain fort, when the boat is 
13 miles below. The ship descends five miles, while the 
boat descends three. At What distance below the fort will 
they be together ? Ans. 32i miles. 

Prob. 15. What number is that, a sixth part of which ex- 
ceeds an eighth part of it by 20 1 Ans. 480. 

Prob. 16. Divide a prize of 2000 dollars into two such 
parts, that one of them shall be to the other, as 9 : 7. 

Ans. The parts are 1125, and 875. 

Prob. 17. What sum of money is that, whose third part, 
fourth part, and fifth part, added together, amount to 94 dol- 
lars? Ans. 120 dollars. 
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Prob. 18. Two travellers, j9 ai^' i?, 300 iwAe» apart, travel 
towards each other till they meet. w3's progress is 10 miles 
an hour, and jff's 8. How far does each travel before they 
meet I Ans. A goes 200 miles, and B 160. 

Trob. 19. A man spent one third of his life in England, 
one fourth of it in Scotland, and the remainder of it, which 
was 20 years, in the United States. To what age did he 
live 1 '* Ans. to the ace of 48. 

Prob. 20. What nr\vnaber is that \ of which is greater than 
i of it by 96 1 



*^^ 



Prob. 21. A.'^post is j iii the earth, t in the #at^r'and 13 
feet above the water. SQSat is the length of \h6 post 1 

Aiis. 35 feet. 

Prob. 22. What nmnber is that, to which 10 beinff added, 
|of thesumwiUbe661 . 

Prob. 23. Of the trees in. an orcljard, I are apple trees, ti 
pear trees, and the remainder peach trees, which are 20 
more than \ of the whole. What is the whole number in 
the orchard 1 Ans. 800. 

Prob. 24. A gentleman bought several gallons of wine f<»r 
94 dollars; and after using 7 gallons himself, sold J. of the 
remainder for 20 dollars. How many gallons had he at first 1 

Ans. 47. 

Prob. 25. A and B have the same income, .fl contracts 
an annual debt amoimting to ^ of it ; B lives upon J of it ; 
at the end of ten years, B lends to •S enough to pay off his 
debts, and has 160 dollars to spare. What is the inc6me of 
each ? Ans. 280 dollars. 

Prob. 26. A gentleman lived single ^ oi hi||glfele life ; 
and after having been married 5 years more^H^^ of his 
life, he had a s(hi who died 4 years before him,'ajQ:d who 
reached, only half the age of his father. To whal^lage did 
the father Hve ? Ans. 84. 

Prob. 27. What number is that, of which if ^^^ and f be 
added together the sum will be 73 1 vAns. 84. 

Prob. 28. A berstm after spending 100 dollars more than I 
of his income, had remaining 35 dollars more than \ of it. 
Required his incoitie. 
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iProb. 29. In the composition of a quantity of gunpowder 
The fdtre was 10 lbs. more than^f of the whole, 
The niphur 4i lbs. less than i of the whole, 
The charcoal 2 lbs. less than ^ of the nitre. 

What was the amount of gunpowder ] Ans. 69 lbs. 

Prob. 30. A cask which beld 146 gallons, was filled with 
a mixture of brandy, wine, and water. .There were 15 gal- 
Jons of wine more than of brandy, and as much water as the 
brandy and wine together. What quantity was there of 
eachl 

Prob. 31. Four persons purchased a farm in company for 
4755' dollars ; of which B paid three timeaas much as w3 ; 
C paid as much as •& and B ; and D paid as much as C and 
B. What did each pay 1 Ans. 317, 951, 1268, 2219. 

Prob. 32. It is required to divide the nimiber 99 into five 
such paits, that the first may exceed the second by 3, be less 
than the third by 10, greater than the fourth by 9, and less 
than the fifth by 16. 

• Let 0?= the first part. 
Then x -.3= the second, a; - 9= the fourth, 

«+ 1 = the third, a:+ 1 6 = the fifth. 

Therefore x+x - 3+a?4.10+ar - 9-fa?+16=99. 

And a? =17. 

Prob. 33. A father divided a small sum among four sons. 
The third had 9 shillings more than the fourth ; 
The second had 12 shillings-more than the third ; 
The first had 18 shillings more than the second ; 
And the whole sum was 6 shillings more than 7 times the 
sum which the youngest received. 
What was the sum divided ? Ans. 153. 

Prob. 34. A farmer had two flocks of sheep, each contain- 
ing the same number. Having sold from one of these 39, 
and fit)m the other 93, he finds twice as many romaining in 
th^ one as in the other. How many did each flock originally 
contain % 

Prob. 35. All express, travelling at the rate of 60 miles a 
day, had been dispatched 5 days, when a second was sent ^ 
after him, travelling 75 miles a day. In what time will the * 
one overtake the other 1 Ans. 20 days. 

Prob.. 36. The age of A is double that of B, the age of B , 
triple that of C, and the sum of all their ages 140. What is * 
the age of each ? 

.11 
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Prob. 37. Two pieces of cloth, of the san^ price by the 
yard, but of different lengths, were bought, the one for f ve 
pounds, the other for 6\. If 10 be added to the length of 
each, the sttms will be as 5 to 6. Required the length of each 
piece. 

Prob. 38. tfl and B began trade with equal sums of money. 
The first year, .i gained forty pounds, and B lost 40. The 
second year, Jl lost J of what he had at the end of the first, 
and B gained 40 pounds less than twice the sum which J^ 
had lost. B had then twice as much money as wJ. What 
sum did each begin mth 1 Ans. 320 pounds. 

Prob. 39. What number is that, which being severally ad- 
ded to 36 and 52, will make the former sum to the latter, as 
3to41 

Prob. 40. A gentleman bought a chaise^ horse, and har- 
ness, for 360 dollars. The horse cost twice as much aa the 
harness ; and the chaise cost twice as much as the harness 
and horse together. What was the price of each ? 

Prob. 41. Out of a cask of wine, from which had leaked 
4 part, 21 gallons were aftei-wards drawn ; when the cask was 
found to be half fulL How much did it hold 1 

Prob. 42. A man has 6 sons, each of whom is 4 years older 
than his next younger brother ; and the eldest is three times 
as old as the yomigest. What is the age of each 1 

Prob. 43. Divide the number 49 into two suck pajpt% tbsit 
the greater Increased by 6, shall be to the less dixx^oish^ by 
11, as 9 to 2. 

Prob. 44. What two numbers are as 2 to 3 ; to each of 
which, if 4 be added, the sums will be as 5 to 7 1 

Prob, 45. A person bought two casks of p<»ter^ one of 
which held just 3 times as much as the other ; from each of 
these he drew 4 gallons, and then foimd that there were 4 
times as many gallons remaining in the larger, as in the other. 
How many gallons were there in each 1 

Prob. 46. Divide the number 68 into two such parts, thit 
the difference between the greater and 84, shall be equal to 
3 times the difference between the less and 40. 

Prob. 47. Four places are situated in the order of the let- 
ters j3. B. C. D, The distance from w3 to P is 34 miles* 
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The distance from «/9 to £ is to the distance from C to jD as 
2 to 3. And i of the distance from Jl to B^ added to half 
the distance from C to jD, is three times the distance from 
BtoC. What are the respective distances 1 

Ans. From A to JBs:12; from B to C=4; fr<»n C to D=ia 

Plrob. 48. Divide the number 36 into 3 such parts, that*) 
ti the fitst, I (A the second, and \ of the third, shall be equal 
to each other. 

Prob. 49. A merchant supported himself 3 years, for 50 
pounds a year, and at the end of each year, added to that 
part of his stock which was not thus expended, a sum equal 
to one third of this part. At the end of the thud year, his 
original stock was doubled. What was that stock? 

Ans. 740 pounds. 

Prob. 60. A general having lost a battle, foimd that he 
had only half of his army+3600 men left fit for action ; f of 
the army+600 men being wovmded ; and the rest, who were 
i of the whole, either slain, taken prisoners, or missing. Of 
now many men did his army consist ? Ans. 24000. 

For the solution of many algebraic problems, an acquaint- 
ance with the calculations of powers and radical quantities is 
required. It will therefore be necessary to attend to these 
before finishing the subject of equations. 



gjeCTION VIII. 

INVOLUTION AND POWERS. 



Art. 198. WHEN a quantity is multiplied into IT- 
SELF, THE PRODUCT is called a power. 

Thus 2x2=4, the square or second power of 2. 

2 X 2 X 2=8, the cube or third power. 
2 X 2 X 2 X 2= 1 6, the fourth power, &c. 

So 10x10=100, the second power of 10. 

10xlOxlO==1000, the third power. 
10x10x10x10=10000, the fourth power, &c. 
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And . aXfl=cM»> the second power of a 

ax^X<^t=aaay the third power. 
oX«XoXa=aaaa, the fourth power, &c. 

199. The original quantity itself though not, like the pow- 
ers proceeding from it, produced by multiplication, is never- 
theless called the first power. It is also called the root of 
the other powers, because it is that from which they are all 
derived. 

200. As it is inconvenient, especially in the case of high 
powers, to write down all the letters or factors of which the 
powers are composed, an abridged method of notation is ge- 
nerally adopted. The root is written only once ; and then a 
number or letter is placed at the right hand, and a little ele- 
vated, to signify how many times the root is employed as a 
^actOTy to produce the power. This number or letter is called 
the index or exponent of the power. Thus a^ is put for aX» 
or aa^ because the root a, is twice repeated as a factor, to 
produce the power aa. And a^ stands for aaa; for here a 
is repeated three times as a factor. 

The index of the first power is 1 ; but this is commonly 
omitted. Thus a^ is the same as a. 

201. Exponents must not be confounded with co-effideats. 
A co-efficient shows how often a quantity is taken as a part 
of a whole. An exponent shows how often a quantity is 
taken as a factor in a product. 

Thus 4a=a-|-a-|-a+a. But a*=axoX<»X<»« 

202. The scheme of notation by exponents has the pecu- 
liar advantage of enabling us to express an unknown power. 
For this purpose the index is a letter^ instead of a numerical 
figure. In the solution of a problem, a quantity may occur, 
which we know to be some power of another quantity. But 
it may not be yet ascertained whether it is a square, a cube, 
or some higher power. Thus in the expression o*, the index 
X denotes that a is involved to some power, though it does not 
determine what power. So IT and d" are powers of h and d; 
and are read the wth power of 6, and the nth power of d. 
When the value of the index is found, a number is generally 
substituted for the letter. Thus if m=3 then 6*" =6%* but 
if m= 5, them h"^ = 6'. 

203. The method of expressing powers by exponents is 
also of great advantage in the case of compound quantities. 
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Thus a+6+5|' or a+b+T or (a+b+dy, is (a+b+d)x 
U+b+d) X {a+b+d) that is, the cube of {a+b+d). But 
mis involved at length would be 

204. If we take a series* of powers whose indices increase 
or decrease by 1, we shall find that the powers themselves 
increase by a common muHiplier^ or decrease by a cotfimon di- 
visor; and that this multiplier or divisor is the original quan- 
tity from which the powers are raised. 

Thus in the series aaaaoy aacM, aaOy aoy a ; 

Or . a' a* a' a* a' ; 

the indices counted from right to left are 1, 2, 3, 4, 5 ; and 
the common difiference between them is a unit. If we be- 
gin on the right and muUiply by a, we produce the several 
powers, in succession, from right to left. 

Thus ax<»=o* the second term. And a'x«=fl*. 

a* x«=<»' the third term. a* x«=a% &c. 

If we begin on the left^ and dhnde by a, 
We have a'^-i-a^za'^ And a^^i-a^a', 

205. But this division may be carried still farther ; and 
we shall then obtisun a new set of quantities. 

Thus o-5.a=i=l. (Art.128.) l-^a=i.. (Art. 163.) 

a a aa 

1-7-0=1 i^a=-L,&c. 

a aa aaa 

The whole series then 

is aaaaa, aaaa, aaa^ oo, a, 1, _, — , , &c. 

a aa aaa 

Or a*, a\ a\ a\ a, I, _, - , -, &c. 

a o* a 

Here the quantities on the right of 1, are the redprocah of 
those on the Uft. (Art. 49.) The former, therefore, may be 
properly called reciprocal powers of a ; while the latter may 
be termed, for distinction's sake, direct powers of a. It may 
be added, that the powers on the left are also the reciprocals 
of those on the right. 

''' Note. — ^The term series is applied to a number of quantities succeeding 
each other, in some regular order. It is not confined to any particular law of 
increase or decrease. 



For 1^=1 x*=a. (Art 16^) And l^l=ai^ 
« 1 «' 

a* 1 a* 

SOCL The same plctn of notation is applicable to ccmpeuiid 
quantities^ Tkua from a+b, we have the aeries,. 

(a+«V»4-.)'. (,M-6). 1. J ijj. ^.^40. 

£07. For the convenience of calculation, another form of 
hotation> is given to reciprocal powers. 

According to this, ^or— .=a"^ And — or — 3=a~'. 

a a^ aaa a^ 

i or i =a-^ — or !=«-*, &c. 
aa flr oooa e^ 

And to make the indices a complete series, with 1 for the 

common difference, the term ^or 1, whieh is considered as 

a 

no power, is written <f» 
The powers both direct and reciprocal^ then, 

Instead of oooa, aaoy oa, a, 5L, i, .1, — , , &g. 

a a aa aaa aaaa 

WiU be a\ o^, rf, a\ a\ a" >-», a-^a'^ &c. 

Or a+*, a^, a^, o+S a°, a"*, a-\ a'\ a"*, &c. 

And ^he indices taken by themselves will be, 

+4,+S,+2,+ l,0,-l,-.2,-S,.4, &c. 

208. The root of a power may be expressed by more let- 
ters than one. 

Thus oaxoo, or aa\^ is the second power of aa. 

And oaXa^Xaa, or aa\^ is the third power of aa^ &c. 

Hence a certain power of one quantity, may be a different 
power of another quantity. Thus a* is the second power of 
a% and the fourth power of a. 

209. All the powers of 1 are the same. For lx^> or 
1x1 Xl> &c. is still 1. 



See Note £. 
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INVOLCJTION. 

310. Involution is finding any power of a quantity, by 
multipljdng it into itself. The reason of the following gene- 
ral rme is manifest, from the nature of powers* 

Multiply the quantity into itself, till it is taken 
as a factor, as mant times as there are units in the 
index of the power to which the quantity is to be 

RAISED. 

This rule contrahendi all the instances which can oecttr 
in involution. iBut it will be proper to give an explanation 
of the manner in which it is applied to partic^^ar cases. 

211. A single letter is involved, by giving it the index of 
the proposed power ; or byrepeating it as many times, as there 
are units in that index. 

The 4th power of a, is a* or aaeui. (Art. 198.) 

The 6th power of y, is j^ or yyyj/yy. 

The nth power of ar, is «" or xxx. . .n times repeated. 

212. The method of involving a quantity which consists 
of several factorsy depends on the principle, that the power of 
the product of several factore U eqwt to the pi^dwH ef ^evt 
powers. 

Thus {ayy=:a^ f. For by Art. 210 ; (oy)«:£?«f x^- 
But a;jiX(xy=^oyay=iaaify=zc?y\ 

And {odyY = aiy x ady x «^lf . . . n time8= a^rfy . 

In finding the power of a product, therefore, we may either 
involve the whole at oncfe ; or we may involve each of the 
factors separ^tteiy^ and then multiply their sev^al powets^ill^ 
to each other. 

Ex. 1. The 4th power of dhy^ is {dhyY^ or d*A*j/*. 
2. The Sd power of 46, is (46)', or 4W, or 64i^ 
». The irth power of 6arf, is (6a(Z)", or ^ard\ 
4. The Sd power of Smx^y, is (3mx%)V of V7rn?x^* 

SlSk A ecHnpound quantity consisting of terms conneoted 
biy^ ^ and -«„ 16 involved by an actual multijdication of it9 
seifciral parl& Thui,^ 
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{a+by=za^by the first power. 
(f+ab 



(a4-fr)'=tf+2ai-}-*'> the second power of (o-j-fc.) 
a-\'b 

a»-}-2a»6+ oft" 



(a+6)'=a?+3rf6+3a6»+y, the third power. 
a+ b 

+ (^b+St^b'+Sab^+b*^ 

(a+6)*=a*+4a?i+6rf6^+4a6'+6S the 4th power, &c. 

2. The scpiare of a -i, is rf* -2a6+il 

8. The cube of o-t-l, is a'+3(i»+8a-j-l. 

4. The square of a+6+^ is (i«4.2a6+2aA+i»+26fc+tf. 

5. ifi^uired the cube of a-j-2d-j-3. 

6. Required the 4th power of &-f 2. 
7.^,£equired the 5th power of x-^l. 
8. Required the 6th power of 1 -6. 

214. The s(][uares of binomial and residual quantities occur 
so frequently in algebraic processes, that it is important to 
make them familiar. 

If we multiply a+h into itself, and also a - ^ 

We have a+^ Anda-A 

o-j-A a-h 



(f-^ah (f^ak 



Here it will be seen that, in each case, the first and last 
terms are squares of a and h ; and that the middle term is 
twice the product of a into A. Hence the squares of bino- 
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mial and residual quantities, without multiplying each of the 
terms separately, may be found, by the following proposition,* 

The square of a binomial, the terms of which are 

BOTH POSITIVE, is EQUAL TO THE SQUARE OF THE FIRST TERM 
4-TWICE THE PRODUCT OF THE TWO TERMS, -f- THE SQUARE 
OF THE LAST TERM. 

And the square of a residual quantity, is equal to the 
square of the first term, - twice the product of the two terms, 
-4- the square of the last term. 

Ex. 1. The square of 20+6, is 4a^+4a6+6». 
g. The square of A+1, is fc*+2A+l. 

5. The square of ab+cd, is a^b^+2abcd'{-d^d^. 
' 4. The square of 6y+3, is Sey'^+SGy+g. 

* 6. The square of 3rf - ^ is 9(P - edh+h^ 

6. The square of a - 1, is a^ - 2a+l 

For the method of finding the higher powers of binomials, 
see one of the succeeding sections. 

215. For many purposes, it will be sufficient to exgrei^ the 
powers of compound quantities by exponents^ withoif t an actual 
multiplication. 



Thus the square of a+ft, is a-f 6P, or (a+by. Art^203. 
The nth power of 6c4-8-J-ir, is (tc+S+ar)". 

In cases of this kind, the vinculum must be drawn over ail 
the terms of which the compound quantity consists. 

216. But if the root consists of several factors^ the vincu- 
lum which is used in expressing the power, may either extend 
over the whole ; or may be applied to each of the factors 
separately, as convenience may require. 

Thus the square of a+6 Xc+dy is either 



a+bxc+d\ ora+6| xc+d\ . 

For, the first of these expressions is the square of the pro- 
duct of the two factors, and the last is the product of their 
squares. But one of these is equal to the other. (Art. 212.) 

The cube of axb+dyis {axb+dj\ or a^x{b+dy. 



* £uclid's Elements, Book IL prop. 4. 
12 
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ilt. When a quantity whose power has been ejtpteemihf 
a vinctdum aJd an index^ is afterwards hivblved lyf an Kcftutd 
multiplieation of the termB, it is said to be twpmded. 

Thus (a+6)S when expanded, becomes a'4-2«ft+**' 
And (o-f i+A)% becomes a'+gai-f-gaA+fc^+Sii+A*. 

18. With respect to the sign which is to be prefixed to 
quantities invdved, it is important to observe, that when ms 

ROOT IS POSITIVE, ALL ITS POWEHS ARE POSITIVE ALSO ; iUlP 
WHEK THE ROOT IS NEGATIVE, THE ODD POWERS ARE NEGA- 
TIVE, WHILE THE EVEN POWERS ARE POSITIVE. 

-'' For the proof of this, see Art. 109. 

The 2d power of - a is-f-a* 
The 3d power is - o' 

The 4th power is + <*' 
The 5th power is - a*, &c. 

Si 9. Hence tiny odd power has the same sign as its root. 
But an even power is positive, whether its root is positive or 
negative. 

Thus+aX+a=a* 
And -ax -«=<»*• 

220. A QUANTITY WHICH IS ALREADY A POWER, IS INVOLV- 
ED BY MULTIPLYING ITS INDEX, INTO THE INDEX OF THE POW- 
ER TO WHICH IT IS TO BE RAISED. 

1. The 3d power of a\ is a« « *=a^ 

For a^z^aa: and the cube of aa is aaxaax<]^=<3Miaaaa=a'; 
which is the 6th power of a, but the 3d power of ^. 

For the further illustration of this rule, see Arts. 233, 4. 

2. The 4th power of a^b% is a'^*i«^*=a* * b^ 

3. The 3d power tff 4 a% is 64 aV. 

4. The 4th power of 2a^X^^d, is 16a**x81a;*(?*. 

5. The 5th power of (a+b)% is (a+b) » ^ 

6. The nth power of a^ is a^\ ' 

7. The nth power of (a? - y)*, is (a?- y)*". 

8. iq:6^|«=a«+2a^63+ft«. (Art. 214.) 

9. L^^\^ ==a«x^'. 10. (a*ft***)'=«**W'- 



I 
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2S1. Th9 1^6 is equally aj^d^Ue to powers who60 eicpo- 
nents are negirtRv. 

Ex. 1. The Sd power of ar\ is a~«+'=ir-'. 
For £r-*=-L, (Art. 207.) And the Sd power of this is 



aa 

1x1x1= 

aa aa aa aaaaaa a* 



1 



= »=«-. 



a 



2. The 4th power of o*H* is a«i-»', or _. 

3. The cube (rf 2a;Y^, is Sa:*^-*". 
"4. The square of fc^arS is 6'a:-*. 



5. The nth power of a?-"*, is ar-^, or 






222. It must be observed here, as in Art. 218, that if the 
sign which is prefixed to the power be -, it must be cbauj^d 
to +> whenever the iiide:^: becomes an even number. 

Ex. 1. The square of -^ a\ is -|-a'. For the square of 
- 0?, is - a?x - «^ which, according to the rules for the signs 
in multiplication, is-|-a^. 

2. But the cttftc of - a* is - o'. For-a^x -a'X -«^= -«•• 

3. The square of - af, is 4-a?*". 

4. The nth power of - a*, is -j-^J^"- 

^ere the powet will be positive or negative, according as 
the number which n represents is even or odd. 

223. A FRACTION is involved by involving both 

THE NVMl^RATOR AND THE DENOMINATOR. 



a :-«" 



1. The square of - is __. For, by the ride foi the mu^ti- 
plication of fractions, (Art. 155.) 

2. The 2d, 3d, and nth powers of 1, are l»i. and -L. 

3. The cube of ?^', is ?^'. 

3y 27y' 

4. The nth power of ?!r, is i!^. 



or a 



or 
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6. The square of -«'X(<H ±), is «'X(J4-m)'. 
^ (x+l)» (i+l)* 

6. The cube of Zfl, is Zi^l! (Art, 221 .) 

224. Examples of btnomUdSj in which one of the terms is 
a fraction. 

1. Find the square of x-^i^ and x - j, as in art. 214. 

ar+i «-i 

2. The square of a +?, is o^+i?+i. 

3. The square of a;^ — , is a?+ia:+-.. 

4. The square of a:- — , is a:*- _-| — .. 

tn tn nr 



225. It has been shown, (Art. 165,) that a fractional co- 
efficient may be transferred from the numerator to the de- 
nominator of a fraction, or from the denominator to the nu- 
merator. By recuning to the scheme of notation for recip- 
rocal powers, (Art. 207,) it will be seen that any factor may 
also be transferred, if the sign of its index be chmiged. 

1. Thus, in the fraction — , we may transfer x from the 

y 

numerator to the denominator. 
For ^=?X^= 5^x1=-^. 

2. In the fraction ^ , we may transfer y from the deno- 

minator to the numerator. 

For « =f xl=Jxy-^= ^. 
by^ b y^ b b 
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226. In the same manner, we may transfer a factor which 
has a positive index in the numerator, or a negative index Xfi 
the denominator. 

as^ a 
1. Thus ~~k'=gZ^' For a^ is the reciprocal of a:"^, 

1 oo^ a 

(Arts. 205, 207,) that is, 3^= -^- Therefore, -^= j^* 

227. Hence the denominator of any fraction may be en- 
tirely removed, or the numerator may be reduced to a unit, 
without altering the value of the expression. 

a 1 
1. Thus -rrsr-pi, or oft"*. 

ar-* 1 



ADDITION AND SUBTRACTION OP POWERS. 

228. It is obvious that powers may be added, like other 
quantities, hy wnimg them one qfter another with their signs, 
(Art. 69.) 

Thus the sum of a' and 6% is a^^b\ 

And the smn of a« - 6" and h^ -d*, is a* -i"+A^ - d*. 

229. The same powers of the same letters are like quandties; 
(Art. 45,) and their co-efficients maybe added or subtracted, 
as in Arts. 72 and 74. 

Thus the sum of 2a^ and 3a*, is 5a\ 

It is as evident that twice the square of a, and three times 
the square of a, are five times the square of a, as that twice 
a and three times a, are five times a. 



d4 ALGEBBA. 

To -^SAf' 36- Say -6rfA« Ma+yY 

Add -JJ«y 6ft- -7ay 6aV 4(a+y)" 

Bum -6«y -4ay ''{«4-y)* 



MpMHP^^Mqa ^f«i^^««^««i*« a^f^pB^^awwapiii 



230. But powers (^ different letters and dUftrmU powers of 
the tfome fetter, must be added by writing taem down with 
their signs* 

The sum of o* and o* is o*+a'. 

It is evident that the square of a, and the cube of a, are 
neither twice the square of a» nor twice the cube of a. 
The sum of a'6" and S(fb\ is a^ft'+So^ft*. 

231. Subtraction of powers is to be performed in the same 
manner as addition, except that the signs of the subtrahend 
are to be changed according to Art. 82. 

Prom 2a* -36" 3&V o«6- 5(a-fc)« 

Sub. -da' iV WV a^^ 2{a-hy 

Diff. 8a* -fcV ^~ 3(a^A)« 



■2 



MULTIPLICATION OF POWERS. 

» 

232. Powers may be multiplied, like other quantities, by 
writing the factors one after another, either with, or without, 
the sign of multiplication between them. (Art. 93.) 

Thus the product of a' into 6*, is a^6*, or aaabb. 
Mult. sr^ fc^ft-^ Say dh^x-^ a'bhf' 

Into (f a* -2a? 4iy* o't^ 

Prod. oTx-^ ^6a*xy^ a'ftya'ft^ 

The product in the la8t> example, may be abridged, by 
» bringing together the letters which are repeated. 
It wiS then become 0*6^ 

The reason of this will be evident, by recurring to the se- 
ries of powers in Art. 207, viz. 
a+*, a+S a+», a+S a^ (r\ (r\ a"^, o-*, &c. 



Or, which i^ the same, 

1111 



cm^ ooa, m, a, 1, -, -, — , 



iW/ax^ 



&c. 
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B^ covofmiug the several terms with each other^ it will 
bo Been that if any two w more of them be multiplied to- 
gether, their product will be a power whose exponent is the 
ium of the exponents of the factors. 

Thu» *»x«'==^*«X<Wtt==«i«w==a'. 

Here 5, the expoMnt of the product^ is equal to &+9, the 
sum of the exponents of the factors. 

So o" xa*=«***' 

For a% is a taken for a factor as mtey times hA there are 
units in n ; 

And af^y is a taken for a factor as many times as there are 
units in m ; 

Therefore the product must be a takta for a factor as 
many times aslhere are units in both m and n. Hence, 

238. PoWtfeilS OF TBB SAME ROOT MAT BE MULTIPLl&P, 
BT ADDIIiH» ^HIBIR EXPOKiSNTS. 

Thus a»xa"=«^=a'. And a;3x«'Xa?=«*'**^'=a;'. 
Mtdl. 4a** 3aJ* fcy <fVf (bJ^h'-yY 

lute 2a" 9a^ b^ rfi^ o+h-y 

Mult, «^+a;^+ay*4-i/^ into a: -y. Ans. «*-Jf\ 
Mult. 4i?y+iixy-\ into 20^^-07. 
Mult. a;'4-a?- 5 into 2a?4-a?+l. 

ft 

234. The rule is equally applicable to powers whose expo- 
nents are negcUke. ^ 

1. Thus d-'x«"*=«""'. That is Ix— = * 



aa aaa aotnaa 

2. v-"X!/-'"=y """"»*. That is i-X— =-^- 

3. -a-»xa'"'=-a""'. 4. a-'*Xfl^=a^~'=a- 

6. a-""Xa*"=a"— ". 6. y-*X!^=y*=l- 

235. If a^h be multi{died into a - 6, the product wHI be 
fl?-.6': (Art. 110,) that is 
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The product of the sum and difference of two 
quantities, is equal to' the difference of their 

SQUARES. 

This is another instance of the facility with which general 
inUha are demonstrated in algebra. See Arts. 23 and 77. 

If the sum and difference of the squares be multiplied, 
the product will be equal to the difference of the fourth 
powers, &c. 

Thus-(a - y ) X (a+y) = af - y". 

y-y*)x(o*+y*)=a«-.»-, &c. 
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t 



236. Powers may be divided, like other quantities, by re- 
jecting from the dividend a factor equal to the divisor ; or by 
placing the divisor under the dividend, in the form of a frac- 
tion. 

Thus the quotient of (^b* divided by h^, is a?. (Art. 116.) 

Divide 9ay 12^0;^ (fh+3<fy' dx{a-h+yy 
By -M 26» a« (a-A-f-^- 

Quot. -3j/* fe+Sj*- d 



l3 



The quotient of af divided by o^, is -^ But this is equal 

a* 

to n^. For, in the series 

o+*, o+^ an a^\ a\ a"', a-^ a'S o"*, &c. 

if any term be divided by another, the index of the quotient 
will be equal to the difference between the index of the divi- 
dend and that of the divisor. 

Thus a»-5.rf=f!???5=al And a?-^rf'=-=a*»— . 

aaa a" 

Hence, 

237. A POWER MAY BE DIVIDED BY ANOTHER POWER OF 
^j^E SAMt ROOT, BY SUBTRACTING THE INDEX OF THE DI- 
yi0O^ FROM THAT OF THE DIVIDEND. 



\ 
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Thus y*-fl/'=y^=y*. That^is M=i/. 



oar 



And a'*+'-^a=^'-*=a\ That is _=a«. 

Anda;"-?-a^=ar-"=:a!°=l. Thatis?!!=:l. 

Divide y'*" 6» 8a"+"* a"+* 12(6+1/) 
By y* t^ 4a'^ a' 3(6+y) 



ift^ 



Quot J/"** ^a" 4(6+y)' 

238. The rule is equally applicable to powers whose ex- 
ponents are negative. 

The quotient of cT* by a"', is a"^. 

That is _l_-jJ_=_-L_x??^= '^ * 



aaaaa aaa aaaaa 1 odooa aa 

2. -a;-*^a;-^=-ar-^. That is J-^4-4=— 6=-^3- 

3. WJ^hr'^m'^hK That is A'.j.l=A«Xv^'*'- 

n 1 

4. 6a"-f-2a-^=3a»+«. 5. trf^a=6al 
6. V^h^:=zV-''=lr\ . 7. a*^a'=a-l 

8. (fl^+y^)"'-T-(a'+y')-=(a»4-!/')"-". 
9. » (i4.:ry^(64.ar) = (i+a:)"^*. 

The multiplication and division of powers, by adding and 
subtracting their indices, should be made very famiUar ; as 
they have numerous and important apphcations, in the high- 
er branches of algebra. 

EXAMPLES OF FRACTIONS CONTAINING POWERS. 

.239. In the section on fractions, the following examples 
were omitted for the sake of avoiding an anticipation of the 
subject of powers. 

1. Reduce -A <^o lower terms. Ans. ,. 

3a* 3 

For ^=^?S22?=i«5?, (Art. 145.) 
Sa« 3aa 3 ^ ^ 

2, Reduce — to lower terms. Ans. — or 2ar. 

Sx' 1 

13 
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8. Reduce ^*+^ to lower terms. Aim. ?!!±i^. 

5a' 5 

4. . Reduce 8«^-;2aV+6«q^ tc, lower terms. 
Ans. ^ " ofly+*>y obtained by dividing each term by 2ay. 



.—3 



5. Reduce _ and — ^ to a common denominator. 
<r a" 

rf Xo"* isii""', the first numerator. (Art. 146.) 
a* X^"' is o°=l, the second numerator, 
rf X^~* is a"*, the common denominator. 



The fractions reduced are therefore — - and 



1 



a-* a" 



6. Reduce — and ~, to a common denoimnator 

Ans. ?5? and 5?C or — and A. (Art. 145.) 

5a^ 6? 5a« 5a' ^ ^ 

» 

7.MulUplyL,mto-, Ans. „-=_. 

8. Multiply f^, into iZ*. 

9. Multiply *!y;L,into*lli. 

10. Multiply il. into *-!, and -f?L. 

a"-* a: y"' 

11. Divide ?!, by^. Ans. ^= f . 

12. Divide «'-^, by ^-''"*. 

a* a 

13. Divide *ZlC!. by ?y^"- 

y ft 

14. Divide *-rJ, by £±i. 

a* A 
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SECTION IX. 



EVOLUTION AND RADICAL aUANTITEES.* 



Abt. 240. If a quantity is multiplied into itself, the pro- 
duct is a power. On the contrary, if a quantity is resolved 
into any number of equal facUms^ each of these is a root of 
that quantity. 

Thus 6 is the root of bbb; because 666 may be resolved 
into the three equal factors, 6, and 6, and 6. 

In subtraction, a quantity is resolved into two parts. 

In division, a quantity is resdved into two factors. 

In evolution, a quantity is resolved into equal factors. 

241. A ROOT OF A QUANTITY, THEN, IS A FACTOR, WHICH 
MULTIPLIED INTO ITSELF A CERTAIN NUMBER OF TIMES, WILL 
PRODUCE THAT QUANTITY. 

The number of times the root must be taken as a factor, 
to produce the given quantity, is denoted by the name of the 
root. 

Thus 2 is the 4th root of 16 ; because 2x2x2x^=16, 
where two is taken four times as a factor, to produce 16. 

So rf is the square root of o^ ; for a'x«^=<»''- (Art. 233.) 

And (J? is the cube root of a* ; for a^Xflt^X«^=^*- 

And a is the 6th root of a®; for aX«XaX<»XaXa=a^ 

Powers and roots are correlative terms. If one quantity 

is a power of another, the latter is a root of the former. As 

6' is the cube of 6, 6 is the cube root of 6*. 

242. There are two methods in use, for expressing the 
roots of quantities ; one by means of the radical sign \/, and 
the other by a fractional index. The latter is generally to 
be preferred ; but the former has its uses on particular occa- 
sions. 



♦ Newton's Arithmetic, Moclaurin, Kmerson, Euler, Saunderson, and 
Simpson. 
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When a root is expressed by the radical sign, the sign is 
placed over the given quantity, in this manner, \/a. 

Thus fiya is the 2d or square root of a. 

\/a is the 3d or cube root, ^ 

y/a is the nth root. 

And v®4-y ^s ^^^ ^^^ ^^^ ^^ «+y* 

243. The figure placed over the radical sign, denotes the 
number of factors into which the given quantity is resolved ; 
in other words, the number of times the root must be taken 
as a factor to produce the given quantity. 

So that \/aX%/^=fi^ 

And V^XV^XV^=«- 

And \/axV^*-"**^"^®? =^' 

The figure for the square root is commonly omitted ; V* 
being put for \/a. Whenever, therefore, the radical sign is 
used without a figure, the square root is to be imderstooa. 

244. When a figure or letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as midtipUed together. 

Thus 2\/a, is 2xV^ ^^^^ i^, 2 multiplied into the root of 
o, or, which is the same thing, twice the root of a. 

And x^by is a:x V^> ^^ ^ times the root of 6, 

When no co-efficient is prefixed to the radical sign, 1 is 

always to be understood ; ^a being the same as 1 V<^ that 

is, imce the root of a, 

245. The method of expressing roots by radical signs, has 
no very apparent connection with the other parts of the 
scheme of algebraic notation. But the plan of indicating 
them hyfiractumal indices^ is derived directly from the mode 
of expressing powers by integral indices. To explain this, 
let 0? be a given quantity. If the index be divided into any 
number of equal parts, each of these will be the index of a 
root of a'. 

Thus the square root of a'' is a*. For, according to the 
definition, (Art. 241,) the square root of a* is a factor, which 
multiplied into itself will produce a'. But a* X «*=«*• (Art. 
233.) Therefore, a^ is the square root of a*. The index of 
the given quantity a®, is here divided into the two equal 
parts, 3 and 3. Of course, the quantity itself is resolved into 
the two equal fHctorsis, a^ and a^ 
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The cube root of a« is a». For a'Xfif'Xa'=a^- 

Here the mdex is divided into three equal parts, and the 
quantity itself resolved into three equal factors. 

The square root of rf is a* or a. For o X «=<*'• 

By extending the same plan of notation* Jraciumal mdkes 
are obtained. 

Thus, in taking the square root of a^ or a, the index 1 is 
divided into two equal parts, | and ^ ; and the root is a^* 
On the sanie principle. 
The cube root of a, is ar:=^^a. 
The nth root, is a"=V/^ &c- 

And the nth root of o+a:, is (o-f-^)" = V^H"^* 

246. In all these cases, the denominator of the fractional 
index, expresses the number of factors into which the given 
quantity is resolved. 

So that o' xa X<» =a. And a" Xa" . . . .n times =a. 
^47. It follows from this plan of notation, that 
a* X<^ =:a^+^. For a^+^ =rf or a. 

o*Xa*Xa*=a'^"'"^*=aS &c. 
where the multiplication is performed in the same manner 
as the multiplication of powers, (Art. 233,) that is, by adding 
the mdices. 

248. Every root as well as every power of 1 is 1. (Art. 
209.) For a root is a factor, which multiplied into itself will 
produce the given quantity. But no factor except lean pro- 
duce 1, by being multiplied into itself. 

So that 1", 1, \f\^ \/l, &c. are all equal. 

249. JVegatire indices are used in the notation of roots, as 
well as of powers. See Art. 207. 

1 1 1 

Thus-X5=a-| -i=cH- -j=a-i 

(? a^ a" 
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250. It has been shown in what manner any power or 
root may be expressed by means of an index. The index 
of a power is a whole number. That of a root is a fraction 
whose nmnerator is 1. There is also another class of quan- 
titjies which may be considered^ either as powers of roots, 
or roots of powers. 

Suppose cfl is multiphed into itself, so as to be repeated 
three times as a factor. 

The product a^+i+i or a* (Art. 247,) is evidently the 

cube of a*, that is, the cube of the square root of a. This 
fractional index denotes, therefore, a power of a root. The 
denominator expresses the root, and the numerator the power. 
The denominator shows into how many equal factors or roots 
the given quantity is resolved ; and the numerator ^ows how 
many of these roots are to be multiplied together. 

A. 

Thus a^ is the 4th power of the cube root of a. 

The denominator shows that a is resolved into the three 

factors or roots a , and a , and a • And the numerator shows 
that four of these are to be multiplied together ; which will 

groduce the fourth powet of a^ ; that is, 



a. 

251. As ans a power of a root, so it is a root of a power. 
Let a be raised to the third power tf. The square root of 

this is a . For the root of a' is a quantity which multiplied 
into itself will produce <f. 

But aijcording to Art. 247, a*=a*X«*X«* ; and this 
multiplied into itself, (Art. 103,) is 

o' Xo* Xa* Xa* X«' Xa* =a^- 
Therefore a* is the square root of the cube of a. 



m 



In the same manner, it may be shown that a" is the mth . 
power of the nth root of a; or the nth root of the mth pow- 
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er: tlka;t is, a root of a power U equal to the $mn^ power of the 
sijglm rmU For instance, the fourth pow^ of the cube rodt of 
d) is the same as the cube root of the fourth power of a* 

252. Roots, as well as powers, of the saii^ie letter, may be 
multiplied by adding their exponents. (Art. 247.) It will be 
easy to see, that the sanole principle may be extended to pow- 
ers of roots, when the exponents have a common denomi- 
nator. 

Thus a*Xfl*=a*'^"*=a* 

For the first numerator shows how often a^ is taken as afac- 
tor to produce a . (Art. 260.) 

A^d the seccmd numerator shows how often a^ is taken as 

a factor to produce a \ 

The sum of the numerators therefore, shows how often the 
root must be taken, for the product. (Art. 103.) 

% ± X 

Or thus, o'=a'xa'- 

• A X J. JL 

And a'=aVxa'Xa'- 
Therefore a',Xa'=a'Xa'Xa Xfl'Xo^=a . 

253. The value of a quantity is not altered, by applying 
to it a fractional index whose numerator and denominator 
are equal. 

ft A J* r 

Thusa=a*=a'=a«. For the denominator shows that 
a is resolved into a certain number of factors ; and the nu- 

cHerator shows that all these factors are included in a». 
Thus a" =a' Xfl X« > which is eaual to a. 

. , il -L -L J. 

And a»=a''Xfl"Xfl"—-» tunes. 

On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression may 
be rendered more simple by rejecting the index. 

n 

Instead of a«, we may write a. 

264. The index of a power or root may be exchanged, for 
«ny other index of the same value. 

Instead of a , we may put a^. 
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For in the latter of these expressions, a is supposed to be 
resolved into twice as many factors as in the former ;. and the 
numerator shows that twice as many of these factors are to be 
multiplied together. So that the whole value is not altered. 

Thus ir=:x^ =ar', &c. that is, the square of the cube root 
is the same, as the fourth power of the sixth root, the sixth 
power of the ninth root, &c. 

So a* =zcrr=ar=:a « . For the value of each of these in- 
dices is 2. (Art. 136.) 

25S. From the preceding article, it will be easily seen, 
that a fractional index may be expressed in dedmdls. 

± 5 

1. Thus oTzszo^^ or a** * ; that is, the square root is equal to 
the 5th power of the tenth root. 

-L 25 

2. a*=a^""^, or rf-*®; that is, the fourth root is equal to 
the 25th power of the 100th root. 

S. a*z:za''' 5. o*=rf-» # 

In many cases, however, the decimal can be only an ap- 
proximation to the true index. 

J. J. 

Thus a^=rf-' nearly. a'=:a''-®'"' very nearly. 

In this manner, the approximation may be carried to any 
degree of exactness which is required. 

Thus a*=:a^""^ a^=rf •"'*«. 

These decimal indices form a very important class of num- 
bers, called logarithms. 

It is frequently convenient to \fery the notation of powers 
of roots, by making use of a vinculum, or the radical sign \/. 
In doing this, we must keep in mind, that the power of a 
root is the same as the root of a power ; (Art. 251,) and also, 
that the denommator of a fractional exponent expresses a 
root J and the numerator a power. (Art. 250.) 

Instead, therefore, of a^, we may write (a^*, or (a") , or 
« « 
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' The first of these three forms denotes the square of the 
cube root of a; and each of the two last, the cube root of the 
square of a. 

So an =cf' zzza I =/y/(«". 

And (6a:)t =(iV)i=*7SvI 

EVOLUTION. 

257. Evolution is the opposite of involution. One is fincl- 
ing a power of a quantity, by multiplying it into itself; Tt^e 
other is finding a root^ by resolving a quantity into equal fac-^ 
tors. A quantity is resolved into any number of equal fac- 
toref, by dividing its index into as many eqwd parts ; (Art. 
246.) 

Evolution may be performed, then, by the following gen- 
eral rule ; 

Divide the index of the quantity bt the nvmber 

BXPRESdINO the ROOT TO BE F'OUND. 

Or, place over the quantity the radical sign belonging to 
the required root. 

1. Thus the cube root of a* is a'. For a'x«*X«'=«*« 

Here 6j the index of the given quantity^ is divided by 3, 
the number expressing Xhe cube root. 

2. The cube root of a or a\ is a* or lya. 

For a» Xa*Xo*, or V«X V«X V«=«- {^^* ^^^^ ^^') 

3. The 5th' root of oj, is {ahy or \/cA* 

4. The nth root of rf is a" or ^^. 

6. The 7th root of U - ar, is (2d - ar)'^or ^2rf-rr.. 

6. The 6th root of a^|' is cT^ or ^a^u 

7. The cube root of a*, is a*. (Art, 163.) 
a The 4th root of a"' is a^^' 

9. The cube root of a^ is a*. 

tn 

10. The nth root of a?", is xn, 

14 
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258. According to the rule just given, the cube ro6t<^ the 
square root is found, by dividing the index | by S, as in ex- 
ample 7th. But instead of dividing by 3, we may mttll^fjf 

by i. For i-r3= J-H=i Xh (Art. 162.) 

Ill 

So — L.n;=— X-. Therefore the mth root of the nth 
m m n 

root of a is equal to o" x' 



.«! 



JL 
m 



-^x-^ 



=a** rra" 



That is, a" 

Here the two fractional indices are reduced to one by mul- 
tiplication. 

It is sometimes necessary to reverse this process ; to resolve 
an index into two factors. 

Thus a?' =ar *"^2 _.3. That is, the 8th root of x i» equal 
to the square root of the 4th root. 



^ ^Xi __i 



■•w nn _____ fft 



Soa4-6| =a+6| =0+61"" 



X 
n 



It may be necessary to observe, that resolving the index 
into factors, is not the same as resolving the quan^t^ mto 
factors. The latter is effected, by dividing the index into 
parts. 

259. The rule in Art. 257, may be applied to eveiy case 
in evolution. But when the quantity whose root is to be 
found, is composed of several jaciors, there w91 frequently 
be an advantage in taking the root of each of the liactors 
separately. 

This is done upon the principle that the root of the product 
of several factors^ is equal to the product of tkek roots: 

' Thus A/ab = \/o X V*- ^^^ ^^^ member of the equation 
if involved, will give the same power. 

The square of Voi is ah. (Art. 241.) 
The square of \/a X V*» is V« X V« X V* X V*- (^^- ^^2.) 
ButVaXV»=«' (Art. 241.) AndV*XV*=*- 
Therefore the square of V^XV*f=V<*XV»XV*XV^ 
=zaby which is also the square of \^ab. 

On the same principle, (oi)" ssa't". 



EVOLUTION. 107 

When^ therefore, a quantity ccHisists of several facUvs, we 
may either extract the root of the whole together ; or we may 
find the root of the factors separately, and then multiply them 
into each other. 

Ex. 1. The cube root of ary, is either {xyy or a?*y' . 
f . The 5th root of 3y, is 5^3y or \/S X VV- 
S. The 6th root of abh, k (abh)^, or a^bH^, 

4. The cube root of 86, is (86)*, or 26*. 

5. The nth root of ofy, is («^)" or xy*. 

260. The root of a fraction is equal to the root 
of the numerator divided bt the root of the deno- 
MINATOR. 

1. Thus the square root of ?=--. For --.x-r=-r 

^ 6' 6* 6* * 

X JL JL 

2. So the nth root of-=— . For?Lx~..n times =1 

* 6- 6- 6- * 

_ ^/^ /ah \/ah 

3. The square root of -1, is -^. 4. V ^=^' 

oy \/ay ^ ^^ 

261. For determining what sign to prefix to a root, it is 
important to observe, that 

An odd root of any quantity has the same sign as 
the quantity itself. 

An EVEN ROOT OF AN AFFIRMATIVE QUANTITY IS AM- 
BIGUOUS. 

An even root of a negative quantity is impossible. 

That the Sd, 5th, 7th, or any other odd root oi a quantity 
must have the same sign as the quantity itself, is evident 
firom Art. 219. 

2fe2. But an evm root of an tMrmative quantity may be 
either afltonative or negative. For, the quantity may be 
produced from the one, as well as from the other. (Art, 219.) 

Thus the square root of a' is rf « or -a. 



\ 
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^An even root of an afiirmative quantity is, therefore, said 
to be amb^uousj and is marked with both -|- and -. 

Thus the square root of 36, is t^y/Sb. 

The 4th root of ar, is tar*. 

The ambiguity does not exist, however, when, from the 
nature of the case, or a previous multiplication, it is known 
whether the power has actually been produced 'from a posi- 
tive or from a negative quantity, See Art. 299. 

"*- 263. But no even root of a negative quantity caA be found* 
The square root of -a? is neither -|-a nor -a. 
For 4-ax+a=4-fl?. And -aX ''a=?+(f also. 

An even root of a negative quantity is, therefore, said to be 
impossible or imaginary. 

There axe purposes to be answered, however, by applying 
the radical sign to negative quantities. The expression 

^ -a is often to be found in algebraic processes. For, al^ 
though we are unable to assign it a rank, among either posi- 
tive or negative quantities ; yet ive know that when multi- 
plied into itself, its product is - a, because ^ - a is by notation 
a root of -0, that is, a quantity which multiplied into itself 
produces -a. 

This may, at fiist view, seem to be an exception to the 
general rule that the product of two negatives is alffirm- 

ative. But it is to be considered, that ^ - a is not itself a 
negative quantity, but the root of a negative quantity. 

The mark of subtraction here, mu@t not be confounded 
with t hat w hich is prefixed to the radical sign. The expres- 
sion /y/-a is not equivalent to -y/a. The former is a root 
of --a; but the latter is a root of -f-a: 

For -/y/ax -y/az=i^aa=za. 
The root of - a, however, may be ambiguous. It may be 
either -|-/y/ - a, or -/^ - a, 

One of the uses of imaginary expressions is to indicate 
. an impossible or absurd supposition in the statement of a 
problem. Suppose it be required to divide the number 14 
ijito two such parts, that, their product shall be 60. If one 
of the parts be x, the other will be 14 -x. And by the sup-, 
position, 

zX(14-a;) = 60, or Hx--x''=60, 
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This reduced, by the rules in the following section, will 

give a?=7JV-11. 

. As the value of a? is here found to contain an imaginary 
expression, we infer that there is an inconsistency in the 
statement of the problem : that the number 14 cannot be 
divided into any two parts whose product shall be 60.* 

264. The methods of extracting the roots of compound 
quantities ar6 to be considered in a future section. But 
diere is one class of these, the squares of binomial and re- 
sidual quantities, which it will be proper to attend to in this 
place. It has been shown (Art. 214,) that the square of a 
binomial quantity ccmsists of three terms, two of which are 
complete powers, and the other is a double product of the 
roots of these powers. The square of a-|-6, for instance, is 

two terms of which, cf and fr^, are complete powers, and 2afr 
is twice the product of a into 6, that is, the root of cf into the 
root of h\ 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know thatt*its square root is a binomial ; 
and this may be found, by taking the root of the two terms 
which are complete powers, and connecting them by the 
sign -}-• The other term disappears in the root. Thus, to 
find the square root of 

take the root of a?, and the root of y*, and connect them by 
the sign -|-- The binomial root will then be a?-|-y. 

In a residual quantity, the double product has the sign - 
prefixed, instead of -[-. The square of a -6, for instance, is 
€? -2a64-**- (Art. 214.) And to obtain the root of a quantity 
of this description, we have only to take the roots of the two 
complete powers, and connect them by the sign -. Thus the 
square root of 3^ -2aT/-|-y* is x -y. Hence, 

266. To EXTRACT A BINOMIAL OR RESIDUAL SQUARE ROOT, 
TAKE THE ROOTS OP THE TWO TERMS WHICH ARE COMPLETE 
POWERS, AND CONNECT THEM BY THE SIGN WHICH IS PREFIX- 
ED TO THE OTHER TERM. 

Ex. 1 : To find the root of a:'+2a;+l. 

The two terms which are complete powers are a? and 1 
The roots are x and 1. (Art. 248.) 
The binomial root is, therefore, x-f-l. 

r 1 — ■ ■ ■ . II 

* See Note F, 
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2. Thesquarerootofdt^-Sx+l, iss-l. (Art C14.) 

3. The square root of (^•^^a+{, is a+i. (Art. 224.) 

4. The square root of i^-{-|a-f-$9 is a+i- 

6. The square root of ^-^ab^-r^ is fl+o" 

« r«, 2ab V , b 

6. The square root of fl?4* — +?» ^^ ^'^"c 

266. A ROOT WHOSE VALUE CANNOT BE EXACTLY EXPRBSfl- 
ED IN NUMBERS, IS CALLED A SURD. 

Thus fy/2 is a surd, because the square root of <2 cannot be 
expressed in numbers, with perfect exactness. 
In decimals, it is 1.41421356 nearly. 

But though we are unable to assign the value of such a 
quantity token tdkm aUme^ yet by midtiplying it into itself, or 
by combining it with other quantities, we may produce ei> 
pressions whose jtralue can be determined. There is, there- 
fore, a system of rules generally appropriated to surds. But 
as all (juantities whatever, wh«n under the same radical sign, 
or havmg the same index, may be treated in nearly the same 
manner ; it will be most convenient to consider them toge- 
ther, under the general name of Radical Q^uuxniiiiiea ; under- 
standing by this term, every quantity which is found uq4^ 
a radical sign, or which has a iiactional index. 

267. Every quantity which is not a surd, is said to be 
raHUmai, But for the purpose of distinguishing between ra- 
dicals and other quantities, the term rational will be applied, 
in this section, to those only which do not appear unaer a 
radical sign, and which have not a fractional mdex. 

REDUCTION OF RADICAL aUANTITIES. 

268. Before entering on the consideration of the rules for 
the addition, subtraction, multiplication and divisi(m of radi- 
cal quantities, it will be necessary to attend to the methods 
of reducing them from one form to another. 

Firsts to reduce a raXwnai quantity to the form of a radi- 
cal ; 

Raise the quantity to a power of the same name as 
the given root, and then apply the corresponding 
radical sign or index. 
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^x. 1. Reduce a to (he form of thettth root. 

The nth power of a is a\ (Art. 211.) 

Qv^T ihiSf place the radical sign, and it becomes ^a*. 

It, is thus reduced to the form of a radical quaotity, with- 

n 

out anj^ alteration of its value. For ly/aT^a^^ia. 

2. Reduce 4 to the form of the cube root. 

Ans. V64 or (64):*^. 

3. Reduce Sa to the form of the 4th root. 



^ Ans. \/Sla*. 

4. Reduce iah to the form of the square root. 

Ans. {Wh^)^. 

5. Reduce 8 X« - a: to the form of the cube root. 

Ans. V^27xa^x[^. See Art. 212. 

6. Reduce a' to the form of the cube root. 
The eube of o« is a\ (Art. 220.) 

And the cube root of a* in Ija^ =a*|*. * 

In cases of this kind, where a power is to be reduced to 
the form of the nth root, it must be raised to the nth power, 
not of the gken letter^ but of the power bf the letter. 

Thus in the example, a* is the cube, not c( a, but of^ a'. 

7. Reduce o'6* to the form of the square root. 
8l Reduce cT to the form of the nth root. 

269. Secondly^ to reduce quantities which have diflereni 
indices, to others of the same value having a common index ^ 

1. Reduce the indices to a conmwn denominator. 

S. Involve each quantity to the power expressed by the 
numerator of its reduced index. 

3. Take the root denoted by the c<Niimon denominator. 

Ex. 1. Reduce a* and 6^ to a conunon index. 

Ist. The indices -i and i reduced to a common denomina<> 
tor, are i^ and ft. (Ait. 146.) 

2d. The quantities a and b involved to the powers express^ 
ed bjr ih^ two numerators, are a' and b*. 
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3d. The root denoted by the common denominator is i^. 

The answer, then, is a']** and 6^|**. 

The two quantities are thus reduced to a common index, 
without any alteration in their values. 

For by Art. 254, a^^a'"^, which by Art. 268, ^c?p^. 

And universally a" =<!?"•• ^a*!*"". 

2. Reduce cr and bx^ to a common index. 

The indices reduced to a common denominator are f 
and f. 

The quantities then, are or and (6x) , or a'|', and b*x*\' 

3. Reduce a* and b ". Ans. a' "|" and 6". 

4. Reduce x" and jf». Ans. «*|*" And y"]*". 
6. Reduce 2*" and 3*. Ans. 8^ and 9*. 

6. Reduce (o+6)* and (ir-y)^. Ans. o-ffc | andx-y I • 

7. Reduce or and 6^. 8. Reduce x^ and 6 . 

270. When it is required to reduce a quantity to a given 
index ; 

Divide the index of the quantity by the given index, place 
the (fuotient over the quantity, and set the given index over 
the whole. 

This is merely resolving the original index into two factori, 
according to Art. 258. 

Ex. 1. Reduce a' to the index |. 

By Art. 162, i-f.i=ixf =*=*• 
This is the index to be placed over a, which then becomes 

* . "41* 

a' ; and the given index set over this, makes it a^\ , the an- 
swer. 

2. Reduce a' and or to the common index i, 

2^i=2x3=6, the first mdex 
f-f-i=f X3=l, the second index 

J. 9 1 

Therefore (a*)' and {x^y are the quantities required. 
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3/Reduce 4* and 3^, to the common index '. 

Answer, (4^)"*and (3«)* 

S71. Thirdly f to remove a part of a root from under the 
radical sign ; 

If the quantity can be resolved into two fieictors, one of 
which is an exact power of the same name with the root ; 

FIND THE ROOT OF THIS POWER, AND PREFIX IT TO THE 
OTHER FACTOR, WITH THE RADICAL SIGN BETWEEN THEM. 

This rule is founded on the princifde, that the root of the 
product of two factors is equal to the product of their roots. 
(Art. 259.) 

It will generally be best to resolve the radical quantity into 
such factors, that one of them shall be the greatest power 
whkh will divide the quantity without a remainder. If 
there is no exact power which will divide the quantity, the 
reduction cannot be made. 

Ex. 1. Remove a factor from \^8, • 

The greatest square which will divide 8 is 4* 

We may then resolve 8 into the factors 4 and 2. For 4x2=8. 
The root of this product is ^ual to the product of the roots 

of its factors ; that is, \/8=i\/4xV^- 

But a/4=2. Instead of \^4y therefore, we may substitute 
its equal 2. We then have 2 xV^ ^^ W^- 

This is commonly called reducing a radical quantity to its 
most simple terms. But the learner may not perhaps at once 
perceive, that 2^2 is a more simple expression than ^/8. 

2. Reduce j^a^x. Ans. \/^*XV^=^X\/^=^^* 

3. Reduce V18. Ans. V9x2=V9XV2=3V2. 

4. Reduce \/^^. Ans !^M^X}/c-4biyc. 

jfj; Ans. cS/ cd' (Art, 260.) 

6. Reduce J^oTb. Ans. a/y/6, or a6". 

7. Reduce (cf^a'b)^. Ans. a(a-b)^. 

8. Reduce (54a«6)+. Ans. 3a«(2fe)^ 

9. Reduce aJ^eFx. 10. Reduce ^/(f+a'bK 

15 
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272. By a ccmtrary process, the co-ejfficient of a radical 
quantity may be introduced under the radical sign. 

1. Thus, a^fe=^"cr6r 

For a—^oT or a«. (Art. 253.) And ^a"X\/6=\/5*r 

Here the co-efGicient a is first raised to a power of the same 
name as the radical part, and is then introduced as a factor 
under the radical sign. 

3. 2a6(2afe«)*=(16a*6")*. 
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ADDITION AND SUBTRACTION OP RADICAL 

QUANTITIES. 

273. Radical quantities may be added like rational quan- 
tities, by writing them one after anotfur toith their signs. (Art. 

690 
Thus the siun of \/a and V^> is V^*+ V^* 

^**v. vx*^ «vt^x vrx ^ - A^ and a?* - y" , is a^ - A'-f-a:* - jf . 

But in many cases, several terms may be reduced to one, 
as in Arts. 72 and 74. 

The s«m of 2^a and S\/ais 2\/(i^S\/a=:5^a. 

For it is evident that twice the root of o, and three times 
the root of a, are five times the root of a. Hence, 

274. When the quantities to be added have the same radi- 
cal part, under the same radical sign or index ; add the ra- 
tional partSy and to the sum annex the radical parts. 

If no rational quantity is prefixed to the radical sign, 1 is 
always to be understood. (Art. 244.) 



To 2^ay 
Add ^ay 


5/^a 
-2^/a 


%(xJr^y 
, 4(ar4-A)' 


5bh^ aA^b'-h 
76A* yVft-A 


Sum 34/ay 




l(x^hf 


(a+y)xv^-^ 
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275. If the radical parts are originally different, they may 
sometimes be made alike, by the reductions in the preceding 
articles. 

1. Add \^8 to j^50. Here the radical parts are not the 
same. But by the reduction in Art. 271, ^8=2V^9 ^'^d 
V50=5V2. The sum then is 7a^2, 

2. Add A^l6b to A^4b. Ans. 4Vfr+2V^=6V*- 

S. Add \/a'a; to \/fc*a?. Ans. aV^4"^\/^= (<H-^*) X V^* 

4. Add (36a«y)* to (25y)*. Ans. {6a+5) x»* 

5. AddVlS«to3V2a. 

276. But if the radical parts, after reduction, are different 
or have different exponents, they cannot be united m the 
same term; and must be added by writing them one after the 
other. 

The sum of 3\/* and 2\/a> is Sy^+W^- 

It is manifest that three times the root of fr, and twice the 

root of a, are neither five times the root of 6, nor five times 

the root of a, imless h and a are equal. 

The sum of \/a and X/a, is \/a-\-\/a. 

The square root of a, and the cttie root of a, are neither 
twice the square root, nor twice the cube root of a. 

277. Subtraction of radical quantities is to be performed in 
the same manner as addition, except that the sign§ in the sub- 
trahend are to be changed according to Art. 82. 



JL J. 
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From V^y 4\/a-fx 3&* a(a?+y) -« 

Sub. 3Vay 3V«+a? -5^^ b{x+y) -2a-^ 



Diff. -2Vay 8A* 



a " 



From V^O, subtract V8. Ans.- 5 V^ - 2V2 = 3 V^. (Art. 
275.) 

From ^6 *y, subtract ^6y * . Ans. (6 - y) X \/*y • 
From ;^ar, subtract i^x. 

m 

MULTIPLICATION OF RADICAL QUANTITIES. 

278. Radical quantities may be multiplied, like other 
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quantities, by writing the factors cme after another, either 
with or without the sign of multiplication between them. 
(Art. 93.) 

Thus the product of V<* "^^^ V^> i** V^X V^* 

The product of h^ into y^ is A'y . 

But it is often expedient to bring the factors under the 
same radical sign. This may be done, if they are first re- 
duced to a common index. 

Thus \/a:X\/y=\Ay' ^^^ ^^® ^^^^ ^^ ^^® product of 
several factors is equal to the product of their roots. (Art. 

869.) Hence, 

279. Quantities under the same radical sign or in- 
dex, MAT BE multiplied TOGETHER LIKE RATIONAL QUAN- 
TITIES, THE PRODUCT BEING PLACED UNDER THE COMMON 
RADICAL SIGN OR INDEX,* 

Multiply ^a: into ^y, that is, ar into y*. 

The quantities reduced to the same index, (Art. 269.) are 

(a?')%and (y*)* and their product is, {x^y^y=\/x^y*. 

Mult. \/(i+m ^ix or («+»)" <** 

Into ^a-^m ^/hsy xi (6+A)". «" 






Prod. j^a^-m^ {a^xy ^a^a;™) 



Multiply Ai/Sxh into /s/^xb. Prod, /^l^x'^b^ cziAxh. 

In this manner the product of radical quantities often be- 
comes rcAwaah 

Thus the product of \/2 into \/lS=VS6=6. 

JL JL JL 

And the product of (a'y')*^into (a'y)* = (a*y*)^=ay. 

280. Roots of the same letter or quantity mat be 
multiplied, by adding their fractional exponents. 

The exponents, like all other fractions, must be reduced 
to a common denominator, before they can be united in one 

term. (Art. 148.) 

" ■ ■ ■ I.I. I I ■ I 

* The case of an imaginm'y root of a negative quantity may be considered 
an exception. (Art. 263.) 



1 
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Thus a*x«*=«'^=a*^*=«* 

The values of the roots are not altered, by reducing their 
indices to a common denominator. (Art. £54.) 

Therefore the fir^t factor a^=za* 
And the second a^z=:a 

But a*=a*xa*X«*- (Art. 250.) 

And a^:=:a^xa\ 

The product therefore is a*xa*X» X«'X<» =« • 

And in all instances of this nature, the common denomin- 
ator of the indices denotes a certain root ; and the sum of 
the numerators, shows how often this is to be repeated as a 
factor to produce the required product. 

I ' f wi n w+n 

Thus a"Xa*=a"^Xa'**=a"^. 

Mult. 3y* o*xa* (a+6)* (a-»)" x""^ 
Into / a* ((i+by (a-y)^ .x~* 



Prod. 3y^* (a+b)^ x^^ 



The product of y* into y * is y • • r=y 
The product of a" mto a ", is a" "=a°= 1. 



And/"*X^*"""=it""'^"**=a:°=l. 
The product of a' into a^=a^ Xfl =« • 

281. From the last example it will be seen, that powers 
and roots may be multiplied by a common rule. This is one 
of the many advantages derived from the notation by frac- 
tional indices. Any quantities whatever may be reduced to 
the form of radicals, (Art. 268,) and may then be subjected 
to the same modes of operation. 

Thusy3xy'=y'^*=y 



-^6^ 



1+^ '±1 



And xx^"" =^ " = rn , 
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The product will become rational, whenever the numera- 
tor of the index can be exactly divided by the denominator. 

Thus 0? X « X a = a^= a*. 

And (a+6)*x (a+6) "*=(a+6)*=a+6. 

And a' x^ =« =«• 

282. When radical quantities which are reduced to the 
same index, have rational co-efficients, the rational 

FARTS MAY BE MULTIPLIED TOGETHER, AND THEIR PRO- 
DUCT PREFIXED TO THE PRODUCT OF THE RADICAL PARTS. 

1. Multiply oV^ ^^o c^d. 

The product of the rational parts is ac. 
The product of the radical parts is ^hd. 
And the whole product is ac^bd. 
For a\^b is ax V*- (^^- ^^0 A.nd c\^d is cxV^- 

By Art. 102, axV* ^^^^ <JXV^> is axV^XcX\/d; or 
by changing the order of the factors, 

aXcXV*XV^=«<^XVW=ac\/6d 

2. Multiply aof' into 6d . 

When the radical parts are reduced to a common index, 

the factors beccnne a(oi^)^ and fe((P)'. 

The product thenis ai(ir'cP)'. 

But in cases of this nature we may save the trouble of re- 
ducing to a common index, by multiplying as in Art. 278. 

Thus a{^ into bd* is ax^bd^. 

Mult. o(6-f-a:)"* w\^y^ oaJx ax"^ xl/S 

Into y(6-a:) b\/hy b\/x by"^ yi^9 

Prod. ay(6'-ar^)* ab\/x''=abx Sanf 

283. If therationalquantities, instead of being co-efficients 
to the radical quantities, are connected with them by the 
signs + and - , each term in the multiplier must be multi- 
plied into each in the multiplicand, as in Art. 100. 
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Multiply o-f V^ 

Into c-f-V^ 

^■""^■^■^^^^ 

ac+c\^b 

The product of o+Vy into l+r\/J(is 

1. Multiply V« "ito V*- -^s* V^^** 

2. Multiply 5V5 into SV^- Ans. SOyiO. 

3. Multiply 2V3 into 3^4. Ans. 6^432. 

4. Multiply V<^ "ito V^*' Ans. y/cW¥^ 

5. Multiply . /2iS^ into ^ /^. Ans. . /^^ . 

'^IT Vw ^T" 

6. Multiply a{a - «)* into (c - d) x (oar)*- 

Ans. {ac'-ad)y, (a'« - oa^)* . 

DIVISION OF RADICAL QUANTITIES. 

284. The division of radical quantities may be expressed, 
by writing the divisor under the dividend, in the form of a 
fraction. 

Thus the quotient of \/a divided by 4/5, is ^^. 

And (o+A)* divided by {h+xf is i2±hL. 

{h+xy 

In these instances, the radical sign or index is separatdy 
applied to the numerator and the denominator. But if thie 
divisor and dividend are reduced to the same index or radical 
sign, this may be applied to the whole quotient. 

Thus ^a-f.^6=5!:^= r/-. For the root of a fraction 

is equal to the root of the numerator divided by the root of 
the denominator. (Art. 260.) 
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Again, y/ab'^J^b=J!^a. For the product of this quotient 
into the divisor is equal to the dividend, that is, 

\/a X \/i = \/«*- Hehcc, 
285. Quantities under the same radical sign or index 

MAT BE divided LIKE RATIONAL QUANTITIES, THE ^^UOTIENT 
BEING PLACED UNDER THE COMMON RADICAL SIGN OR INDEX. 

Divide (ai^*)* by y+. 

These reduced to the same index are («y) • and (y*)* : 

And the quotient is (a?) • =x =0?'. 

Divide V8fl^ V3^ (o»+ar)* (a'^)" (oV)* ' 
By A/Sx \/dx o* (ax)^ (ay)* 



Quot. V2o' ^" ((^+x)* "" (<V)*. 



286. A ROOT IS DIVIDED BV ANOTHER ROOT OF THE 
SAME LETTER OR QUANTITY, BT SUBTRACTING THE INDEX 
OF THE DIVISOR FROM THAT OF THE DIVIDEND. 

Thus o*-j.o*==a*^*=o*"*=tt*=:o*. 
For o*=Ea*=a* x» X» and this divided by o* is 
a xo'ya* i i ■« ik 

^ A«* _.^g ^^« ^^6 --a»f 

In the same manner, it may be shown that a*-5-a" = «"* "• 



Divide (8a) ^ (a*)* a^ (*+»)* W)^ 
a* (aar)* a* (b+y)^ (fV)* 



Quot. (8a)i (T (ry)"* 

Powers and roo<« may be brought promiscuously together, 
and divided according to the same rme. See Art. 281. 
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So y"-5-jr=jr*- 

287. When radical quantities which are reduced to the 
same index have rational co-efficients, the rational 

PARTS MAT BE DIVIDED SEPARATELY, AND THEIR QUOTIENT 
PREFIXED TO THE QUOTIENT OF THE RADICAL PARTS. 

Thus ac\/bd^a/^b=c\/d. For this quotient multiplied 
into the divisor is equal to the dividend. 

Divide 24x\/ay 18dhs/bx hj{a^x^f 16V32 hA^tty 
By 



f 6 ^a 2^/£ 


y{axY 


8V4 


Vy 


4a:Vy 


6(o*x)" 




h^x 


Divide a6(a!»6)^ by a («)^. 







These reduced to the same index are ab{x^hy and a{x*y. 

The quotient' then is fc(6) * = (6")* (Art. 272.) 

To save the trouble of reducing to a common index, the 
division may be expressed in the form of a fraction. 

The quotient will then be ?*(?!^*. 

a(^)* 

1. Divide 2^6c by Syoc. Ans. i V a^c 

2. Divide 10^108 by 5\/4. Ans. 2^27=6. 

3. Divide 10V27 by 2V3. Ans. 15. 

4. Divide SyiOS by 2V6. . Ans. 12V2. 

5. Divide (a»6M')^ by d* Ans. (ab)t 

6. Divide (16a' - 12a' a:)* by 2a. Ans. (4a - Sx)t 

INVOLUTION OF RADICAL QUANTITIES. 

288. Radical quantities, like powers, are involved 
bt multiplying the index of the root into the index of 
the required power. 

••16 

/" 
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1. The square of a*=a*^^=a^. [For a^xa^=^a\ 
2L The cube of a*=a*^^=a* For a^xa*Xa*=a^. 

n 

3. And universally, the nth power of a"*=a'"^'* =0"*. 
For the nth power of a"* =a"*Xfl'" « times, and the sum 



n 



of the indices will then be »^. 

4. The 5th power of a^ y ®, is a^y . Or, by reducing the 
roots to a common index, 

(ay)^^^=(aV)^. 

5. The cube of a"a:^, is a**«^ or {cTafj'^rn. 

6. The square of crx*^ is d*a? . 
The cube of a^ is a^^^=:a^=a. 

X n 

And the nth power of a", is an=ia. That is, 

289. A ROOT IS RAISED TO A POWER OF THE SAME NAME, 
BY REMOVING THE INDEX OR RADICAL SIGN. 



Thus the cube of ^6-f-a:, is 6-}-a;. 

And the nth power of (a - y) " , is (a - y.) 

290. When the radical quantities have raiiiMwl co-efficients^ 
these must also be involved. 

1. The square of a\/ar, is a^^/x^. 

For aVa?xaV^=^*V**- 

X :i 

2. The nth power of a a;"*, is a"" «'". 



3. The square of a\/x-yy is a^Xi^-y) 

4. The cube of 3a Vw* is 27o^y. 

291. But if the radical quantities are "connected with 
others by the signs + and -, they must be involved by a 
multiplication of the several terms, as in Art. 213. 



J 

-J 
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Ex. 1. Required the squares of a+Vy ^^^ <*- VV* 

Vy «-V!/ , 

•Vy «-Vy 



«vy+y - ^y+y 



2. Required the cube of a - ^b, 
8. Required the cube of 2d+\/*- 



• 

292. It is unnecessary to give a separate rule for the evo- 
lution of radical quantities, that is, for finding the root of a 
quantity which is already a root. The operation is the same 
as in other cases of evolution. The fractional index of the 
radical quantity is to be divided, by the number expressing 
the root to be found. Or, the radical sign belonging to the 
required root, may be placed over the given quantity. (Art. 
267.) If there are rational co-efl5cients, the roots of these 
must also be extracted. 



» 1 » O X 

Thus, the square root of a , is a' • =a® . 
The cube root of a(a;y)', is a'(xy)^ 



The nth root of aJy/ftj/, is \/ aSyby, 



293. It may be proper to observe, that dividing the frac- 
Hondl index of a root is the same in effect, as mvltiplying the 
number which is placed over the radical sign. For this 
number corresponds with the denommator of the fractional 
index ; and a firaction is divided, by multiplying its denomi- 
nator 

Thus \/az=a^. '\/a=a^. 

On the "other hand, multiplying the fractional index is 
equivalent to dimding the number which is placed over the 
radical sign. 

Thus the square of y/a or a% is \/a or a^ =a^. 



184 ALGEBRA. 

293. b. In algebraic calculations, we have eKmietim69 
occasion to seek for a factor, which multiplied into a given 
radical quantity, will render the product rational. In the 
case of a simple radical, such a factor is easily found. For 
if the nth root of any quantity, be multiplied by the same 
root raised to a power whose index is n - 1, the product will 
be the given quantity. 

Thus \/xX\/3i^ or X xa?" =»"=«. 

And (x+y) X(x+y) " =x+y. 

So V^X V^=^- ^^ \/^X V^= V^'=^- 

And {/ax\/(f=(h &c. And (a+6)* x {a+bf=^a+b. 

And {x+y)^x{x+y)*=x+y. 

293. e. A factor which will produce a rational product, 
when multiplied into a binomial surd containing only the 
square rooty may be found by applying the principle, that 
the product of the sum and difference of two quantities, is 
equsd to the difference of their squares. (Art. 235.) The 
binomial itself, after the sign which connects the teims is 
changed from -}- to - , or from - to -f-> will be the factor 
required. 

Thus {\/a+j\^b) x (V^ -• V*) = V^' " V6^=a - 6, which 
is free from radicals. 

So(l+V^)X(l-V2) = l-2=-l. 
And (3 - 2V2) X (3+2V2) = 1- 

When the compound surd consists of more than two terms, 
it may be reduced, by successive multiplications, first to a 
binomial surd, and then to a rational quantity. 

Thus (ylO - V2 - V3) X (V10+V2+V3) =5 - 2V6, 
a binomial surd. 

And (5 - 2 V6) X (5+2 V6) = 1 • 
Therefore (ylO-V^-V^) niiiltiplied into (ylO+V2+ 
V3)X(5+2V6)=:1. 

293. d. It is sometimes desirable to clear from radical signs 
the numerator or denominator of a fraction. This may be 
effected, without altering the vnlne of the fraction, if the 
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numerator and denominator be both muUiplied by a factor 
which will render either of th^n rational, as the case may 
require. 

1. If both parts of the fraction ^Ifi be multiplied by j^Oy 

it will become V^XV^ --._gL., in which the numerator is a 

rational quantity. 

Or if both parts of the given fraction be multiplied by ^Xy 

it will become ^l_??, in which the denominator is rational. 

X 

2. The fraction _A^ J^X{a+^)^Jx{<^^) ^ 

3. The fraction 5^= ^H:f)!jj=^H:l_. 



n— 1 



4. The fraction — = " " =?v^ 



n— 1 



X X n-l 

X' x'xx~^ 



5. The foiction ^ - V2x(3+V2) _2+3V2 

3-V2 (3-V2)(3-fV2) " ' 

6. The fraction 3 _ 3(V5+V2) _ .^ 

V5-V2 (V5-V2)(V6+V2) 
+V2. 

7. The fraction p-^= yV'^- 

8. The fraction , 

8 8x(V3-V2-l)(-V2) ^ 4 . 

V3+ V2+ 1 ( VH" V^+ 1 ) ( V^ - V2 - 1 ) ( - V^) 

2V6+2V2. 

9. Reduce — to a fraction having a rational denominator. 

V3 

10. Reduce ?I1^_ to a fraction havinff a raticmal denom- 

inator. 

293. e. The arithrjieticcal operation of finding the proximate 
value of a fractional surd, ma)'^ be shortened, by rendering 
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either the numerator or the denominator rational. The root 
of a fraction is equal to the root of the numerator divided by 
the root of the denominator. (Art. 260.) 

Thus • /f!=5Z?, But this may be reduced to ,^ 

or V^Xyfr-' (^j^ 293 ^ ) 
h 

The square root of ? is V!^!, or -^ or ^. 

b J^b ^^ab b 

When the fraction is thrown into this form, the process of 
extracting the root arithmetically, will be confined either to 
the numerator, or to the denominator. 

Thus the square root of ?=^=V|XVj=\/!l. 

ExcanpUi Jar practice. 

1. Find the 4th root of 81a^ 

2. Find the 6th root of (o+i) -'. 

3. Find the tith root of {x - y) . 

4. Find the cube root of - 125aV. 

4o* 

5. Find the square root of -. 

6. Find the 6th root of §??^. 

243 

7. Find the square root of a;* - ^bx-^-W 

8. Find the square root of o'+ay+^- 

9. Reduce as? to the form of the 6th root. 
10. Reduce -3y to the form of the cube root. 

* 11. Reduce a? and a^ to a common index. 

12. Reduce 4^ and 5^ to a common index. 

13. Reduce a and &^ to the common index . 

14. Reduce 2* and 4* to the common index". 
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15. Remove a factor from \/294. 



16. Remove a factor from \/a:^ - aV. 

17. Find the sum and difference of \/16a'a; and /^Mx, 

18. Find the sum and difference of \/192 and ^24. 

19. Multiply Ty/\% into 5^4. 

20. Multiply 4+2V2 into 2 - V^. 

21. Multiply a{a-{^A^c)^ into 6(a - VO*- 

22. Multiply 2(0+6) » into 3(0+6)^ 

23. Divide 6V54 by 3V2. 

24. Divide 4^72 by 2^18. 

'25. Divide ^1 by V?- ^^ ' ' - 

26. Divide8V512by4V2. - 

27. Find the cube of 17V21. 
, 28. Find the square of 5+^2. . -/ ■ ^ 
, 29- Find the 4th power of i^^- ^ ' ^'^ '^^^ ' 

30. Find the cube of V*"" V*- 

31. Find a factor which will make i^y rational. \ ' 

32. Find a factor which will make >y/5 - j^x rational. 

S3. Reduce ^il^ to a fraction having a rational numerator. 

y/X 

34. Reduce — ^ — -. to a fraction having a rational de* 
nominator. 



* € 



O^ 



i 
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SECTION X. 



REDUCTION OF EQUATIONS BY INVOLUTION 

AND EVOLUTION. 

Art. 294. IN an equation, the letter which expresses the 
unknown quantity is sometimes found under a radkal sign. 
We may have y/x=a. 

To clear this of the radical sign, let each member of the 
equation be squared, that is, multiplied into itself. We shall 
then have 

y/xxV^=cM' Or, (Art. 289,) x=z(^. 

The equahty of the sides is not affected by this operation, 
because each is only multiplied into itself, that is, equal quan- 
tities are multiphed into equal quantities. 

The same principle is applicable to any root whatever.—^ 
If y/x=a ; then xz=:a\ For by Art. 289, a root is raised to 
a power of the same name, by removing the index or radical 
sign. Hence, 

296. When the unknown quantity is under a radical 

SIGN, the equation IS REDUCED BY INVOLVING BOTH SIDES, 

to a power of the same name^ as the root expressed by the 
radical sign. 

It will generally be expedient to make the necessary trans- 
positions, before involving the quantities ; so that all those 
which are not imder Uie radical sign may stand on one aide 
of the equation. 

Ex.1, Reduce the equation j^x-{-4=:9 

Transposing -\-4 V^= 9-4=6. 

Involving both sides a? =5*= 25. 

^ Reduce the equation «+ V* - 6=rf 

By transposition, y/x=: d-\-b - a 

By involution, a?= (d^b - a)". 
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3. Reduce the equation \/a:4'l==^ 

Involving both sides, a;+l =4'=64 

And a:=63. 



4. Reduce the equation 4-f-3V^~^=^+i 

Clearing of fractions, 8-|- Qj^x -4=13 

And n^x - 4=i. 

Involving both sides, a; - 4 = ft 



And a:=-H+4 



5. Reduce the equaticm \/<'^'4~V^ 



__ 3+rf 



v^+v^ 



Multiplpng by V*'+\/^> a^+V^=^+^ 

And \/^=^+^""^ 

Involving both sides, a?= (3+<i - a')*- 

In the first step in this example, multiplying the first mem- 
ber into \/^^~f~V^> ^^^ ^^ i^^ itself, is the same as squar- 
ing it, which is done by taking away its radical sign. The 
other member being a fraction, is multiplied into a quantity 
equal to its denominator, by cancelling the denominator. 
(Art. 159.) There remains a radical sign over x, which 
must be removed by involving both sides of the equation. 

6. Reduce 3+2V3?-t=6. Am. a?=iH- 

7. Reduce 4^^-=8. Ans. a:=20. 

8. Reduce (2ar+3)*+4=7. Ans. a?=12. 

9. Reduce >y/i2+i=24.\/a:. Ans. «=4. 

10. Reduce V*-"«=\/3?-iVa« Ans. x^—. 

11. Reduce V^ X VH-^ = 2+^/5i. Ans. a?= —. 

12. Reduce ^zi!£= V? Ans. a:=-L. 

^x X 1 - a 

13. Reduce Vf+28^ Vf+SS ^^ ^^^ 

17 
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2a 



14. Reduce \Ar+V^+^=— ^==- ^^' ^=i^- 

2a* 

15. Reduce a?4-\/<»*+3f*= -7====- Ans. x^a^h 

/ ^ , ' 6«-4<^ 

16. Reduce ap4-^=V^*+^V6*+ a;'*' Ans. a:= — r- — . 

4 .„ 2 



17. Reduce \/2-}-a:4-\/^= — Ans. a:=-. 

V2+ar ^ 

18. Reduce \/a:-32 =16- V^- Ans. ar= 81 . 

19. Reduce \/4^T7= 2 V^+1- Ans. ar=16. 

20. Reduce ^ — rc>== >i #Tr- t g - Ans. a:=6. 

V6x+^ 4V6x+6 

REDUCTION OF EQUATIONS BY EVOLUTION. 

296, In many equations, the letter which expresses, the 
unknown quantity is involved to some power. Thus in the 
equation 

ar»=16 

we have the value of the sqiuire of ar, but not of x itself. If 
the square root of both sides be extracted, we shall have 

ar=4. 

The equality of the members is not affected hy this reduc- 
tion. For if two quantities or sets of quantities are equal, 
their roots are also equal. 

If (ic-|-a)"=6+^> thena;-}-a=\/^+^' Hence, 

297. When the expression containing the unknown 
quantity is a power, the equation is reduced bt ex- 
TRACTING THE ROOT OF BOTH SIDES, a root of the same name 
as the power. 

Ex. 1. Reduce the equation 6-|-«'-8=7 

By transposition aj*=7-j-8 - 6=9 

By evolution a?=±V9=±3. 

The signs + ^^^ " ^^^ ^*^ placed before \/9, because 
an even root of an affirmative quantity is ambiguous. (Art. 
261.) 
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2. Reduce the equation 5a!'-30=a;'-}-34 
Transposing, &c. a? ^16 

By evolution, a: = ±4. 

3. Reduce the equation, a-f-5.=ft-_ 

6 d 

Clearing of fractions, &c. a;«=MA-aM 

By evolution, ^ :r=+( ^^^"^ l\* 

4. Reduce the equation, a-^(2x"=10- a;** 

10-a 



Transposing, &c. af = 



d+1 



By evolution, * * ar= ( , "^ | " 

298. From the preceding articles, it will be easy to see in 
what manner an equation is to be reduced, when the ex- 
pression containing the unknown quantity is a power, and at 
the same time under a radical sign ; that is, when it is a root 
of a power. Both involution and evolution will be necessary 
in this case. 

Ex. 1. Reduce the equation ^a^=4. 

By involution a?=4'=64 

By evolution a?=±\/64=±8. 

2. Reduce the equation /y'af" - a=h- d 

By involution aT-a^K"- 2M+cr* 

And of = A» - 2 W+<P+a 

By evolution 0?= V*'*- 2W4-cP+a. 

3. Reduce the equation (a:+a) * = _?!jI 

Multiplying by {x - a)* (Art. 279.) (ar^ - a^)i=a+b 
By mvolution a^ - a'=a^+2ab+b^ 

Trans, and uniting terms a;'=2a'*-|-^^^+^^ 

By evolution x=:(2a'+2ab+h^)K 
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Problems. 

Prob. 1. A gentleman being asked his age, replied, " If 
you add to it ten years, jnd extract the square root of the 
sum, and from this root subtract 2, the remainder will be 6." 
What was his age 1 

By the conditions of the problem V^+^O - 2=6 

By transposition, V^+l^==^+2=8 

Bylnvolution, a:4.10=8«=:64. 

And ar=64- 10=54. 



Proof (Art. 194.) V^^+IO - 2=6. 

Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted, and from this 163 be 
subtracted, the remainder will be 237. What is the num- 
ber? 

Let x= the number sought. 6=163 

a=22577 c=237. 

By the conditions proposed x^x-^-a - 6=c 

By transposition, \/a:-}-a=c+6 

By involution, a;4-a=(c+i)' 

And a:=(c+6)'-a 

Restoring the numbers, (Art. 52.) ar ={237+1 63) « - 22577 
That is ar= 1 60000 - 22577= 1 37423. . 



Proof Vl^'^423+22577 - 163=237. 

299. When an equation is reduced by extracting an even 
root of a quantity, the solution does not determine whether 
the answer is positive or negative. (Art. 897.) But what 
is thus left ambiguous by the algebraic process, is frequently 
settled by the statement of the problem. 

Prob. 3. A merchant gains in trade a sum, to which 320 
dollars bears the same proportion as five times this sum does 
to 2500. What is the amount gained ? 

Let a?=the sum required. 
a=320. 
6=2500. 
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By the supj^sition a:x::Sx :b 

Multiplying the extremes and means 5x*t=:ab 

And 



__/a6\J 



•=(t) 



Restoring the numbers, x= (??221?^)* =400. 

Here the answer is not marked as ambiguous, because by 
the statement of the problem it is gainy and not loss. It 
must therefore be positive. This might be determined, in 
the present instance, even from the algebraic process. 
Whenevei: the root of x' is ambiguous, it is because we are 
ignorant whether the power has been produced by the mul- 
tipUcation of ^x, or of -a:, into itself. (Art. 262.) But 
here we have the multiplication actually performed. By 
turning back to the two first steps of the equation, we find 
that 5a?* was produced by multiplying 5x into a;, that is -^-dx 
into +a?. 

Prob. 4. The distance to a certain place is such, that if 
96 be subtracted from the square of the number of miles, the 
remainder will be 48. What is the distance ? 

Let x= the distance required. 
By the supposition a?* - 96=48 

Therefore ar=Vl44=12. 

Prob. 5. If three times the square of a certain number be 
divided by four, and if the quotient be diminished by 12, the 
remainder will be 180. What is the number ? 

By the supposition ?^ - 1 2 = 1 80. 



Therefore ar= V256= 16. 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remainder equal to 
four? Ans. 4. 

Prob. 7. What two numbei^ are those, whose «um is to the 
greater as 10 to 7 ; and whose sum multiplied into the less 
produces 270 ? 

Let 1 Ox = their sum. 
Then 7a:=the greater, and 3a; = the less. 
Therefore x=S, and the nurnbers required are 21 and 9. 
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Prob. 8. What two numbers are those, whose difference is 
to the gres^ter as 2:9, and the difference of whose squares 
is 128? Ans. 18 anfl 14. 

Prob. 9. It is required to divide the number 18 into two 
such parts, that the squares of those parts may be to each 
other as 25 to 16. 

Let a;= the greater part. Then 18 - a;=theless. 

By the condition proposed a:* : (18 - a;)* : : 25 : 16, 

Therefore 16a:»=25 X (18 - x)\ 

By evolution 4a:=5 x (18 - ar.) 

And a;=10. 

Prob. 10. It is required to divide the number 14 into two 
such parts, that the quotient of the greater divided by the 
less, may be to the quotient of the less divided by the greater, 
as 16 : 9. Ans. The parts are 8 and 6. 

Prob. 11. What two numbers are as 5 to 4, the sum of 
whose cubes is 5103 ? 

Let 5x and 4a?!=:the two numbers. 

Then a;=3, and the numbers are 15 and 12. 

Prob. 12. Two travellers A and B set out to meet each 
other, A leaving the town C, at the same .time that B left D, 
They travelled the direct road between C and D; and on 
meeting, it appeared that A had travelled 18 miles more 
than By and that A could have gone B^a distance in 15f days, 
but J5 would have been 28 days in going .fl's distance. Re- 
quired the- distance between C and D. 

Let a?=the number of miles A travelled. 
Then x - 18= the number B travelled. 

x-18 



15f 



=^s daily progress. 



— z:zB's daily progress. 

Therefore a? : a; - 18 : : --^ — : -— . 

15} 2B 

This reduced gives a: =72, .5's distance. 

The whole distance, therefore, from C to D=126 miles. 
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Prob. IS. Find two numbers which are to each other as 8 
to 5, and whose product is 360. Ads. 24 and 15. 

Prob. 14. A gentleman bought two pieces of silk, which 
together measured 36 yards. Each of them cost as many 
shillings by the yard, as there were yards in the piece, and 
their whole prices were as 4 to 1. What were the lengths 
of the pieces i Ans. 24 and 12 yards. 

Prob. 15. Find two numbers which are to each other as 
3 to 2 ; and the difference of whose fourth powers is to the 
sum of their cubes, as 26 to 7. 

Ans. The numbers are 6 and 4. 

Piob. 16. Several gentlemen made an excursion, each 
taking the same sum of money. Each had as many servants 
attending him as there were gentlemen ; the number of dol- 
lars which each had was double the number of all the ser- 
vants, and the whole sum of money taken out was 3456 doU 
lars. How many gentlemen were there 1 Ans. 12. 

Prob. 17. A detachment of soldiers from a regiment being 
ordered to march on a particular service, each company fur- 
nished four times as many men as there were companies in 
the whole regiment ; but these being found insufficient, each 
company furnished three men more ; when their number was 
found to be increased in the ratio- of 17 to 16. How many 
companies were there in the regiment 1 Ana 12. 

AFFECTED QUADRATIC EQUATIONS. 

• » 

300. Equations are divided into classes, which are distin- 
guished from each other by the power of the letter that ex- 
presses the unknown quantity. Those which contain only 
ib^ first power of the unknown quantity are called equations 
of one dmenawn^ or equations of the first degree. Iliose in 
which the highest power of the unknown quantity is a square^ 
are called quadratic, or equations of the second degree ; 
those in which the highest power is a cvke, eauations of the 
third degree, &c. 

Thus a?=a-|-fe, is an equation of the first degree. 

ii?=c, and x^-^-ax^zdy are quadratic equaticnis, or 
equations of the second degree. 

3i^=zh, and a;'4-aar'+fea?=rf, are cvbk equations, or' 
equations of the third degree. 



\ 
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301. {Equations are ako divided into pure and affected 
equations. A pure equation contains onfy one parjoer of the 
unknown quantity. This nlay be the first, second, third, or 
any other power. An affected equation contains different 
powers of the unknown quantity. Thus, 

a?z^d - 6, is a pure quadratic equation. 
(if'\'hx =d, an affected quadratic equation. 
ar'=6 - c, a pure cubic equation. 
(t^-^-ca^^bx^hy^aji affected cubic equation. 

A pure equation is also called a simple equation. But this 
term has been applied in too vague a manner. By some 
writers, it is extended to pure equations of every degree ; by 
others, it is confined to those of the first degree. 

In a pure equation, all the terms which contain the un- 
known quantity may be united in one, (Art. 185,) and the 
equation, however complicated in other respects, may be re- 
duced by the rules which have aheady been given. But in 
an affected equation, as the unknown quantity is raised to dif- 
ferent potoerSf the terms containing these powers cannot be 
united. (Art. 230.) There are particular rules for the reduc- 
tion of quadratic, cubic, and biquadratic equations. Of these, 
only the first will be considered at present. 

302. An affected quadratlc equation is one which 

CONTAINS the UNKNOWN QUANTITY IN ONE TERM, AND THE 
SQUARE OF THAT QUANTITY IN ANOTHER TERM. 

The unknown quantity may be. originally in several terms 
of the equation. But all these naay be reduced to two, one 
containing the unlmov^ni quantity, and the other its square. 

303. It has already been shown that a pure quadratic is 
solved by extracting the root of both sides of th^ equation. An 
affected quadratic may be solved in the same way, if the 
member which contains the unknown quantity is an exact 
square. Thus the equation 

may be reduced by evolution. For the first member is the 
square of a hmomial quantity. (Art. 264.) And its root is 
x-f-a. Therefore, > 

iF-4-a=>\/6+^> ^^^ ^y transposing a, 
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S04. But h is not often the case, that a member of an af* 
fccted quadratic equation is an exact square, till an addi- 
tional term is applied, for the purpose of makidg the required 
reduction. . In the equation 

a?+2ar=:5 

the side containing the unknown quantity is not a complete 
square. The two terms of which it is composed are indeed 
such as might belong to the square of a binomial quantity. 
(Art. 214.) But one term is wanting. We have then to in- 
quire, in what way this may be supplied. From having iwo 
terms of the square of a huKwial given, how shall we find 
thetkbrdi 

Of the three terms, two are complete powers, and the 
other is twice the product of the roots of these powers; (Art. 
214^) or which is the same thing, the product of one of the 
roots into twice the other. In the expression 

a*+2ar, 
« 

the term 2aa; consists of the factors 2a and x. The latter is 
the unknown quantity. The other factor 2a may be consid- 
ered the co-efficieiU of -the unknown quantity ; a co-efficieni 
being another name for a factor. (Art. 41.) As a; is the 
r5X>t of the first term a^ ; the other factor 2a is tvnce the root 
of the diird term, which is wanted to complete the square. 
Therefore half 2a is the root of the deficient term, and a' is 
the term itself. The square completed is 

a^^2ax+a\ 

where it will be seen that the last term cf is the square of 
half 2(i» and 2a is the co-efficient of x, tjie root of the first 
term. 

' In the ^ame manner, it may be proved, that the last term 
of the square of any binomial quantity, is equal to the square 
of half the co-efficient of the root of the first term. From 
this principle is derived the following rule : 

' S05. To COMPLETE THE SQUARE in an affected quadratic 
equation : take the square of half the co-efficient of 

THE first power OF THE UNKNOWN QUANTITY, AND ADD IT 
TO BOTH SIDES OF THE EQUATION. 

Before completing the square, the known and unkno¥m 
quantities must be brought on opposite sides of the equation 

18 
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by iranspofidtion ; and the highest power of the miknown 
quantity must have the affirmative sign, and be cleeied of 
nactions, co-efficients, &c. See Arts. 308, 9, 10, 11. 

Afiet the square is completed, the equation is reduced, by 
extracting the square root of both sides, and transposing the 
known part of the binomial root. (Art. 303.) 

The quantity which is added to one side of the equaticm, 
to complete the square, must be added to the other side also, 
to preserve the equality of the two members. (Ax, 1.) 

306. It will be important for the learner to distingui^ be- 
tween what is |>ectt2tar in the reduction of quadratic equa- 
tions, and what is common to this and the other kinds which 
have 'already been considered. The peculiar part, in the 
resolution of affected quadratics, is the completing of the 
square. The other steps are similar to those by which pure 
equations are reduced. 

For the purpose of rendering the completing of the square 
familiar, there will be an advantage in beginning with exam- 
ples in which the equation is already prepared for this step. 

Ex. 1. Reduce the equation s^'\-6ax:=:b 

Completing the square, a^"\'6ax'\-9a^=z9(f^b 
Extracting both sides (Art. 303.) ar+3a=±V9rf*-f6 

And a:=-3at\/^a«+6. 

Here the co-efficient of or, in the first step, is 6a ; 

The square of half this is 9a', which being added to both 
sides completes the square. The equation is then reduced 
by extracting the root of each member, in the same manner 
as in Art. 297, excepting that the square here being that of 
a bmomialj its root is found by the rule in Art. 265. 

2. Reduce the equation x^ -86ar=A 

Completing the square, a^ - 85ar+ 1 66^= 1 6V^h 

Extracting both sides a? - 46 = i\/166*-ffc 

And ar=4i±Vl6fc*+fc. 

In this example, half the co-efficiei\t of x is 46, the square 
of which 16fr' is to be added to both sides of the equation. 
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S. Reduce the equation a?+aa:=6+fc 

CompletiDg the square, a?+ac+—=— +6+& 

By evolution ap+^rstf^+ft-f-fcj* 

And a:=-|±(^+6+*)*. 

4. Reduce the equation a?^xz=h^d 
Completing the square, a* - a?+ J = 4+A - d 

And x=i±{i+h'd)i. 

Here the co-efficient of x is 1, the square of half which is |. 

5. Reduce the equation si^'-\-Sx=:dJ^6 
Goznpleting the square, x'+Say+fsf +cl+6 
And a?=-f±(f4.d+6)*. 

6. Reduce the equation a^-^abx=zab'-cd 

Completing the square, a* - a6a:-| — — = |-a6 - cd 

4 4 

And ,=^/^+«6-cd)*. 

7. Reduce the equation at^-^-^^zh 

b 



ax , €^ a* 



Completing the square, a;«-|-!^+ii =il_4.& 

46* 46* 

And »=-4±f44-A?. 

By Art. 158, f^=^x«- The co-efficient of x, therefore, 

IS ~ Half of this is iL (Art. 163.) the square of which is 
b 26 ^ 

£. 
46» 
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X 



8. Reduce thd tquali<»i a^^^sctk. 



Completing the square, a:' - -.4-—- =-.-4.%. 

Here the fraction ^s=i.x«. (Art. 158.) Thet«ftre the 

b h 

co-efficient of x is ^. 

b 

307. In these and similar instances, the root of the third 
term of the completed square is easily found, because this 
root is the same half co-efficient from which the term has 
jtist been derived. (Art. 304.) Thus in the last exau^le, 

half the co-efficient of ar is _., and this is the root of the 

third term — ^ 

46» 

308. When the first power of the unknown quantity is in 
nverai terms^ these should be united in one, if they can be 
by the rules for reduction in addition. But if there are tUe- 
ral co-efficients, these may be considered as constituting, to- 
gether, a covkipouni co-efficient or factor, into which the un- 
Known quantity is multiplied. 

Thus te*+6«4.rfx=(a+6+d)xa?. (Art. im) The 
square of half this compound co-efficient is to be added to 
both sides of the equation. 

1. Reduce the equation x'+3a:4-2af-|-tfcs<l 
Uniting terms a:'+6x=d 
Completing the square a?'-f6a?+9=94-cl 

And a:=-3±VH^- 

2. Reduce the equation a:'-{-aa;+^*=* 
By Art. 1 20. ar* + (a+fc) X «=* 

Therefore x'+(a+6) xx+ (?±*) ' = (^) \h 
By evolution x+^=± /T^Y+iT 



And y^ , ^+^ -h 

2 



wm^ 
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3. Reduce the equation sf4-ax - a:=i 
By Art. 120 «*4-(a-l)X«i=6 

Therefore af*+(a- l)x^+ {^Y^ (— ) +* 

.= -ijiV(iEl)^, 

309. After becoming familiar with the method of complet- 
ing the square, in affected quadratic equations, it will be 
proper to attend to the steps which are preparc^cry to this. 
Uer^ however, little more is necefisaay, than, an application 
of ruled already given. Th6 kBOwn and unk]i0im quaoti* 
ties must foe brought on opposite sides of the equation by 
transposition. And it will generally be expedient to make 
the squ€ure of the unknown quantity the first or leading term, 
as in the preceding examples* This indeed is not essential. 
But it will show, to the best advantage, the arrangement of 
the terms in the completed square. 

1 . Reduce the equation a+6a; - 36 = 3ap - «* 
Transp. and uniting terms a:'-j-2a:=3fe-a 
Completing the square a;*4"^^+ ^ = ^ +86 - a 
And a?= - 1+^1+86-0. 

2. Reduce the equation f =_5z» - 4 

^ 2 x+2 

Clearing of fractions, &c. «*+ 1 Oa: = 56 
Completing the square «*+10a?4.26=254-56=8! 
And a:= - 5±^S1 =-5±9. 

310. If the highest power of the unknown quantity has 
any co-effident, or dmsoTy it must, before the square is com- 
pleted, by the rule in Art. 305, be freed from these, by multi- 
plication or division, as in Arts. 180 and 184. 

1. Reduce the equation a;'-^ 24a - 6hz:zl2x - 5a?' 

Transp. and uniting temis, 6a; -12a;s=6&-24a 
Dividing by 6, «» - 2«=^ - 4a 

Completing the square, a^ - 2a?+ 1 = 1 + A - 4a 

Eximctttig and transp. a?= l±^l-fA-4a. 
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2. Iteduce the equation &4.2a;=:c{-^ 

a 

Clearing of fractions bs^'i'2ax=:ad - ah 
Dividing by 6, ^^ggg^fld-cA 

Tlierefore a^+!g;+g=^+^"^ 

311. If the 43quare of the unknown quantity is in several 
teinm,^ the equation must be divided by a2Z the co-eflScients 
of this square, as in Art. 185. 

1 . Reduce the equation ba^-^da^ - 4a;= 6 - A * 

Dividing by b+d, (Art. 121.) a^ - -1L=*z4 

Therefore x^^Jl^+^/IJIV^. 

b+d-S/ \b+d)^b+d 

3* Reduce the equation (u^^x=:h^3x^s^ 

Transp. and uniting terms aa^-^-s? - 2x=h 

Dividing by o-fl 9 . «* ^= 



o+l o+l 
Comp. the square a:«-_ll.+ f-JL^ = (JLX+-^ 

Extracting and transp. ar= — t \/[ ) 4 



o+l-Nr \a+ll o+l 

There is another method of completing the square, which, 
m many cases, particularly those in which the mghept power 
of the unknown quantity has a co-efficient, is more simple 
in its application, than that given in Art. 305. 

Let aai^^bx=d. 
If the equation be multiplied by 4a, and if 6' be added to 
both sides, it will become 

4(f3!'+4abx+V=z4ad+V ; 
the first member of which is a complete power of 2aX'^b, 
Hence, 

311. 6. In a quadratic equation, the square may be com- 
pleted, by multiplying the equation into 4 times the co-effi- 
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cieni of the highest power of the unknown quantity and ad- 
ding to both siaes, the square of the co-efficient of the lowest 
power. 

The advantage of this method i% that it avoids the intro- 
duction of fraetiansy in comjdeting the square. 
This will be seen, by solving aa equation by both methods. 

Let 4uf+dx=zh. 
Completing the square by the rule just given ; 

4a»a?+4adx+<P= 4afc+iP 
Extracting the root 2ax+d=:±^4ah^f 



And x= 



_ - itt\/4aA-4-d' 



2a 



Completing the square of the given equati(»i by Arts. 305 

and 310; :r«+^'=*+' 

a 4a a 4«^ 



Extracting the root x+—=z±/^+— . 

2a" V a 4rf' 



And xz=z 



If a=l, the rule will be reduced to this: ^Multiply the 
equation by 4, and add to both sides the square of the co- 
efficient of 0?." 

Let 3?~\'dx=.h 
Completing the square 4a^-4~^^'4~'=^M*^ 

Extracting the root 2a?4-({=±\/4&+^ 

And x=:Z*VS?. 

2 

1. Reduce the equation 3a;'-{-5x=42 

Completing the square 36a;'4-60i;-4-25= 529 
Therefore a:=3. 

3. Reduce the equation a;'- 15a? = -54 

Completing the square Aa^ - 60a;4-225 = 9 
Therefore 2ar= 1 5±3 = 1 8 or 1 2. 

312. In the square of a binomial, the first and last terms 
are always positive. For each is the square of one of the 
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terms of the root. (Art. 014.) But eveiy square is positive. 
(Art 218.) If then - a? occurs in an equation, it cannot, with 
this sign, form a part of the square of a binomial. But if 
M the digns in the equation be changed, the equality of the 
sides will be preserved, (Art. 177,) the term - s^ will beco^ie 
pesitiye, and the square may be completed. 

1. Reduce the equation ^af-^-^x^d-^h 

Changing all the signs a^-2xz=:h-d 



Therefore ar=l±Vl+A-d 

2. Reduce the equation 4x - 3^= - 1 2 

Ans. x=z2±\^l6. 

313. In a quadratic equation, the first term a? is the square 
of a single letter. But a binomial quantity may consist of 
terms, one or both of which are already powers. 

Thus sfi-^-a is a binomial, audits square is 

where the index of x in the first term is twice as great as in 
the second. When the third term is deficient, the square 
may be completed in the same manner as that of any other 
lunomial. For the middle term is twice the product of the 
roots of the two others. 

So Ihe square of af+a^ is a^-+'2aaf*'\'cf. 

And the square of a:"+^ i® a:''+2aa:*+^'- 
Therefore, 

314. Any equation which contains onlt two dif- 
ferent POWERS OR ROOTS OP THE TJNKNOWN QUANTITY, 

THE INDEX OF ONE OF WHICH IS TWICE THAT OF THE 
OTHER, MAY BE RESOLVED IN THE SAME MANNER AS A QUA- 
DRATIC EQUATION, BY COMPLETING THE SQUARE. 

It must be observed, however, that in the binomial root, 
the letter expressing the unknown quantity.may still have a 
fractional or integral index, so that a farther extraction, ac- 
cording to Art. 297, may be necessary. 

1 . Reduce the equation o?^ - a?=: 6 - a 

Completing the square x* - x^-^i = J-+* - a 

Extracting and transposing a;?=a| t y^+fc - a 

Extracting agaui, (Art. 297,) «==±V|±V^Ff*--«) 
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2. Reduce the equation a;*"-45a;"=a 

Answer x=:tJ^2b±/s/{^^+ «•) 

3. Reduce the equation a:+4^a:=&-n 
Completing the square a?-4-4^g+ 4=A *- ii- t-4 
Extracting and transp. V*== "" 2±V* "^ '•^"^ 
Involving ar= ( - 2±^h - n+4)'. 

A J. 

4. Reduce the equation a:"+8x"=a4-6 
Coiflpleting the square ar»+8a?"+16=a+fc+16 
Extracting and transp. a " = - 4i\/a+fc+ 1 6 
Involving x=(^ 4±Va-h*+ ^ 6)"« 

315. The soKition of a quadratic equation, whether pure 
or affected, gives two results. Eor after the equation is re- 
duced, it contains an ambiguous root. In a pure quadratic, 
this root is the wh4)le value of the unknown quantity. (Art. 
297.) 

Thus the equation ar'=64 

Becomes, when reduced j?=:±^64. 

That is, the value of x is either +8 or - 8, for each of 
these is a root of 64. Here both the values of x are the 
same, except that they have contrary signs. This will be 
the case in every pure quadratic equation, because the whole 
of the second member is under the radical sign. The two 
values of the unknown quantity will be aUke, except that 
one will be positive, and the other negative. 

316. But in affected quadratics, a part only of one side of 
the reduced equation is under the radical sign. When this 
part is added to, or subtracted from, that which is without 
the radical sign ; the two results will differ in quantity, and 
will have their dgns in some cases alike, and in others un- 
like. 

I . The equation a^+Sx = 20 



Becomes when reduced, x= - 4i\/16-{-20. 

That is ar=-4i6. 

Here the first value of x is, - 4+6 =+2 > one positive, and 
And the second is -4-.6=-10) the other negative. 



19 
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2. The equation a?-8iC= - 16 



Becomes when reduced, x=i4i^l6 - 15 
That is a?=4il 

Here the first value of a? is 44-1 =+5 > , .v ^^ui„^ 
And the second is 4 - 1 =+3 J "^^^ I^*>^^- 

That these two values of x are correctly found, may be 
proved, by substituting first one and then the other, for x it- 
self, in the original equation. (Art. 194.) 

Thus 6^-8x5=26 -40= -15 ♦ 

And 3' -8x3=9-24= -15. 

317. In the reduction of an affected quadratic equation, 
the value of the unknown quantity is frequently found to be 
WMginoft/m 

Thus the equation x^ - 8a:= - 20 

Becomes, when reduced, ar=4±>\/16 - 20 

That is, ar=4JV-4» 

Here the root of the negative quantity - 4 can not be as- 
signed^ (Art. 263,) and therefore the value of x can not be 
found. There will be the same impossibility, in every in- 
stance in which the negative part of the quantities under the 
radical sign is greater than the positive part.* 

318. Whenever one of the values of the unknown quan- 
tity, in a quadratic equation, is imaginary, the other is so 
also. For both are equally afifected by the imaginary root. 

Thus in the example above 

The first value of x is 4-4-V~ ^i 

And the second is 4 - >\/ - 4 ; each of which 
contains the imaginary quantity /^ -^4. 

319. An equation which when reduced contains an ima- 
ginary root, is often of use, to enable us to determine whether 
a proposed question admits of an answer, or involves an ab- 
surdity. 

Suppose it is required to divide 8 into two such parts, that 
the product will be 20. 



♦ See Note G. 
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If 0? is one of the parts, the other will be 8 - a:. (Art. 195.) 
By the conditions proposed (8 - or) X ^= SO 

This becomes, when reduced, ar=4i\/- 4. 

Here the imaginary expression V""^ shoiiirs that an an- 
swer is impossible ; and that there is an absurdity in suppo- 
sing that 8 may be divided into two such parts, that their 
{NToduct shall be 20. 

S20, Although a quadratic equation has two solutions, yet 
both these may not always be applicable to the subject pro- 
posed. The quantity under the radical sign may be produced 
either from a positive or a negative root. But both these roots 
may not, in every instance, belong to the problem to be sol- 
ved. See Art. 299. 

Divide the number 30 into two such parts, that their pro- 
duct may be equal to 8 times their difference. 

If x=s the lesser part, then SO^x=z the greater. 

By the supposition, a? x (30 - «) = 8 x (30 - 2ar) 

This reduced, gives a?=23±17=40 or 6= the lesser part. 

But as 40 cannot be a part of 30, the problem can have 
but one real solution, making the lesser part 6, and the greater 
part 24. 

Exampks of Q^adraUc Equations. 

1. Reduce 3a:'- 9a: - 4=80. Ans. a:=7, or - 4. 

2. Reduce 4a: - ?5llf =46. Ans. a:= 12, or - |. 

a; 

3. Reduce 4a:- — ILf=14. Ans. a:=4, or -i. 

a:+l 

4. Reduce 6;p-?^=2a:+^ir-l Ans. ar=4, or - 1. 

* a?-3 2 

5. Reduce i^-12?r_??=3. Ans. a: =4, or S^V 

X 4ar 

6. Reduce ?izf +1 = 10 - — . Ans. a:= 12, or 6. 

a:-4^ 2 

7. Reduce f+i - 12^=1?+! - 1. Ans. rr=21, or 6. 

3 a?-3 9 
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8. Reduce 5rlJ^±J=^ - 3. Ans. «= 1, or - 28, 

9. Reduce _^4.?=3. Ans. «=2. 

a?+l X 

10. Reduce Jf--?zI=ar-9. Ans. a:=10. 

a?4-2 6 

1 1 . Reduce If -=1 Ans. a?= l+vT^'. 

a a; a 



12. Reduce i*-|T««'= 6. Ans. a:=/-.-±^64.?^\* 

-^3. Reduce ?!-.?^=-.^. Ans. a:=i/l.. 

2 4 82 - ^* 

14. Reduce 2ar+3a:*=: 2. Ans. x=ii. 

1 5. Reduce ^o; - iV^= ^^« ^s- a;= 49. 

16. Reduce 2a:*-a^+96=99. Ans. a:=4V6. 

17. Reduce (10+a:)*-(10+a:)i=2. Ans. x=6. 

18. Reduce 3a;*'- 2ir«=8. Ans. a?=^2. 

19. Reduce 2(l+a?-a?) - Vl+^-^= -i- 

Ans. a:=J+i\/41- 

20. Reduce l/^-a'=a:- 6. Ans. a:==^+. /^L^l.. 

2 Ar 126 

21. Reduce V^^+^^lnMl Ans. «=4. 

4+\/^ V* 

22. Reduce a?*+a?*=756. . Ans. a?=243. 



21 



23. Reduce V2a:+l+2\/a?= - . . Ans. a:=4. 

^ ^ V2rp+1 

24. Reduce %a/x - a4-3\/^«=— ==• Ans. a:=9a. 

Va: - a 

25. Reduce a:+16-7\/a?+16=10-4\/a?+16. Ans.a:=9. 

26. Reduce \/a;^-j->\/a;^=6\/ar. 

Dividing by \/ar, a;''4-a;=6. Ans. a:=2. 
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27. Reduce !izi-|^=?^. Ans. «=2. 

28. Reduce _L^+_5_=^. Ans. «=d. 

6a?-af» ««+2» 5a: 

29. Reduce (a:-5)'-3(a?-5)*=40. Ans. a?=9. 

30. Reduce . ar+ya?4-6 = 2+3 \/^+6- Ans. 3?= 10. 

PROBLEMS PRODUCING aUADRATIC EaUATIONS. 

Prob. 1. A merchant has a piece of cotton cloth, and a 
piece of silk. The nuixiber of yards in both is 110 : and if 
the square of the number of yardd of silk be subtracted from 80 
times the number of yards of cotton, the difference will be 
400. How many yards are there in each piece % 

Let a:= the yards of silk. 

Then 110- a:= the yards of cotton. 

By supposition 400=80x(110-a?)-a:« 
Therefore «= - 40±v^[oooo= - 401100- 

The first value of ar, is - 40+100=60, the yards of silk; 

And 110-0:= 110 -60=50, the yards of cotton. 

The second value of a?, is - 40 - 100= - 140 ; but as this 
is a negative quantity, it is not applicable to goods which a 
man has in his possession. 

Prob. 2. The ages of two brothers are such, that their sum 
is 45 years, and their product 500. What is the age of each 1 

- Ans. 25 and 20 years. 

Prob. 3. To find two numbers such, that their difference 
shall be 4, and their product 117. 

Let x=z one number, and a;-|-4=s the other. 

By the conditions (^+4) Xar^s 117. 

This reduced, gives a? = - 2i\/i5l = - 2±lrl . 

One of the numbers therefore is 9, and the other 13. 

Prob. 4. A merchant having sold a piece of cloth which 
cost him 30 dollars, found that if the price for which he sold 
it were multiplied by his gc^n^ the product would be equal to 
the cube of his gain. \^iat was his gain % 
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Let xss the gain. . ^ 

Then 30-(-a?= the price for which the cloth was sold. 

By the statement . 7?^ (SO-f-rr) x« 

Therefore a:=i±Vi+30=4±V" 

The first value of a? is J+'V^ =+6. ) 
The second value isJ--y- = -5. > 

As the last answer is negatwe^ it is to be rejected as incon- 
sistent with the nature of the problem, (Art. 320.) for gain 
must be considered posUwe, 

Prob, S. To find two numbers whose difference shall be S, 
and the difference of their cubes 117. 

Let x=s the less number. 
Then rr+S = the greater. 

By supposition (^+3)' - 2:*= H 7 

Expanding («+S)» (Art. 217.) 9a;«+27ar= 117 -27=90 

And x= - fi\/V= -li*. 

The two numbers, therefore, are 2 and 5. 

Prob. 6. To find two numbers whose difference shall be 
12, and the sum. of their squares 1424. 

Ans. The numbers are 20 and 32. 

Prob. 7. Two persons draw priz^^ in a lottery, the differ- 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10.' What are the prizes 1 

Ans. 40 and 160. 

Prob. 8. What two numbers are those whose sum is 6, and 

the sum of their cubes 72 1 Ans. 2 and 4. 

. 

Prob. 9. Divide the dumber 56 into two such parts, that 
their product shall be 640. 

Putting X for one of the parts, we have, a?=28il2=40 or 
16. 

In this case, the two values of the unknown quantity are 
the two parts into which the given number was required to 
be divided. 

Prob. 10. A gentleman bought a number of pieces of cloth 
for 675 dollars, which he sold again at 48 dollars by the piece, 
and gained by the bargain as much as one piece cost him. 
Wtiat was the number of pieces 1 Ans. 15. 
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Prdb. 11. .4 and B started together, for a place 150 miles 
distant, .^s hourly progress was 3 miles more than B^e, and 
he arrived at his journey's end 8 hours and 20 minutes before 
B. What was the hourly progress of each 1 

Ans. 9 and 6 miles. 

Prob. 12. The difference of two numbers is 6 ; and if 47 
be added to twice the square of the less, it will be equal to 
the square of the greater. What are the numbers ? 

Ans. 17 and IL 

Prob. \Si A and B distributed 1200 dollars each, among 
a certain number of perscms. A relieved 40 persons more 
than By and B gave to each individual 5 doUais more than 
•fl. How many were relieved by .fl and B ? 

Ans. 120 by A, and 80 by B. 

Prob. 14. Find two numbers whose sum is 10, and the sum 
of their squares 58. Ans. 7 and 3. 

Prob. 15. Several gentlemen made a purchase in company 
for 175 dollars. Two of them having withdrawn, the bill 
was paid by the others, each furnishing 10 dollars more than 
would have been his equal share if the bill had been paid by 
the whole company. What was the number in the company 
at first? Ans. 7. 

Prob. 16. A merchant bought several yards of .linen for 
60 dollars, out of which ^e reserved 15 yards, and sold the 
remainder for 54 dollars, gaining 10 cents a yard. How 
many yards did he buy, and at what price 1 

Ans, 75 yards, at 80 cents a yard. 

Prob. n. A and B set out from two towns, which were 
247 miles distant, and travelled the direct road till they met. 
A went 9 miles a day ; and the number of days which they 
travelled before meeting, was ^eater by 3, th^n the number 
of miles which B went in a day. How many miles did each 
travel 1 Ans. A went 117, and B 130 miles. 

Prob. 18. A gentleman bought two pieces of* cloth, the 
finer of which cost 4 shillings a yard more than the other. 
The finer piece cost £18 ; but the coarser one, which was 2 
yards longer than the finer, cost only iS16. How many 
yards were there in each piece, and what was the price of a 
yard of each ? 

Ans. There were 18 yards of the fiiier piece, and 20 of the 
.coarser ; and the prices were 20 and 16 shillings. 
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Prob. 19. A merchant bought 54 gallons of Madeira wine, 
and a certain quantity of Teneriffe. For the former, he gave 
half as many shillings by the gallon, as there were gallons 
of Teneriffe, and for the latter, 4 shillings less by the gallon. 
He sold the mixture at 10 shillings by the gaUon, and lost 
£28 16s. by his bargain. Requured the price of the Madeira, 
and the number of gallons of Teneriffe. 

Ans. The Madeira cost 18 shillings a gallon, and there 
were 36 gallons of Teneriffe. * 

Prob. 20. If the squaie of a certain number be taken from 
40, and the square root of this difference be increased by 10, 
and the sum be multiplied by 2, and the product divided by 
the number itself, the quotient will be 4. What is the 
nmnber ? Ans. 6. 

Prob. 21. A person being asked his age, replied. If you 
add the square root of it to half of it, and subtract 12, the 
remainder will be nothing. What was his age *l 

Ans. 16 years. 

Prob. 22. Two casks of wine were purchased for 58 dol- . 
lars, one of which contained 5 gallons more than the other, 
and the price by the gallon, was 2 dollars less than | of the 
number of gallons in the smaller cask. Required the num- 
ber of gallons in each, and the price by the gallon. 

Ans. The numbers were 12 and 17, and the price by the 
gallon 2 dollars. 

Prob. 23. In a parcel which contains 24 coins of silver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and each cq)per coin is worth as many cents as 
there are silver coins ; and the whole are worth 2 dollars and 
16 cents. How many are there of each ? 

Ans. 6 of one, and 18 of the other. 

Prob. 24. A person bought a certain number of oxen for 
80 gumeas. If he had received 4 more oxen for the same 
monev, h^ would have paid one guinea less for each. What 
was the number of oxen ? Ans. 16. 



v' ^ 



SUBSTITUTION. 



321. In the reduction of Quadratic Equations, as well as 
m other parts of Algebra, a complicated process may be. ren- 
dered much more simple, by introducing a new letter which 



i* 
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shall be made to represent several others. This is termed 
subsHtutkm. A letter may be put for a compound quantity 
as well as for a single number. Thus in the equation . 

a?- 2aa:=i+V86 - 64+A, 
we may substitute 6, for f-j- V®^ "" 64-|-/i. The equation 
will then become ar*-2aa:=:6, and when reduced 

1 ■" " n 

will be ^=a±\^a^-\-b. 

After the operation is completed, the compound quantity 
for which a single letter has been substituted, may be restor- 
ed. The last equation, by restoring the value of 6, will be- 
come 



Reduce the equation aa? - 2a: - rf= 6a: - a:^ - a? 
Transposing, &fe. a?+(a - 6 - 1) xx=d 
Substituting A for (rt -^ i - 1 ), aj*+/u:=d 



Therefore ^= -2-X^'4"f"^ 



Restormg the value of A, x=: -?L:±ll +/!^zizDl+d. 

^0 " ^x 



SECTION XL 



SOLUTION OP PROBLEMS WHICH CONTAIN TWO 
OR MORE UNKNOWN QUANTITIES. 

DEMONSTRATION OF THEOREMS. 

AftT. 322. IN the examples which have been given of the 
resolution *of equations, in the preceding sections, each pro- 
blem has contained only fme unknown quantity. Or if, in 
some instances, there have been fwo, they have been so re- 
lated to each other, that they have both been expressed bjr 
means of the same letter. (Art. 195.) 

20 



154 ALGEBRA. 

But cases frequently occur, in which sever4l{ wdpiovil 
quantities are introduced into the same calculation. And if 
the prohiem is of such a nature as to admit of a d^tenninate 
answer, there will arise from the conditions, as many equa- 
tions independent of each other, as there ajre unknown quaur 
tides. 

Equations are said to be independent, when they express 
different conditions ; and dependent, when they express the 
same conditions under different forms. The former are not 
convertible into each other. But the latter may be changed 
from one form to the other, by the methods of reduction 
which have been considered. Thus b - a?=y, and b^y^x^ 
are dependent equations, because one is formed from the 
other by merely transposing x. 

323. In solving a problem, it is necessary first to find th^ 
value of one of the unknown quantities, and then of t|h% 
others in succession. To do tUs, we must derive from the 
equations which are given, a new equation, from which all 
the unknown quantities except one shall be excluded. 

' Suppose the following equations are given. 

1. a;4-y=14 

2. a?-y=2. 

' Ff y be transposed in each, they will become 

1. a;=14-y 

2. a?=2-f-y. 

Here the first member of each of the equations is x, and 
the second member of each is equal to x. But according to 
axiom 11th, quantities which are respectively equal to any 
other quantity are equal to each other ; therefore^ 

24-y=14-y- 

Here we have a new equation, which coixtains ixoiy the 
unknown quantity y. Hence, 

324. Rude L To exterminate one of two unknown quan- 
tities, and deduce one equation from two ; Find the value 

OP ONE OP THE UNKNOWN QUANTITIES IN EACH OP THE EQUA- 
TIONS, AND FORM A NEW EQUATION BY MAKING ONE OF THESE 
VALUES EQUAL TO THE OTHl^R. 

That quantity which is the least involved should be the 
one which is chosen to be exterminated. 



EQUATIONS. 1&6 

For the CQnTenienGe.of reforing to different parts <tf a so- 
lutioB^ ihe eeTer&l steps will, in future be numbered. Wheo 
an equatioQ is formed from ooe mmedbtiebf preeedmgt it wiU 
be mmecessary to specify it* In other cases, the number of 
the equation or equations fnnn which a new one is derired, 
will be r^erred to. 

Prob. 1. To find two numbers such, that 
Their sum shall be 24 ; and 
The greater shall be equal to five times the less. 

Let flp=thc greater ; And y=the less. 

1. By the first condition, a;^y=24> 

2. By the second, ar=5y 5 

8« Transp. y in the first equation^ ^=24 - y 

4. Making the 2d and Sd equal, 5y:^24 - y 

5. And 9=4, the less number. 

Prob. 2. To find one of two quantities, 
Whose sum is equal ioh; and 
The difiference of whose squares is equal to d. 

Let x=: the greater quantity ; And y= the less. 

1. By the first condition, op-j-ysA > 

2. By the second, a*-y*=ci J 

3. Transp. y*in the 2d equation, 3i?=id+y* 



4. By evolution, (Art. 297.) x=z^d+y* 

5. Trans, y in the first equation, x=zh - y 

6. Making the 4th and 5th equal, ^d^y^=:h - y 

7. Therefore »=**~^ 



2h 



Prob. S. ffiyen ^+hjh J ^^ g^^ ^ ^^ ^^ A- 

325. The rule given above may be generally apolied, for 
the extermination of unknown quantities. But there are 
cases in which other methods will be found more expeditious. 

Suppose x=hy > 
And oar-f-6a:=y* J 
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As in the first of these equations x is equal to hy^ we may 
in the second equation substitute this value of x instead of 
X itself. The second equation will then be converted into 

The equality of the two sides is not affected by this alter- 
ation, because we only change one quantity x for another 
which is equal to it. By this means we obtain an equation 
which contains only one unknown quantity. Hence, 

9^6. Ruk II. To exterminate an unknown quantity, find 

THE VAI^UC OF ONE OP THE UNKNOWN QUANTITIES, IN ONE OP 

THE EQUATIONS ; and then in the other equation SUBSTI- 
TUTE THIS VALUE for THE UNKNOWN- QUANTITY ITSELF. 

Problem 4. A privateer in chase of a ship 20 miles distant, 
sails 8 miles, while the ship sails 7. How far must the pri- 
vateer sail before she overtakes the ship 1 

It is evident that the whole distance which the privateer 
sails dtlring the chstse, must be to the distance, which the 
ship sails in the same time, as 8 to 7. 

l,et a?== the distance which the privg^teer sails : 

And y= the distance which the ship sails. 

1. By the supposition, a?=y+20 ) 

2. And also, a: : y : : 8 : 7 5 

3. Art. 188, y=:ix 

4. Substituting t for y, in the 1st equation, af=far-(-20 

5. Therefore, ' a:=160. 

Prob. 5. The ages of two persons, A and J?, are such that 
seven years ago, A was three times as old as B; and seven 
years hence, A will be twice as old as B, What is the ^.ge 
of^? 

I^et x= the age of A; And y=the age of B. 

Then a? - 7 was the age of A^ 7 yea^rs ago ; 
And y -7 was the age of B, 7 years ago ; 
Also x-\-7 will be the age of A, 7 years hence ; 
And y-f7 will be the age of By 7 years hence, 

1. By the first condition, a: - 7=3 x (y - 7) =:3y - 21 / 

2. By the second, a?+7= 2 x (y+7) = 2y4- 1 4 ) 
8. Transp. 7 in the 1st equa. a;=3i/ - 14 

4. Subst. 3i/ - 14 for x, in the 2d, Sy - 144-7=2j/+14 

5, Therefore, i/=21, the age of B, 
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Prob. 6. There are two numbers, ot which. 

The greater is to the less as 3 to 2 ; a&d 
Their sum is the 6th part of thieir product 

What is the less number 1 Ans. U). 

327. There is a third method of exterminating an unknown 
quantity from an equation, which in many cases, is preferable 
to either of the preceding. 

Suppose that jr~|-3y=a > 
Aud 9~Sy:^by 

If we add together the first members of these two equa- 
tionsf, and also me second members, we shall have 

2x:=za+b, 

an equation which contain? only the unknown quantity x. 
The other, having equal co-efficients with contrary signs, has 
disappeared. (Art. 77.) The equality of the sides is preserved 
because we have only added equal quantities to equal quan- 
tities. 

Again^uppose 3a;-{-y=^ ) 



And ix- 

If we subtract the last equation from the first, we shall have 

x=h-d 

where y is exterminated, without affecting the equality of 
the sides. 

Again, suppose x-2yz=a> 

And x+4yz=:b J 

, Midtiplying the 1st by 2, 2x t 4y=^2a 
Then adding the 2d and 3d, 3a;=64-2a. Hence, 

338. Rule HI. To exterminate an unknown quantity, 

MULTIPLY oti DIVIDE the equations, if necessarf, 

IN SUCH A MANNER THAT THE TERM WHICH CONTAINS ONE 
OP THE UNKNOWN QUANTITIES SHALL BE THE SAME IN BOTH. 

Then SUBTRACT one equation from the other, 

IF THE SIQNd OP THIS UNKNOWN QUANTITY ARE ALIKE, 
OR ADD THEM TOGETHER, IF THE SIGNS ARE UNLIKE. 

It must be kept in mind that both members of an equa< 
tion are always to be increased or diminished, multiplied or 
divided alike. (Art. 170.) 
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Prob. 7. The AUmb^rB m two oppmag Mgt6e^ an^ ^tteb, 
that. 

The sum of both is 21110; and 

Twice the number in the greater army, added to three 
times the number in the less^ is 52219. 

What is the niunber in the greater army 1 ' 

Let «= the greater. And y= the less. 

1. By the first condition, «-f.y=21110 \ 

2. By the second, 2a:-f-%= 52219 > 

3. Multiplymg the 1st by S, Sa?+Sy = 63330 

4. Subtracting th^ 2d from the 3d, «= 11111. 

Prob. 8. Given 2a^4-y=16, and 3ar-3](=3 6, to find the 
value of X. 

1. By supposition, 2a?+y=16 > 

2. And Sjr^8y=s6$ 

3. Multiplying the let by S, 6a;-f3y=s48 

4. Adding the 2d and 3d, 9ar=54 

5. Dividing by 9, ar=6. 

Prob. 9. Given a:-|>y= 14, and a:-y=2, to find the value 
of y. Aas. 6. 

In the succeeding proUems, either of the three rules 
for exterminating unboiown quantities will be made use of, as 
will in each case be most convenient 

3^9. When cne of the unknown quantities is determined, the 
other may be easily obtained, by going ba«k to an equation 
which contains both, and substituting instead of that which 
iff already found, its numerical valt^. 

Prob* lOJ The mast of a ship consists of two parts ; 

One third of the low^ part added to one sixtb of the 
upper part, is equal to 28 ; and. 

Five times the lower part, diminished by six times the 
upper part, is equal to 12. « 

What is the height of the mast ? 



heix^iht low^r part ; And if :^ the upper pari. 

1. By the first condition, ia:+jy=28 ) 

2. By the second, 5ar-ey=12 5 
8. Multiplying the Ist by 6, 2^-^=1:68 

4. Dividing the 2d by 6, for - y =2 

5. Adding the Sd and 4th, 2a;4-fv=lT0 

6. Multiplymg by C, ' 12a:+6a::?:1020, 

%. UniliBgt€vin»aiiddiyidingb]rl7,«a60^tl)ie low^ part. 

Then by the Sd step, . 2x+y = 1 68 

That is, substituting 60 for a;, 1204-y=:168 [per part. 

Transposing t20, y=ie8 - 120=48^ the up- 

Prob. 11. To find a firaction such that. 

If a unit be added to the numerator, the fraction will be 
equal to i ; but 

If a unit be added to the denominator, the ftttctien will be 
equal to|. 



Let «= the nu^i^rator, Andy=; the denominator. 
1. By the flirst conditioDry 



9 

Bytheseeond* .JL.ssi 

y+1 

S^ Therefore x=4f the numerator, 

4. And y=15,>he denominator* 

Jhxh. 1& What two numbers are those, 

Whose d^ermce is to their som, as 2 to S; andl 
Whose sum is to their product, as 3 to 5 1 

Ana 1,0 and 2„ 

Prob. IS. To fiod two numbers such, that 

The product of their sum and difference nbfJl be 5^ md 
The product of the sum of their squares and the difi^- 
ence of their squares shall be 65. 

Let «= the greater number ; Andyr;; the lesa 
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1 . By the first condition, (a?+y ) X (a? - y ) = 5 > 

2; By the second, («*+»*) X (a:* - V") = 66 i 

3* Mult, the factors in the 1st, (Art. 235,) a? -y*=5 

4. Dividing the 2d by the 3d, (Art. 1 18,) a?+y«= 13 

5. Addmg the 3d and 4th, , 2a!*=18 

6. Therefore a;=3^ the greater number, 

7. And y=2, the less. 

In the 4th step, the first member of the second equation is 
divided by a? -y% and the second member by 5, which is 
equal to a? - y*. 

Prob. 14. To find two numbers whose difference is 8, and 
product 240. 

Prob. 15. To*find two numbers. 

Whose difference shall be 12, and . 
u4ie sum of their squares 1424. 

Let ar= the greater ; And y= the less. 

1 . By the first condition, ar - y = 1 2 

2. By the second, a;«-f-j/'=1424 

3. Transposing y in the first, a;=y-{-12 

4. Squaring both sides, a?=:y^'^24y'^144 

5. Transposing y* in the second, a;*=1424-y* 

6. Making the 4th and 5th equal, y^-|-24y+144= 1424 - y' 

7. Therefore y= - 6±v(676) = - 6+26 

8. And a:=y+12=204.12=32. 

EaUATIONS WHICH CONTAIN THREE OR MORE 

UNKNOWN QUANTITIES. 

330. In the examples hitherto given, each has contamed 
no more than two unknown quantities. And two indepen- 
dent equations haye been sufficient to express the conditions 
of the question. But problems may involve three or more 
unknown quantities ; and may require for their solution as 
many independent equations. 



Suppose X- 
And X- 
And X- 



4iy+z=12 
2y - 22r=10 ^ are given to find, a;, y, and z^ 
y-.2=4 
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From these three equations, two others may be derived 
which shall contain only two unknown quantities. One of 
the three in the original equations may be exterminated, in 
the same manner as when there are, at first, only two, by the 
rules in Arts. 324, 6, 8. 

In the equations given above, if we transpose y and 2r, we 
shall have. 

In the first, a:=12-y-z 
In the second, rc=10-2y+2« 
In the third, rr = 4 - y-\-z 

From these we may deduce two new equations, from which 
X shall be excluded. 

By making the 1st and 2d equal, 12-y-z=\0- 2y-\-2z ) 
By making the 2d and 3d equal, 1 - 2y+2z = 4 - y+z J 

Reducing the first of these two, y =32 - 2 
Reducing the second, yz^z-^-d 

From these two equations one may be derived containing 
only one unknown quantity 

Making one equal to the other, Sz-2=z-\-G 
And z=z4. Hence, 

331. To solve a problem containmg three unknown quan- 
tities, and producing three independent equations. 

First, from the three equations deduce two con- 
taining ONLT TWO UNKNOWN QUANTITIES. 

ft 

Then, from these two deduce one, containing only 

ONE unknown quantity. 

For making these reductions, the rules already given are 
sufficient. (Art 324, 6, 8.) 

Prob. 16. Let there be given, 

1. The equation x-{'5y-{-6z=:5S J 

2. And jr+3y+3^=30> To find x, y, and z. 

3. And a?+y4.2r=12 ) 

From these three equations to derive two, containing only 
two unknown quantities, 

4. Subtract the 2d from the 1st, 2y+Sz=z2S 

5. Subtract the 3d from the 2d, 2y- 

From these two, to derive one, 



--32r=23) 

--2z=:18 5 



6. Subtract the 5th from the 4th, r=5. 

21 
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To find X and y, we have dnly to take their values {h)in 
the third and fifth equations. (Art« 329.) 

7. Reducing the fifth, ^=9 -2:=9 - 5=4 

8. Transposing in the third, x=\2 -z-y=12 - 5 - 4=S. 

Prob. 17. To find Xy y, and z, firom 

1. The equation ar+y-|-jr=12 

2. And ar+2y+8«=20 

3. And ix+iy+z=te 

4. Multiplying the 1st by 3, 3a:+3y+32:=36 

5. Subtracting the 2d fi-om the 4th, 2ar4- y=16 

6. Subtracting the 3d fi"oin the 1st, x - ix-^-y - iy = 6 

■ 

7. Clearing the 6th of firactions, 4jr^-3y=36 > 
.8. Multiplying the 5th by 3, 6a:+3y=48 5 

9. Subtracting the 7th from the 8th, 2a: =12. And a: =6. 

10. Reducing the 7th, • ^^36-4^^36^ 24^^ 

11. Reducing the 1st, jr=12-a:-y=12-6-.4=2. 

In this example all the reductions have been made accor- 
ding to the third rule for exterminating unknown quantities. — 
(Art 328. ) But either of the three may be used at pleasure. 

332. A calculation may often be very much abridged, by 
the exercise of judgment in stating the question, in selecting^ 
the equations from which others are to be deduced, in simpli- 
fying fractional expressions, in avoidiiig radical quantities, 
&c. The skill which is necessary for this purpose, however, 
is to be acquired, not from a system of rules, but firom prac- 
tice, and a habit of attention to the pecuUanties in the con- 
ditions of different problems, the variety of ways in which 
the same quantity may be expressed, the numerous foims 
which equations may assume, &c. In, many of the examples 
in this and the preceding sections, the processes might have 
been shortened. But the object has been to illustrate gen- 
eral principles rather than to furnish specimens of expeditious 
solutions. The learner will do well, as he passes along,, to 
exercise his skill in abridging the calculations which are 
here given, or substituting others in their stead. 
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C 1. :e4-y=al 
Frob. 18. Given < 2. x+z=by To find Xy y and z. 

Ana. »= 5 — And y= « — And z= g — ' 

Prob. 19. Three persons Jl^ By and C, purchase a horse 
{(X 100 dollars, but neither is able to pay for the whole. 
The payment would require, 

The whole of •fl's money, together with half of J?*s ; or 

The whole of JB's, with one third of Cs ; or 

The whole of Cs, with one fourth of .^s. 

How much money had each 1 

Let x^Jfs zz=z Cs 

y=J8?8 a=:100 

By the first condition, x-^-iy^a 

By the second, y-f- i^r = a 

By the third, z4-i«==a 

Therefore a:=64. y=72. r=84. 

333. The learner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 
generally be best to begin with that which is most free from 
co-efficients, fractions, radical signs, &c. 

Prob. 20. The sum of the distances which three persons, 
Ay By and C, have travelled, is 62 miles ; 

•^s distance is equal to 4 times Cs, added to twice ^'s ; and 
Twice .^s added to 3 times ^s, is equal to 17 times Cs. 

What are the respective distances 1 

Ans. jfs, 46 miles ; S's, 9 ; Cs 7. 

Prob. 21. To find Xy y, and r, from 

The equation iar-j-iy+i^^^^ 

And ia:+iy4.iz=47 

And ia:+iy+i^=38 

Ans. a:=:24 y=:60. 2r=120. 

ray =600^ 
Prob. 22. Given \ xz^.^QO > To find a?, y, and r. 

(y:f=200) 

Ans. a?=30. y=20. 2f=10. 
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S34. The same method which is emjdoyed for the reduc- 
tion of three equations, may. be extended to 4, 5, or any num- 
ber of equations, containing as many unknown quantities. 

The unknown quantities may be exterminated, one after 
another, and the number of equations may be reduced by 
successive steps from five to four, from four to three, from 
three to two, &c. 

Prob. 23. To find w, ar, y, and z, from 
1. The equation iy+2^+iw=8 \ 

4. And a:-{-w-|-z=10 5 

5. Clear, the 1st of frac. y'\'%z^w^l6 ^ 

6. Subtract. 2d from 3d, z- to=3 > Three equations. 
. 7. Subtract. 4th from 3d, y - tr=2 ) 

8. Adding 5th and 6th, t/4-3«=19 > ^ 

9. Subtr^t. 7th from 6th, - y+z= 1 J ^^ equations. 

10. Addmg 8th and 9th, 4z=z20. Or z=z5 ) 

11. Transp. in the 8th, y=19 -3z=4 f Quantities 

1 2. Transp. in the 3d, ar= 1 2 - y - 5r= 3 k required. 

13. Transp. in the 2d, w=9-a:-y=2 5 

Prob. 24. Given | J+JIJ^gz [ ^^ ^^ ^' ^' "' ^^ ^• 

I z+195=3w ) 
Answer. w=100 y=90 

a:=150 z=:l05. 

Prob. 25. There is a certain number consisting of two 
digits. The left-hand digit is equal to 3 times the right- 
hand digit; and if twelve be subtracted fiom the number 
itself, the remainder will be equal to the square of the left-' 
hand digit. What is the number 1 

Let x= the left-hand digit, and y= the right hand digit. 

As the local value of figures increases in a ten-fold ratio 
from right to left ; the number required =10ar-j-y 

By the conditions of the problem a;=3y > 

And 10a:+y-12=a;^ J 

The reqvured number ie, therefore, 93. 
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Prob. 26. If a certain niunber be divided by the product 
of its two digits, the quotient will be 2 ; and if 27 be added 
toUie niunber, the digits will be inverted. What is the 
number f Ans. 36. 

Prob. 27. There are two numbers, such, that if the less be 
taken from three times the greater, the remainder will be 35 ; 
and if 4 times the greater 1^ divided by 3 times the less -f-l* 
the quotient will be equal to the less. What are the numbers 1 

Ans. 13 and 4. 

Prob. 2l8. There is a certain fraction, such, that if 3 be 
added to the numerator, the value of the fraction will be i ; 
but if 1 be subtracted from the denominator, the value will 
bef. What is the fraction ? a^ 4 

'21- 

^^ Prob. 29. A gentleman has two horses, and a saddle which 
is worth ten guineas. If the saddle be put on the first horse, 
the value of both will be dotible that of the second hcnrse ; but 
if the saddle be put on the second horse, the value of both 
will be less than tnat of the first horse by 13 guineas. What 
is the value of each horse 1 

Ans. 56 and 33 guineas. 

\ Prob. SO. Divide the number 90 into 4 such parts, that the 
first increased by 2, the secimd dimir^shed by 2, the third muU 
HpUed by 2, and the fourth dwided by 2, shall all be equal. 

If x^ y, and Zy be three of the parts, the fourth will be 
90 - a? - y - z. Ajid by the conditions, 

ar4-2=y-2 
x+2z=2z 



The parts required are 18, 22, 10, and 40. 

Prob. 31. Find three numbers, such that the first with i 
the sum of the second and third shallbe 120 ; the ^eccmrf with 
I the difference of the third and first shall be 70 ; and 4 the 
sum of the three numbers shall be 95. 

{ Prob. 32. What two numbers are those, whose difference, 
sum and product, are as the numbers 2, 3, and 5 1 

Ans. 10 and 2. 
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Prob 3S. A vintner sold at one time, iO dozen of port 
wine, and 80 dozen of sherry ; and for the whole received 
120 guineas. At another time, he sold 30 doz^i of port and 
25 dozen of sherry, at the same prices as before ; ana for the 
whole received 140 guinecut. What was the price of a dozen 
of each sort of wine 1 

Aus. The port was 3 guineas, and the sherry 2 guineas a 
dozen. 

Prob. 34. A merchant having mixed a certain number of 
gallons of brandy and water, found that, if he had mixed 6 
gallons more of each, he would have put into the mixture 7 
gallons of brandy for every 6 of water. But if he had mixed 
6 less of each, he would have put in 6 gallons of brandy for 
every 5 of water. How many gallons of each did he mix 1 

Ans. 78 gallons of brandy and 66 of water. 

Prob. 36. What fraction is that, whose numerator being 
doubled, and the denominator increased by 7, the value be- 
comes f ; but the denominator being doubled, and the nume- 
rator increased by 2, the value becomes f 1 Ans. i. 

Prob. 36. A person expends 30 cents in apples and pears, 
giving a cent for 4 apples and a cent for 5 pears. He after- 
wards parts with half his apples and one third of his pears, 
the cost of which was 13 cents. How many did he buy of 
each 1 Ans. 72 apples and 60 pears.* 



335. If in the algebraic statement of the conditions of a 
problem, the origincd equations are more numerous than the 
unknown quantities ; these equations will either be contra- 
dictory y or one or more of them will be superfluous. 

'Thus the equations < i^^an ( are contradictory. 

For by the iSrst a?=20, while by the second, xsz40. 
3ut if the latter be altered, so as to give to a? the same value 
as ti^e former, it will be useless, in the statement of a 



* For more examples of the solution of problems by equations, see Euler's 
Algebra, Part I, Sec 4 ; Simpson's Algebra, Sec II ; Simpson's Bxercises ; 
Maclaurin's Algebra, Part I, Chap. 2 and 13 : Emerson's Algebra, Book II, 
-Sec I ; Saunderson's Algebra, Book II and III; Dodson's Mathematical Re- 
pository, and Bland's Algebraical Problems. 
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problem. For nothing can be determined from the one, 
which cannot be from the other. 

*a:=10 J ^^^ ^ superfluous. 

For either of them is sufficient to determine the value of x. 
They are not independent equations. ([Art. 322.) One is 
convertible into the other. For if we divide the 1st by 6, it 
will become the same as the second. 

Or if we multiply the second by 6, it will become the same 
as the first. 

336. But if the number of independent equations produc- 
ed from the conditions of a problem, is less than the number 
of unknown quantities, the subject is not sufficiently limited 
to admit of a definite answer. For each equation can limit 
but one quantity. And to enable us to find this quantity, all 
the others connected with it, must either be previously known, 
or be determined from other equations; If this is not the 
case, there will be a variety of answers which will equally 
satisfy the conditions of the question. If, for instance, in 
the equation 

a:4-y=100, 

X and y are required, there may be fifty different answers. 
The values of x and y may be either 99 and 1, (mt 98 and 2, 
oc 97 and 3, &c. For the sum of each of diese pairs of 
niniribers is equal to 100. But if there is a second equation 
which determines one of these quantities, the other may then 
be found from the equatiixi already given. As a;4-y=lW> 
if :rr=46, y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answer 
this condition. 

387. For the sake of abridging the solution of a problem, 
however, the number of independent equations actually put 
upon paper is frequently less, than the number of unknown 
quantities. Suppose, we are required to divide 100 into two 
such parte, that the greater shall be equal to three times the 
less. If we put x for the greater, the less will be 100 -ar. 
(Art. 195.) 

Then by the supposition, a =300 - 3a;. 

Transposing and dividing, ar=75, the greater. 

And 100-75=25, the less. 
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Here, two unknown quantities are found, although there 
appears to be but one independent equation. The reason of 
this is, that a part of the solution has been omitted, because 
it is so simple, as to be easily supplied by the mind. To 
have a view of the whole, without abridging^^ lei «= the 
greater number, and y= the less. 

l#Then by the supposition, ar4"y=lW I 

2. And 3y=ar J 

3. Transposing x in the 1st, y = 100 - x 

4. Dividmg the 2d by 3, y=ia: 

5. Making the 3d and 4th equal, ia;=: 100 - x 

6. Multiplying by 3, a?=:300-3a; 

7. Transposing and dividing, a?=76, the greater, 

8. By the Sd step, y= 100 -ar=25, the less. 

By comparing these two solutions with each other, it will 
be seen that the first begins at the 6th step of the latter, all 
the preceding parts being omitted, because they are too sim- 
ple to require the formaUty of writing down. 

Prob. To find two numbers whose sum is 30, and the dif- 
ference of their squares 120. 

Leta=30 i=:120 

x=2 the less number required. 

Then a-^x^ the greater. (Art. 195.) 

And a*- 2aa;4-a*= the square of the greater. (Art 214.) 

From this subtract s^^ the square of the less, and we shall 
have a'-2aa;= the difference of their squares. 

Therefore. «=^=W-^^=18. 

2a 2x30 

338. In most cases also, the solution of a problem which 
contains many unknown quantities, may be abridged, by par- 
ticular artifices in substituting a single letter for several. 
(Art 321.) 

* Suppose four numbers, «, ar, y and z, are required, of which 

The sum of the three first is 13 

The sum of the two first and last 17 

The sum of the ^st and two last 18 

The sum of the three last 21 



* Ludlam's Algebra, Art. 161. c. 
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Then 1. tt4-a:4-y=13 

2. u+x+z- 17 

3. u+y+z=l8 

4. a:-fy-f2r=21. 

Let S be substituted for the sum of the four numbers, that , 

is, for i*+«-j-y4"^* ^^ ^^^ ^® ^^^'^ ^'^^^ ^^ thes^ foui^ equa- 
tions. 

The first contains all the letters except z, that is, iS-2:= 13 
The second contains all except y, that is, S^y=17 

The third contains all except re, that is, S- af=18 

The fourth contains all except u, that is S^u=:2l. 

Adding all^these equations together, we have 

4S'-z-~ y-x -ti=69 
Or 4S •- {z+y+x+u)=69 (Art. 88. c.) 

But <S= (2r4-y-|-^+^) ^y substitution. 
Therefore, 45f-iSf=69, that is, 35f=69, and S=:2S. 

Then putting 23 for S^ in the four equations in which it 
is first introduced, we have 

23-z=131 rz=23 -13=10 

^^-»=?lUhereforeJy=!!-?I=? 



23-ar=18 ) 
23-tt=21J 



a:=23-18=5 
14=23-21 = 2. 



Contrivances of this sort for facilitating the solution of 
particular problems, must be left to be furnished for the occa- 
sion, by the ingenuity of the learner. They are of a nature 
not to be taught by a system of rules. 

339. In the resolution of equations containing several un- 
known quantities, there will often be an advantage in adopt- 
ing the following method of notation. 

The co-efficients of one of the unknown quantities are 
represented. 

In the first equation, by a single letter, as a. 

In the secondy by the same letter marked with an accent, as a\ 

In the thirds by the same letter with a double accent, as a^'',&c. 

The co-efficients of the other unknown quantities, are re- 
presented by otheHietters marked in a similar manner ; as are 
also the terms which consist of Jcnmon quantities only. 

22 
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TiDO equations containing the two unkoown quantities x 
and y may be written thus, 

ax-{'by=c 
a^x-{'b^y=</. 

Three equations containing ^, y, and Zy thus^ 

aX'{-by-{-cz=:d 

a^X'\'h^y-\-&z^d/ 
a''x+b''y+c''z:=d'\ 

Founr equations containing x^ y, z, and «^ thus, 

ax-^ by-{-cz-{' du=:e 
afx-\'h^y'\'&z-\-d^u=e^ 
a''x+ b''y+c''z+ d''u = e"' 
a'''x+b'''y+(/''z+d'''u=ze'''. 

The same letter is made the co-eiiicient of the same un- 
known quantity, in different equations, that the co-efl5cients 
of the several unknown quantities may be distinguished, in 
any part of the calculation. But the letter is marked with 
different accents^ because it actually stands for different quan- 
tities. 

Thus we may put a=4, a^=6, a^' = 10, a'' =20, &c. 

To find the value of x and y. 

1. In the equation, ax'\-by=c > 



And a^ar+6' 

3. Multiplying the 1st by 6^(Art. S2d,)ab^x+Wy=€b' 
4 Multiplying the 2d by 6, ba^x^bb^y=zbc^ 

5. Subtracting the 4th from the 3d, ayx-ha^x^cb^ - bc^ 

6. Dividing by ab' - ba\ (Art. 121.) xz=^^JI^] 

ab^-^ba 

By a similar process, ' y=55^-^^-^ 

ab^ - ba^ 

The symmetry of these expressions is well calculated to fix 
them in the memory. The denominators are the same in 
both ; and the numerators are like the denominators, except 
a change of one of the letters in each term. But the par- 
ticular advantage of this method is, that the expressions here 
obtained may be considered as general solutions^ "which, give 
the values of the unknown quantities, in mother equations, of 
a similar nature. 
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Thus if 10ir4-%=100> 
And 40ar+4y=200 5 
Then putUng a= 10 6z=:6 czszlOO 

a'=40 &^=4 c'=200 

We have ,^cb^JzK^l00x4 ^ 6x200 ^^ 

ahf^haf 10x4-6x40 
And ac^-cfl^ _ 10X200- 100x40 _^^ 

^ ab'^ha' 10x4-6x40 

The equations to be resolved may, originally^ consist of 
more than three terms. But if they are of the first degree, 
and have only two unknown quantities, each may be reduced 
to three terms by substitution. 

Thus the equation dx - Acx-\-hy - 6y =m-|-8 

Is the same, by Art. 120, as (d- 4)3?4'(^ - 6)1/ =»^-8. 
And putting a=rf-4, 6=fc-6, c=m4-8 

It becomes cur-|-ty=<^'* 

DEMONSTRATION OF THEOREMS. 

340. Equations have been applied, in this and the preced- 
ing sections, to the solution of j^roblems. They may be em- 
ployed with equal advantage, in tlie demonstration of theo- 
rems. The principal difference, in the two cases, is in the 
order in which the steps are arranged. The operations them- 
selves are substantially the same. It is essential to a demon- 
stration, that complete certainty be carried through every 
part of the process. (Art. 11.) This is effected, in the re- 
duction of equations, by adhering to the general rule, to make 
no alteration which shall affect the value of one of the mem- 
bers, without equally increasing or diminishing the other. 
In appljring this principle, we are guided by the axioms laid 
down in Art. 63. These axioms are as applicable to the de- 
monstration of theorems, as to the solution of problems. 

But the order of the steps will generally be different. In 
solving a problem, the object is to find the value of the un- 
known quantity, by disengaging it from all other quantities. 
But, in conducting a demonstration, it is necessary to bring 

♦ For the application of this plan of notation to the solution of equations 
which contain more than two unknown quantities, see LaCroix's Algebra, Art. 
85 ; Maclaurin*s Algebra, Part. I. Chap. 12 j Fenn's Algebra, p. 57 ; and a 
paper of Laplace, in the Memoirs of the Academy of Sciences for 1772. 
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the equation to that particular form which will express, in 
algebraic terms, the proposition to be proved. 

Ex. 1. Tlieorem. Four times the product of any two 
numbers, is equal to the square of their smn, diminished by 
the square of their difference. 

Let x= the greater number, 5= their sum, 

y=: the less, d=z their difference. 

Demonstration. 

1. By the notation x^y:=s > 

2. And x-y^d > 

3. Adding the two, (Ax. L) 2x=S'\'d 

4. Subtracting the 2a from the 1st, 2y=s-'d 

5. Mult. 3d and 4th, (Ax. 3.) 4xy ={8+d) X{8-d) 

6. That is, (Art. 235.) 4a;y=5«-(P 

* 

The last equation expressed in words is the proposition 
which was to be demonstrated. It will be easily seen that 
it is equally applicable to any two numbers whatever. For 
the particular values of x and y will make no difference in 
the nature of the proof. 

Thus 4x8x6=(81|-6)«- (8-6)«=192. 
And 4xl0x6=(104.6)«- (10-.6)«=240. 
And 4xl2xlO=(12-4-10)«- (12 -10)^=480. 

Theorem 2. The sum of the squares of any two numbers is 
equal to the square of their difference, added to twice their 
product. 

Let x=z the greater, d= their difference. 

y= the less, p= their product. 

Demomiration. 

1. By the notation x - y^d > 

2. And a?y=/> 5 

3. Squaring the first a:*-2xy+y'^(P 

4. Multiplying the second by 2 2xyz=:2p 

5. Adding the third and fourth x^-\-y^=d^^2p. 

Thus 10*-|-8«= (10 -8)2+2x10x8= 164. 

341. General propositions are also discoveredy in an expedi- 
tious manner, by means of equations. The relations of 
quantities may be presented to our view, in a great variety 
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of ways by the several chaijges through which a given equa- 
tion may be maxle to pass. Each step in the process will 
contain a distinct proposition. 

Let 8 and d be the sum and difference of two quantities x 
and y^ as before. 

1. Then s^zx^y) 

2. And dzzzx-y) 

3. Dividing the first by 2, i^=i^+iy 

4. Dividing the 2d by 2, H=i«-Jy 

5. Adding the 3d and 4th9 i8'\-id=iX'\-ix=zx 

6. Sub. the 4th from the 3d, i'-icl=iy+^=y* 
That is, 

Half the difference oftioo qtuirUitieSy added to half their stmiy is 
equal to the greater ; and 

Half their difference subtracted from half their staUy is equal to 
tlie less. 



SECTION XII. 



RATIO AND PROPORTION.* 



Art. 342. THE design of mathematical investigations, is 
to arrive at the knowledge of particular quantities, by com- 
paring them with other quantities, either equal to, or greater 
or less than those which are the objects of inquiry. The end 



* Euclid's Elements, Book 5, 7, 8. Eider's Algebra, Part I. Sec 3. EmerBon 
on Proportion. Camus' Geometry, Book III. Ludlam's Mathematics. Wallis' 
Algebra, Chap. 19, 20. Saunderson's Algebra, Book 7. Barrow's Mathema- 
tical Lectures. Analyst for March, 1814. Port Royal Art of Thinking, Part 
IV. Ch. iv. 
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is most commonly attained by means of a tseries of equations 
and proporHans. When we make use of equations, we deter- 
mine the quantity sought, by discovering its equdUty with 
some other quantity or quantities aheady known. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not equal to it, but 
either greater or less. Here a different mode of proceeding 
becomes necessary. We may inquire, either how much one 
of the quantities is greater than the other ; or how mairty tones 
the one contains the other. In finding the answer to either 
of these inquiries, we discover what is termed a ratio of the 
two quantities. One is called arithmetical and the other gco- 
metrical ratio. It should be observed, however, that both 
these terms have been adopted arbitrarily, merely for dis- 
tinction's sake. Arithmetical ratio, and geometrical ratio are 
both of them applicable to arithmetic, and both to geometry. 

As the whole of the extensive and important subject of pro- 
portion, depends upon ratios, it is necessary that these should 
be clearly and fully understood. 

343. Arithmetical ratio is the difference between two 
quantities or sets of qtumtities. The quantities themselves are 
called the term>s of the ratio, that is, the terms between which 
the ratio exists. Thus 2 is the arithmetical ratio of 5 to 3. 
This is sometimes expressed, by placing two points between 
the quantities thus, 5. . 3, which is the same as 5 -3. Indeed 
the term arithmetical ratio, and its notation by points, are 
almost needless. For the one is only a substitute for the word 
difference^ and the other for the sign -. 

344. If both the terms of an arithmetical ratio be multiplied 
or divided by the same quantity, the ratio will, in effect, be 
multiplied or divided by that quantity. 

Thus if a-6=r 

Then mult, both sides by A, (Ax. 3.) ha^hb^hr 

a b r 
And dividing by /i, (Ax. 4.) r - r=^ 

345. If the terms of one arithmetical ratio be added to, or 
subtracted from, the corresponding terms of another, the ratio 
of their sum or difference will be equal to the sum or differ- 
ence of the two ratios. 
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If a - 6 > 

A dd^hl'^^^ ^^^ ratios, 

Then {a-\-i) -{b+h) = {a-6)+(rf-.A). For each rso-l-rf-*-*. 
And (a-d)-(6-it) = (a-6)-{d-&). For each z^a-d-b+h. 
Thus the arith. ratio of 1 1 . . 4 is 7 / 
And the arith. ratio of 5 . . 2 is S ) 
The ratio of the sum of the terms 16. .6 is 10, the sum of 

the ratios. 
The ratio of the difference of the terms 6. .2 is 4, the differ- 
ence of the ratios. 

346. GEOMETRICAL RATIO is that relation be- 
tween QUANTITIES WHICH IS EXPRESSED BT THE QUO- 
TIENT OP THE ONE DIVIDED BY THE OTHER.* 

Thus the ratio of 8 to 4, is f or 2. For this is the quotient 
of 8 divided by 4. In other words, it shows how often 4 is 
contained in 8. 

In the same manner, the ratio of any quantity to another 
aaay be expressed by dividing the former by the latter, or, 
which is the same thing, making the former the numerator 
of a fraction, and^ the latter the denominator. 

a 
Thus the ratio of a to 6 is r* 

d+h 
The ratio of d-^h to b-^-Cy is ~rr7 

347. Geometrical ratio is also expressed by {facing two 
points, (Hie 6ver the other, between the quantities compared. 

Thus a: b expresses the ratio of a to 6 ; and 12:4 the ratio 
of 12 to 4. The two quantities together are called a couplet, 
of which the first term is the arUecederU, and the last, the 
consequent. 

S4S. This notation by points, and the other in the form of 
a fraction, may be exchanged the one for the other, as con- 
venience may require ; observing to make the antecedent of 
the couplet, the numerator of the fraction, and the ccHisequeni 
the denominator. 

b 
Thus 10 : 5 is the same as ^ and b : d, the same as ^' 

349. Of these three, the antecedent, the consequent, and 
the ratio, any two being given, the other may be found. 

'^ See Note H. 
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* Let a= the antecedent, c= the consequent, r= the ratio. 

a 

By definition r= - ; that is, the ratio is equal to the antece- 
dent divided by the consequent. 

Multiplying by c^ a:=cr, that is, the antecedent is equal to 

the consequent multiplied into the ratio. 

a 
Dividing by r, <?=-, that is, the consequent is equal to the 

antecedent divided by the ratio. 

Cor. 1. If two couplets have their antecedents equal, and 
their consequents equal, their ratios must be equal. ^ 

Cor. 2. If, in two couplets, the ratios are equal, and the 
antecedents equal, the consequents are equal ; und if the 
ratios are equal and the consequents equal, the antecedents 
are equaLf 

350. If the two quantities compared are eqwdy the ratio is 
a imit, or a ratio of equaUty. The ratio of 3x6 : 13 is a 
unit, for the quotient of any quantity divided by itself is 1. 

If the antecedent of a couplet is greater than the conse- 
quent, the ratio is greater than a imit. For if a dividend is 
greater than its divisor, the quotient is greater than a unit. 
Thus the ratio of 18 : 6 is 3. (Art. 128. cor.) This is called 
a ratio of grecOer ine^^lity. 

On the other hand, if the antecedent is less than the con- 
sequent, the ratio is less than a imit, and is called a ratio of 
less inequality. Thus the ratio of 2 : 3, is less than a unit, 
because the dividend is less than the divisor. 

351. INVERSE or RECIPROCAL ratio is the ratio 
OP the reciprocals of two quantities. See Art. 49. 

Thus the reciprocal ratio of 6 to 3, is i to i, that is i-f-^. 

a 
The direct ratio of a to 6 is j, that is, the antecedent divided 

by the consequent. • 

^^ 111116* 

The reciprocal ratio is -:jor--r j=-Xy=-- 

that is the consequent 6 divided by the antecedent a. 



♦ Euclid 7. 5. t Euc 9. 6. 
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Hence a reciprocal ratio is expressed by nwerting the firaC' 
Han which expresses the difect ratio ; or when the notation 
is by points, by inverting the order of the terms. 

Thus a is to 6, inversely, as b to a. 

352. COMPOUND RATIO is the ratio of the PRO- 
DUCTS, OF THE CORRESPONDING TERMS OF TWO OR MORE 
BIMPLE RATIOS.* 

Thus the ratio of ^ 6 : 3, is 2 

And the ratio of / 2 : 4, is 3 



The ratio compounded of these is 72 : 12=6. 

Here the compound ratio is obtained by multiplying 
together the two antecedents, and also the two consequents, 
of the simple ratios. 

So the ratio compounded, 

Of the ratio of a : 6 . 

And the ratio of c : d 

And the ratio of h : y 

Is the ratio of ach : 6civ= 

^ hdy 

Compound ratio is not different in its nature from any other 
ratio. The term is used, to denote the origin of the ratio, in 
particular cases. 

Cor. The compoimd ratio is equal to the product of the 
simple ratios. 

The ratio of a : ft, is ^ 

The ratio of c : rf, is f . 

The ratio of ^ : y, is _ 

y 

And the ratio compounded of these is , wjiich is the 

hdy 

product of the fractions expressing the simple ratios. (Art^ 

353. If, in a series of ratios, the consequent of each pre- 
ceding couplet, is the antecedent of the following one, the 



* See Note I. 
23 
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ratio of the first antecedent to the last consequent, is equal to that 
which is compounded of all the intemening ratios,* 

Thus, in the series of ratios a : b 

b : c 
c : d 
d : h 

the ratio of a : h is equal to that which is compounded of the 
ratios of a : 6, of 6 : c, of c : d, of^d : h. For the compound 

ratio by the last article is ^Lf. =^ or a : fe. (Art. 145.) 

bcdh h 

In the same manner, all the quantities which are both 
antecedents and consequents will disappear when the frac- 
tional product is reduced to its lowest terms, and will leave 
the compound ratio to be expressed by the first antecedent 
and the last consequent. 

354. A particular class of compound ratios is produced, by 
multiplying a simple ratio into itself or into another e^tiol 
ratio. These are termed duplicate , triplicate^ quadruplicate^ 
&c. according to the number of multiplications. 

A ratio compounded of two equal ratios, that is, the square 
of the simple ratio, is called a duplicate ratio. 

One compounded of three, that is, the cube of the simple 
ratio, is called^ triplicate, &c. 

In a similar manner, the ratio of the square roots of two 
quantities, is called a subduplicate ratio ; that of the cube 
roots a subtriplicate ratio, &c. 

Thus the simple ratio of a to 6, is a : 6 

The duplicate ratio of a to b, is a* : 6* 

The triplicate ratio of a to b, is a^ : b^ 

The subduplioate ratio of a to b, is \/a : ^b 

The subtriplicate of a to b, is ^a : ^/b, &c. 

The terms duplicate, triplicate, &c. ought not to be con- 
founded with double, triple, &c.f 

The ratio*of 6 to 2 is 6 : 2=3 

Double this ratio, that is, twice the ratio, is 12 : 2=6 > 
Triple the ratio, i. e. three times the ratio, is 18 : 2=9 J 



* This is the particular case of compovind ratio which is treated of in the 
5th book of Euclid. See the editions of Simson and Playfair. 

t See Note *K. 
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But the dupUcdUe ratio,i.e.the square of the ratio^is 6* : 2'= 9 > 
And the triplicate ratio,i,e.the cube of the ratio, is 6' : 2^=27 J 

355. That quantities may have a ratio to each other, it is 
necessary that they should he so far of the same nature, as 
that one can properly be said to be either equal to, or greater, 
or less than the other. A foot has a ratio to an inch, for one 
is twelve times as great as the other. But it cannot be said 
that an hoiur is either shorter or longer than a rod ; or that 
an acre is greateror less than a degree. Still if these quan- 
tities are expressed by mmiberSy there may be a ratio between 
the nmnbers. There is a ratio between the number of min- 
utes in an hour, and the nimiber of rods in a mile. 

^ S56. Having attended to the nature of ratios, we have next 
to consider in what manner they will be affected, by varying 
one or both of the terms between which the comparison is 
made. It must be kept in mind that, when a direct ratio is 
expressed by a fraction, the antecedent of the couplet is always 
the numeraiory and the consequent the denominator. It will 
be easy, then, to derive from the properties of fractions, the 
changes produced in ratios by variations in the quantities 
compared. For the ratio of the two quantities is the same as 
the value of the fractions, each being the quotient of the 
numerator divided by the denominator. (Arts. 135, 346.) 
Now it has been shown, (Art. 137,) that multiplying the 
numerator of a fraction by any quantity, is multiplying the 
value by that quantity ; and that dividing the niunerator is 
dividing the value. Hence, 

357. Multiplying the airUecedent of a couplet by any quantity y 
is multiplying the ratio by that quantity ; and dividing the ante- 
cedent is dividing the ratio. 

Thus the ratio of 6 : 2 is 3 
And the ratio of ^4 : 2 is 12. 

Here the antecedent and the ratio, in the last couplet, arei 
each four times as great as in the first. 

The ratio of a : 6 is ^ 

b 

And the ratio of na : 6 is —. 

b • 
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Cor. With a given consequent, tbe greater the amUecedrnt, 
the greater the ratio ; and on the other hand, the greater the 
ratio, the greater the antecedent.* See Art. 137. cor. 

358. Multiplying the consequent of a couplet by any qumUity 
iSy in effect, dividing the ratio by that quantity ; and dividing the 
consequent is multiplying the ratio. For multiplying the denom- 
inator of a fraction, . is dividing the value ; and dividing the 
denominator is multiplying the value. (Art. 138.) 

Thus the ratio of 12 : 2, is 6 
And the ratio of 12 : 4, is 3. 

Here th'e consequent in the second couplet, is twice as grfeat, 
and the ratio only half as great, as in the first. 

The ratio of a : 6 is - 

b 

And the ratio of a : n5, is — 

nb' 

Cor. With a given antecedent, the greater the consequent, 
the less the ratio ; and the greater the ratio, the less the con- 
sequent, f See Art. 138. cor. 

359. From the two last art-icles, it is evident that multiply'^ 
ing the antecedent of a couplet, by any quantity, will have the 
same effect on the ratio, as dividing the consequent by that 
quantity; and dividing the antecedent, will have the same 
effect as multiplying the consequent. See Art. 139. 

Thus the ratio of 8 : 4, is 2 

Mult, the antecedent by 2, the ratio of 16 : 4, is 4 
Divid. the consequent by 2, the ratio of 8:2, is 4. 

Cor. Any factor or divisor may be transferred, fi-om the 
antecedent of a couplet to the consequent, or from the conse- 
quent to the antecedent, without altering the ratio. * 

It must be observed that, when a factor is thus transferred 
firom one term to the other, it becomes a divisor ; and when 
a divisor is transferred, it becomes a factor. 

Thus the ratio of 3x6 ; 9=2 ) ,, ' ,. 

Transferring the factor 3, 6 : |= 2 J "^^' ^^^^ '^*"°- 



'i' Euclid 8 and 10. 5. The first part of the propositions, 
t Euclid 8 and 10. 5. The last part of tlie propositions. 
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The ratio of 
Transferring y 
Transferring tN, 



ma ma ma 



ma 



ma : *y=ina-f-ty= ^^^ 

hu hy ma 

»i * m by 
• 360. It is farther evident, from Arts. 857 and 358, that if 

THE ANTECEDENT AND CONSEQUENT BE BOTH MULTIPLIED, 
OR BOTH DIVIDED, BY THE SAME QUANTITY, THE RATIO WILL 
NOT EE ALTERED.* See Al't. 140. 



Thus the ratio of 8:4=2 

Mult, both terms by 2, 16 
Divid. both terms by 2, 4 



:4=2> 
:8=2S 
:2=2) 



the same ratio. 



The ratio of 



a 



ma a 
Multiplying both terms by m, ma : m6=--i=:T Y 

a h an a 
Dividing both terms by n, - : -=7- =:t 

Cor. 1. The ratio of two fractions which have a common 
denominator, is the same as the ratio of their numerators, 

ah 

Thus the ratio of - • -, is the same as that of a : 6. 

n n 

Cor. 2. The direct ratio of two fractions which have a 
common numerator, is the same as the reciprocal ratio of 
their dmwminators. 

a a 11 

Thus the ratio of — ^ -,*is the same as -• : -, orn : m. 

m n. m n 

361. From the last article, it will be easy to determine the 
rStio of any two fractions. If each term be multiplied by 
the two denominators, the ratio will be assigned in integral 
expressions. Thus multiplying the terms pf the couplet 

a c abd bed 

r : T by bd, we. have -r- • —jy which becomes ad : 6c, by can- 
celling equal quantities from the numerators and denomi- 
nators. 



* Euclid, 15. 5 
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361. b. A ratio of greater inequdlityy compounded with 
another ratio, mcreaset it. 

Let the ratio of greater inequality be that ot 1-j-n : 1 

And any given ratio, that of a: b 



The ratio compounded of these, (Art. 352,) is a-|-na : b 
Which is greater than that of a : 6 (Art. 356. cor.)- 
But a ratio of lesser inequality^ compounded with another 
ratio, dimimshes it. 

Let the ratio of lesser inequaUty be that of 1 -n : 1 

Ajid any given ratio, that of - a: b 

The ratio compounded of these is a-tiaib 

IVhich is less than that of a : 6. 

362. If to or from the tervm of any couplet^ there be added or 
SUBTRACTER two Other quantities having the same ratloy the sums 
or remainders wUl aise have the same ratio.* 

Let the ratio of a : & > 

Be the same as that of c:dy , 

Then the ratio of the sum of the antecedents, to the sunv 
of the consequents, viz. of a-\-c to b-^-dy is also the same. 

a-\'C c a 
That IS i^=2=l- 

Demonstration, 

a c 

1. By supposition, fc~d 

2. Multiplying by b and d, • . ad=ibc 

3. Adding cd to both sides, arf+cd=6c-f erf 

bc-^cd 

4. Dividing by d, a-\'C=: — ^ " 

« 

a-|~c c a 

5. Dividing by b+d, ^7^=3=^- 

The ratio of the difference of the antecedents, .to the differ- 
ence of the consequents, is also the same. 

mi . ' a-'C c a 
That IS -_.-_-.-. 

b—d d b ' . 



♦ Euclid, 5 and 6, 5. 
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DemoMtrtUwn. 

1. By supposition, as before, x^^ 

2. Multiplying by 6 and dy ad=bc 

3. Subtracting cd from both sides, ad - ed=:zbc - ed 

4. Dividingby d, • a-~c=:'^^^ 



5. Dividing by 6 - d 



d 
a-e c a 



6-(f d b 
Thus the ratio of 15 : 5 is S > 

And the ratio of 9 : 3 is 3 5 

» 

Then adding and subtracting the terms of the two couplets. 



The ratio of 15+9 : 5+3 is 8 

And the ratio of 15-9: 5-3 is 3 



I 



Here the terms of only two couplets have been added to- 
gether. But the proof may be extended to any wmbtr of 
couplets where the ratios are equal. For, by the addition of 
the two first, a ruvs couplet is formed, to which, upon the 
same principle, a third may be adcled, a fourth, &c. Hence', 

363. If, in several couplets, the ratios are equal, the sum 

OF ALL THE ANTECEDENTS HAS THE SAME RATIO TO THE 
SUM OF ALL THE CONSEQUENTS, WHICH ANT ONE OF THE 
ANTECEDENTS HAS TO ITS CONSEQUENT.* 

12: 6=2 

Thus the ratio i *q \ J^g 

6:3=2 

Therefore the ratio of (12+10+8+6) : (6+5+4+3)=2. 

363. h, A ratio of greater inequalUy is diminished^ by adding 
the same quantity to iK^th the terms. 

Let the given ratio be that of o+fc : a or 55111- 

a 

Adding x to both terms, it becomes a+6+a? : a^x or ^ ^^ 

o+af 



* Euclid, 1 and 12, 5. 
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Reducing them to a <;ofiimon defiominator. 

The first becomes a'+ab+ax+hx 

a(a-|-a;) 
And the latter d'+ab+ax 

As the latter numerator is manifestly less than the other, 
the ratio m«8t be less. IJiArt. 356. cor.) 

But a ratio of lesser ineqiuility is increasedy by adding the 
same quantity to both terms. 

Let the given ratio be that of a - 6 : a, or _Lf 

a 

Adding it; to both terms, it becomes a - h-\-x : a+a? or ^"" ' ^ 

Reducing them to a common denominator. 

The first becomes . ^-^^^-h^ 

a{ar^x) 

Ajid the latter, (f-ab+ax 

a{a^x) 

As the latter numerator is greater than the other, the ratio 
is greater. 

If the same quantity, instead of being added, is svirtracted 
from both terms, it is evident the eflfect upon the ratio niust 
be reversed. 

Examples.. 

1. Which is the greatest, the ratio of 11 : 9, or that of 
44:35? 

t. Which is the greatest, the ratio of o-f3 : io, or that of 
204-7 : -Jo ? 

3. If the antecedent of a couplet be 65, and the ratio 13, 
what is the consequent 1 

4. If the consequent of a couplet Jje 7, and the ratio 18, 
what is the antecedent. 

5. What is the ratio compounded of the ratios of 3 : 7, and 
2a : 56, and 7a:+l :3y-.2? 

6. What is the ratio c(Mnpounded of a:+y : 6, and 
x-y : 0+6, and a-^-b : h ? Ans. a;'— y' : bk. 
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7. If the ratios of 5a:+7 : 2a? - 3, and ar+2 : J a:+3 be com- 
pounded, will they produce a ratio of greater inequality, or of 
lesser inequality ? Ans. A ratio of greater inequality. 

8. What is the ratio compounded of x-\-y : a, and a?- y : 6, 

and b : — - — ? Ans. A ratio of equality. 

9. What is the ratio compounded of 7. : 5, and the dupli- 
cate ratio of 4 : 9, and the triplicate ratio of 3 : 2 ? 

Ans. 14 : 15. 

10. What is the ratio compounded of 3 : 7, and the tripli- 
cate ratio of a: : y, and the subduplic^te ratio of 49 : 9 ? 

Ans. ar' :y^. 

PROPORTION. 

363. An accurate and familiar acquaintance with the doc- 
trine of ratios, is necessary to a ready understanding of the 

Erinciples of proportion, one of the most important of all the 
ranches of the mathematics. In considering ratios, we 
compare two quarUUiesy for the purpose of finding either their 
difference, or the quotient of the one divided by the other. 
But in proportion, the comparison is between two ratios. 
And this comparison is limited to such ratios as are equdl. 
We do not inquire how much one ratio is greater or less than 
another, but whether they are the same. Thus the numbers 
12, 6, 8, 4, are said to be proportional, because the ratio of 
12 : 6 is the same as that of 8 : 4. 

364. Proportion, then, is an eqtmlity of ratios. It is ei- 
ther arithmeticcd or geometrical. Arithmetical proportion is 
an equality of arithmetical ratios, and geometrical proportion 
is an equality of geometrical ratios.* Thus the numbers 6, 
4, 10, 8, are in arithm>eiical proportion, because the difference 
between 6 and 4 is the same as the difference between 10 and 
8. And the numbers 6, 2, 12, 4, are in geometrical propor- 
tion, because the quotient of 6 divided by 2, is the same as 
the quotient of 12 divided by 4. 

365. Care must be taken not to confound proportion with 
ratio. This caution is the more necessary, as in c(»nmon 
discourse, the two terms are used indiscriminately, or rather, 

* See Note L. 
24 



186 ALGEBRA. 

proportion is used for both. The expenses of one man are 
said to bear a greater proportion to his income, than those of 
another. But according to the definition which has just been 

Siven, one proportion is neither greater nor less than another, 
or equality does not admit of degrees. One ratio may be 
greater or less than another. The ratio of 12 : 2 is greater 
than that of 6 : 2, and less than that of 20 : 2. But these dif- 
ferences are not applicable to proportion^ when the term is 
used in its technical sense. The loose signification which is 
so frequently attached to this word, may be proper enough in 
familiar language : for it is sanctioned by a general usage. 
But for scientific purposes, the distinction between proportion 
and ratio should be clearly drawn, and cautiously observed. 

* 

366. The equality between two ratios, as has been stated, 
is called proportion. The word is sometimes applied also to 
the series of terms among which this equality of ratios exists. 
Thus the two couplets 15:5 and 6 : 2 are, when taken to- 
gether, called a proportion. 

367. Proportion may be expressed, either by the comnion 
sign of equality, or by four points between the two couplets. 

Thus 5 Q •• ^=4 •• 2, or 8 •• 6 : : 4 •• 2 > are arithmetical 

( a " b=zc •• d, or a •• 6 : : c •• d J proportions, 
. , C 12 : 6=8 : 4, or 12 : 6 : : 8 : 4 > are geometrical 
(a: b=d : A, or a: b::d: h) proportions. 

The latter is read, ' the ratio of a to 6 equals the ratiQ of d 
to h;^ or more concisely, 'a is to 6, as d to h,^ 

368. The first and last terms are called the extremes^ and 
the other two the means. Homologous terms are either the 
two antecedents or the two consequents. Analogous terms 
are the antecedent and consequent of the same couplet. 

369. As the ratioa arc equal, it is manifestly immaterial 
which of the two couplets is placed first. 

l( a:b: :c:dy then c: d: : a:b. For if ^=f then -=?. 

b d d b 

370. The number of terms must be, at least, four. For 
the equality is between the ratios of two couplets ; and each 
couplet must have an antecedent and a consequent. There 
may be a proportion, however, among three quantities. For 
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one of the quantities may be repeated^ so as to form two 
terms. In this case the quantity repeated ns called the m{c(- 
dk termf or a mean proportional between the two other quan- 
tities, especially if the proportion is geometrical. 

Thus the numbers 8, 4, 2, are proportional. That is, 8 : 
4 : : 4 : 2. Here 4 is both the consequent in the first couplet, 
and the antecedent in the last. It is therefore a mean pro- 
portional between 8 and 2. 

The last term is called a third proportional to the two other 
quantities. Thus 2 is a third proportional to 8 and 4. 

371. Inverse or reciprocal proportion is an equality between 
a direct ratio, and a reciprocal ratio. . 

Thus 4 : 2 : : i : i ; that is, 4 is to 2, redprocaUyy as 3 to 6. 
Sometimes also, the order of the terms in one of the couplets, 
is inverted, without writing them in the form of a fraction. 
—(Art. 351.) 

Thus 4 : 2 : : 3 : 6 inversely. In this case, the first term 
is to the second, as the fourth to the third ; that is, the first 
divided by the second, is equal to the fourth divided by the 
third. 

372. When there is a series of quantities, such that the 
ratios of the first to the second, of the second to the third, of 
the third to the fourth, &c. are aU equal; the quantities are 
said to be in cov^tinued proportion. The consequent of each 
preceding ratio is, then, the antecedent of the following 
one. — Continued proportion is also called progression^ as will 
be seen in a following section. 

Thus the numbers 10, 8, 6, 4, 2, are in continued mithme^ 
Heal proportion. For 10 - 8=8 - 6=6 - 4=4 - 2. 

The numbers 64, 32, 16, 8, 4, are in continued geometrical 
proportion. For 64 : 32 : : 32 : 16 : : 16 : 8 : : 8 : 4. 

If a, 5, c, d. A, &c. are in continued geometrical propor- 
tion ; then a : b : : b : c : : c : d : : d : h, &c. 

One case of continued proportion is that of three propor- 
tional quantities. (Art. 370.; 

373. As an arithmetical proportion is, generally, nothing 
more than a very simple equation, it is scarcely necessary to 
give the subject a separate consideration. 

The proportion a . . fc : : c . . 

Is the same as the equation a-b=C'-d. 
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It will be proper, however, to observe that, if four quanti- 
ties are in arithmetical proportion, the sum of the extremes is 
e^fudl to the sum of the m^ans. 

Thus if a . . fc : : A . . m, then o-|-w=fc4-^ 

For by supposition, a-bz^h-m 

And transposing - b and ~ m, a4-m=6+A 

So in the proportion, 12 . . 10: : 11 . . 9, we have 12+9=104-11. 

Again if three quantities are in arithmetical proportion, the 
sum of the extremes is equal to double the mean. 

If a . . fe : : 6 . . c, then, a - b=b - c 

And transposing - b and - c, a'\-c= 26. 

GEOMETRICAL PROPORTION. 

374. But if four quantities are in geometrical proportion, 
the PRODUCT of the extremes is equal to the product of the 

means. 

If a:b: :c: dy ad=bc 



For by supposition, (Arts. 346, 364.) 



a__c 
~b~"d 
ahd cbd 



Multiplying by bd, (Ax. 3.) , — j 

b d 

Reducing the fractions, odf = be 

Thus 12 : 8 :\ 15 : 10, therefore 12x10=8x15. 

Cor. Any factor may be transferred from one mean to the 
other, or from one extreme to the other, without affecting the 
proportion. If a : m6 : : a? : y, then a:b:\mxiy. For the 
product of the means is, in both cases the same. And if 
naib \:x\y^ then aibiixiny. 

» 

375. On the other hand, if the product of two quantities 
is equal to the product of two others, the four quantities wUl 
form a proportion, when they are so arranged, that those on 
one side of the equation shall constitute the means, and those 
on the other side, the extremes. 

If my=nA, then m:n::h:yy that is, — =^ 

n y 

For by dividing my=nh by ny, we have ^=:_ 

ny ny 

And reducing the fractions, . !?=- 

n y 
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Cor. The same must be true of dnvy factors which form the 
two sides of an equation. 

If (a-|-6)xc=(«'-w*)xy> theno-j-fc : d-m: :y :c. 

376. If three quantities are proportional, the product of the 
extremes is equal to the square of the mean. For this mean 
proportional is, at the same time, the consequent of the first 
couplet, and the antecedent of the last. (Art. 370.) It is 
therefore to t)e multiplied into itselfy that is, it is to be squared. 

If a : 6 : : 6 : c, then mult, extremes and means, ac=:l^. 

Hence, a mean proportional between two quantities may be 
found, by extracting the square root of their product. 

If a : x:: x: c^ then 3i?=ac^ and x=z^ac. (Art. 297.) 

377. It follows, from Art. 374, that in a proportion, either 
extreme is equal to the product of the means, divided by the 
other extreme ; and either of the means is equal to the pro- 
duct of the extremes, divided by the other mean. 

1. If a : b::c : dy then ad=bc 

2. Dividing by d, a=^^ 



3. Dividing the first by c, 6= 



d 
ad 



c 



4. Dividing it by 6, cj=_ 

b 

5. Dividing it by a, d=_ ; that is, the 

a 

fourth term is equal to the product of the second and third 
divided by the first. 

On this principle is founded the rule of simple proportion 
in arithmetic, commonly called the Rule of Three. Three 
numbers are given to find a fourth, which is obtained by 
multiplying together the second and third, and dividing by 
the first. 

378. The propositions respecting the products of the 
me^ns, and of the extremes, furnish a very simple and con- 
venient criterion for determining whether any four quantities 
are proportional. We have only to multiply the means 
together, and also the extremes. If the products are equal, 
the quantities are proportional. If the products are not equal, 
the quantities arc not proportional. 
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379. In mathematical investigations, when the relations 
of several quantities are given, they are frequently stated in 
the form of a proportion. But it is commonly necessary that 
this first proportion should pass through a number of trans- 
formations before it brings out distinctly the unknown quan- 
tity, or the proposition which we wish to demonstrate. It 
may undergo any change which will not affect the equality 
of the ratios ; or which will leave the product of the means 
equal to the product of the extremes. 

It is evident, in the first place, that any alteration in the 
arrangemmt^ which will not affect the equality of these two 
products, will not destroy the proportion. Thus, if a : 6 : : c : d, 
the order of these four quantities may be varied, in any way 
which will leave ad=:hc. Hence, 

380. If four quantities are proportional, the order of 

THE MEANS, OR OF THE EXTREMES, OR OF THE TERMS OF 
BOTH COUPLETS, MAY BE INVERTED WITHOUT DESTROYING 
THE PROPORTION. 

If a :b::c 

And 12 : 8 : : 6 



; ^ I then, 



1. Inverting the means,* 

'a:c::6:d>.i.. ( The first is to the tMrdy 
12 : 6 : : 8 : 4 5 ^®' ( As the second to the fourth. 

In other words, the ratio of the antecedents is equal to the 
ratio of the consequents. 

This inversion of the means is frequently referred to by 
geometers, under the name of Mermtion.li 

2. Iweerting the extremes, 

d : b::c : a ? .u . • ( The fourth is to the second, 
4 : 8 : : 6 : 18 i "^^^ *^» ( As the third to the first. 

3. Inverting the terms of each couplet, 

b : a : : d : c 
8:12::4:6 

This is technically called Inversion. 
Each of these may also be varied, by changing the order 
of the two couplets. (Art. 369.) 

Cor. The order of the whole proportion may be inverted 

If a : b: :c : d, then d : c: :b : a. 



) , . C The second is to the first, 
5 ^^^^ ^®' I As the fourth to the third. 



* See Note M. t Eudid, 16. 5. 
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In each of these cases, it will be at once seen that, by 
taking the products of the means, and of the extremes, we 
have arf=6c, aod 12x4=8x6. 

If the terms of only one of the couplets are inverted, the 
proportion becomes reciprocal. (Art 371 . ) 

If a : & : : c : d, then a is to 6, reciprocally, as d to c. 

381 . A difference of arrangement is not the only alteration 
which we have occasion to produce, in the terms of a pro- 
portion. It is frequently necessary to multiply, divide, involve, 
&c^ In alL cases, the art of conducting the investigation 
consists in so ordering the several changes, as to maintain a 
constant equality, between the ratio of the two first terms, 
and that of the two last. As in resolving an equation, we 
must see that the sides remain equal ; so in varying a pro- 
portion, the equality of the ratios must be preserved. And 
this is effected either by keeping the ratios the same, while 
the terms are altered ; or by increasing or diminishing one of 
the ratios as much as the other. Most of the succeeding proofs 
ape intended to bring this principle distinctly into view, and 
to make it familiar. Some of the propositions might be de- 
monstrated, in a more simple manner, perhaps, by multiplying 
the extremes and means. But this would not give so clear 
a view of the nature of the several changes in the proportions. 

It has been shown that, if both the teims of a couplet be 
multiplied or divided by the same quantity, the ratio will re- 
main the same ; (Art. 360.) that multiplying the antecedent 
is, in effect, multiplying the ratio, and dividing the antece- 
dent, is dividuig the ratio ; (Art. 357.) and farther, that mul- 
tiplying the consequent, is, in effect, dividing the ratio, and 
dividing the consequent is multiplying the ratio. (Art. 358.) 
As the ratios in a proportion are equal, if they are both 
multiplied, or both divided, by the same quantity, they will 
still be equal. (Ax. 3.) One will be increased or duninished 
as much as the other. Hence, 

382- If four quantities are proportional, two analogous 
OR two homologous terms may be multiplied or Dm 

VKD£D BY THE SAME QUANTITY, WITHOUT DESTROYING THE 
PROPORTION. 

If analogous terms be multiplied or divided, the ratios will 
not be altered. (Art. 360. ) If homohgous terms be multi- 
plied or divided, both ratios will be equally increased of 
diminished. (Arts. 357, 8.) 
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If a : bi: c : d, then, 

1. Multiplying the two first terms, ma : mb: :c: d 

2. Multipl)ring the two last terms, a: b::mc : md 

3. Multiplying the two antecedents,* ma : b::fnc : d 

4. Multiplying the two consequents, a: mh::c : md 

5. Dividing the two first terms, — : — : : c : d 

m m 

6. Dividing the two last terms, a : fe : : _. : _. 

m m 

7. Dividing the two antecedents, ?. : 6 : : £ : d 

m m 

h A 

8. Dividing the two consequents, a : — : : c : _.. 

m m 

Cor. 1. j2K the terms may be multiplied or divided by the 
same quantity.f 

ma :mh ::m€ : md^ -_:_::_: — 

m m m m - - 

Cor. 2. In any of the cases in this article, multipUcation 
of the consequent may be substituted for division of the ante- 
cedent in the same couplet, and division of the consequent, 
for multiplication of the antecedent. (Art. 359, cor.) 

{ma:b::mc:d^ i fa:— ::fnc:d"| [ma:b::c : ^ 
a i^ c ,r^i , c ,r i a , 
_ : fc : : __ : d »g a:mb::-.:d\ — : o : : c : md 
m wiJ^L mJLm 

383. It is often necessary not only to alter the terms of a 
proportion, and to vary the arrangement, but to compare one 
proportion with another. From this comparison will firequently 
arise a new proportion, which may be requisite in solving a 
problem, or in carrying forward a demonstration. One of 
the most important cases is that in which two of the terms 
in one of the proportions compared, are the same with two in 
the other. The similar terms may be made to disajmear, 
and a new proportion may be formed of the four remaining 
terms. For, 



* EucUd 3. 5. t B^ucUd 4. 5. 
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384. If two iiAtios are respectivelt equal to a third, 

tHBT ARE EQUAL tO EACH OTHER.^ 

This is nothing more than the 1 1th axiom applied to ratios. 

1 K«:*::w»:»hhena:6:.:c:(f,or(i:c::&: A (Art. 380.) 
And c: dummy ^ ^ 

2. If (i'h::m:n}^^^^^.f^..^.^ ^^^.^...f^.j 
And m:n: :c: a) 

<^«^-If«-*l:*^-5 thena:6>c:ci.t 

For if the ratio of w : n is greater than that of c : d, it is 
manifest that the ratio of a : fr, which is e^quoUL to that of m : n» 
is also greater th£tn that of c : d. 

S86. In these instanceSj the terras which are alike in the 
two proportions are the two jimt and the two last. But this 
arrangement is not essential* The order of the terms may 
be changed^ in various ways, without affecting the equality 
^f the ratios. 

1. The similar terms may be the two antecedents, or the 
two WMtqiuinX^^ in each proportion. Thus, 

If m : a : : n : fr > ., C By alternation, mxnwa'.h 
And tn : c : : n : (2 5 c ^'^ mi'awc.i 

Therefore d : fr : : c : <{, or a : c : : i : d, by the last article. 

2. The antecedents in one of the proportions, may be the 
same as the consequents in the other* 

If m : a : : n : 6 > . , C By inver. and altem. a:b::m:n 
And c:m::d:nl (By a]temati<»i, c:d::m:n 

Therefore a : i, &c. as before. 

3. Two h4mologous terms, in one of the proporUons, may 
be the same^ as two analogous terms in the other. 

If a:in::hin}^ , C By alternation, a:h::m:n 
Andc:ci::m:nJ < And c:d::m:n 

Therefore, a : 6, &c. 

All these are instances of an equality^ between the ratios in 
one proportion, and those in another. In geometry, the 



♦Euclid U. 5. t Eftclid 13. 5. 
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proposition to whieh they belong is usually cited by the 
words "ca? aequo^^^ or "ex aequidiJ*^* The second case in 
this article is that which in its foim, most obviously answers 
to the explanation in Euclid. But they are all upon the 
same principle, and are frequently referred to, without dis- 
crimination. 

386. Any number of proportions may be compared^ in the 
same manner, if the two first or the two last terms in each 
preceding proportion, are the same with the two first or the 
two last in the following one.* 

Thus if a: 6 : ;c : d1 

And c:d::h:l \ .1^ , 

And A:/::m:nr^«°« = * = -*-»- 

And min: :x :y^ 
That is, the two first terms of the first {nroportion have the 
same ratio, as the two last terms of the last proportion. For 
it is manifest that the ratio of all the couplets is the same. 

And if the terms do not stand in the same order as here, 
yet if they can be reduced to this form, the same princi{de is 
applicable. 

Thus if a; c: : 6 : cil * fa:b::e:d 

And c:A::d:Zl.i , i^ .. \ e:d::h;l 
And h:m:.l:nr^^''^y^^^"^^''^]h:l::m:n 
And m: x::n:yj \^m:n::x:y 

Therefore'a : 6 : : a? : y, as before. 

In all the examples in this, and the preceding artiples^ the 
two terms in one proportion which have equals in another, 
are neither the two meansy nor the two extremes^ but one of 
the means, and one of the extremes ; and the resulting pro- 
portion is unifornJy direcU • 

S87. But if the two means, or the two extremesi, in one 
proportion, be the same with the means, or the extremes, in 
another, the four remaining terms will be redprocaXly propor- 
tional. 

^1 A "^'^yiJil^hhenaic'.'.l'.lyOtaiciidib. 
And c : m : : n : a 5 b a 

And S=mJ \ ^^^^' ^'^^'^ Therefore a6=cd, and a : c : : d : 6. 

* Euclid 22. 5. 
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In thiis example, the two means in one proportion, are like 
-those in the other. But the principle will be the same, if the 
€x1reme$ are alike, or if the extremes in one proportion are 
like the means in the other. 

If miaiibin) thena-c--d-6 

?^J«-^-*^-Mthena:c::ci:6. 
And m : e : : a : n 5 

The proposition in geometry which applies to this case, is 
usually cited by the words " ex aequo perlurbate,^* 

388. Another way in which the terms of a proportion may 
be varied, is by cuiMHon or subtracHan. 

If to or from two analogous or two- homologous 
terms of a proportion, two other q^ntities having 
the same ratio be added or subtractelv^'he proportion 

WILL BE PRESERVED.f 

For a ratio is not altered, by adding to it, or subtracting 
from it, the terms of another equal ratio. (Art. 362.) 

If a\bii c \d 
And a\biimin 

Then by adding to, or subtracting from a and 6, the terms 
of the equal ratio m : n, we have, 

a-)-m : 6+n : : c : rf, and o - tn : 6 - n : : c : d. 

And by adding and subtracting m and n» to and from c and 
d we have, 

a : fr : : €-{-m : d-|-n, and a : fr : :o-m: d*n. 

Here the addition and subtraction are to and from andh' 
gou8 terms. But by alternation, (Art. 380,) these terms will 
become homologous^ and we shall have, 

a-j-w : c : : 6-|-n : d, and a - w : c : : J - n : rf. 

Cor. 1. This addition may, evidently, be extended to any 
number of equal ratios. J 

c: d 

Thusifa:6::^ *:i 

m:n 

x:y 
Then a : 6 : : c^h-{-m-{-x : d-\-l-\-n-j-y. 

• » , -. I II II Mil 

♦ Euclid 23^ 5. t Euclid 2, 5. t Euclid 2, 5. ' Cor. 
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Cor. 2. Ua:h::c:d 



Andm 



7 • * ^ • ^^ then a+m :b:: c+n: d.* 



For by alternation a: c: ibid} there- ( a+m i c+n tibid 
And mif%iibidl fore (ota+mibiic+nid. 

389. From the last article it is evident that if, in any pro- 
portion, the terms be added to, or subtracted from each other^ 
that is, 

If two analogous qr homologous terms be apded to, 
OR subtracted from the two others, the proportion 

WILL BE preserved. 

Thus, ifa:b::cid, and 13 : 4 : : 6 : 2, then, 

1. •Adding the two last terms, to the two first. 



a4-c: b 



and 

or 

and 



o-j-c 
a4-c 



I a: 
b-\-d : ici 
I ail b+d I 
leii b4-d I 



b 
d 



12- 
12- 
12- 
12- 



6: 44-2:: 12; 4 
6: 4 + 2:: 6: 2 
6: 12:: 4+ 2:4 
6 : 6 : : 44- 2 : 2. 



2. Jtddmg the two arUecederUSy to the two consequents. 

a+bibiic+did 12+4: 4:: 6+2: 2 

0+6 I ail c+d I c, &c. 12+4 : 12 : : 6+2 : 6, &c. 

This is called Camposition.jf 

5. Subtracti$ig the two first terms, from the two kut. 

c~ai ai id-bib 
c-ai c I id-bi d, &c. 

4, Subtracting the two last terms from the two first. 

a-cib-diiaibi 
a-cib-d: I ci dy &c. 

. 5. Subtracting the consequents from the antecedents. 

a-'b I biic-di d 

ai a^b 1 1 c I c-^dy &c. 

The alteration expressed by the last of these forms is called 
Conversion. 

6. Subtracting the antecedents from the consequents. 

b-a I aiid-ci c 

b I b^aii d : d'-Cy &c. 



♦ Euclid 24, 6. 



t Euclid 18, 5. 



I Euclid 19, 5. 



PROPORTION. 197 

7. Adding and subtracting. 

That is, the sum of the two first terms, is to their differ- 
ence, as the sum of the two last, to their difference. 

Cor. If any compound (quantities, arranged as in the prece- 
ding examples, are proportional, the simple quantities of which 
they are compounded are proportional also. 

Thus, if a+b : b : : c+d : d^ then a: b::c : d. 

This is called Dknritm.* ^ 

390. If the corresponding terms of two or more 
ranks of proportional quantities be multiplied 
together, the product will be proportional. 

This is compounding ratios, (Art. 352,) or compounding 
proportions, it should be distinguished from what is called 
compodtiony which is an additUm of the terms of a ratio. (Art. 
389. 2.) 

If a:b::c:d) 12 : 4: :6 : 2> 

And htliitn: ny 10:5::8:45 



Then ah : II: imidn 120 : 20 : : 48 : 8. 

For from the nature of proportion, the two ratios in the 
first rank are equal, and also the ratios in the second rank. 
And multiplying the corresponding terms is multiplying the 
ratios, (Art. 357. cor.) that is, multiplying eqtuils by equah ; 
(Ax. 3. ) so that the ratios will still be equal, and therefore 
the four products must be proportional. 

The same proof is applicable to any number of proportions. 

Ca:b::c:d 
If }h:l:;m:n 

ip :q::x:y 
Then ahp : blq:: cmx : dny. 

From this it is evident, that if the terms of a proportion be 
multiplied, each into itself, that is, if they be raised to any 
power, they will still be proportional. 

If a : 6 : : c : rf 3 : 4 : : 6 : 12 

a\b::c\ d 2 : 4:;6 ; 12 



Then a' : 6« : : c^ : d« 4 : 16 : : 36 : 144 



* Euclid 17. 5. See Note K. 
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Proportionals will also be obtainedj^ by reo&tsmg this pro- 
cess, tnat is, by extracting the roots of the terms. 

tf&:bt:c:d, * then j\^a : \^b : : \/c : \/d. 
For taking the product of extr. and means, ad—be 
And exttaeting both sides, ^ad^^be 

That is, (Arts. 359, 375.) V^ ^ V^ ^ ^ V^ * V^« 

Hence, 

391. If sev^l^ quantities are proportional, their Like 

rOWERf OB. LIKE ROOTS ABE PROPORTIONAL.* 

\{ aibxici d 
Then a" : 6* : : tf* J «f, and ?;/» • V* : : V'P • V* 

And J^rf* : i;y6": : ^^/c^ : v^cf^ that is^ o"" : t" : : ^ : iF. 

392. If the terms in one rank of proportionals be dwided 
by the corresponding terms in another rank, the quotients 
will be proportional. 

This is sometimes called the resolution of ratios. 



If a:b'.:e:d} ■ 
And h:l::m:nl 


12 : 6 : : 18 : 9 ) 
6:2:: 9:35 


Then5:*::i.:^ 


12.6.. 18.9 



h I m n 6 2 9 3 

This is merely reversing the process in Art. 390, and may 
be demonstrated in a sinular manner. 

This should be distinguished from what geometers call 
dimion^ which is a subtraction of the terms of a ratio. (Art. 
389. cor.) 

When proportions are compounded by multiplication, it 
will often be the case, that the same factor will be found in 
two analogous or two homologous terms. 

Thus if a: b::c: d 



And m 



: b: :c: d) 
: at:n: c) 



am : ab::cn : cd. 



Here a is in the twx) first terms, and c in the two last. Bi- 
dding by these, (Art. 382,) the proportion becomes 

m : b: :n : d. Hence, 



* It must not be inferred from this, thai quantities have the same ratio as 
their like powers or like roots. Sec Art. 354. 
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Sd3. In compounding proportions, equal factor9 or divisors 
in two analogous or homologous terms, may be rejected. 

d 12:4::9:3 

4 ; 8 : : 3 : 6 
8: 20::6 :16 



Ca : b : :c : d 

li Uihiidil 

(h : mill: n 



Then a:m:ie:u 12 : gO : : 9 : 15 

This rule may be applied toXhe cases, to which the terms 
** ex aequc^ and " ex aequo perturbate^ refer. See Arts. $86 and 
387. One of the methods may serve to verify the other. 

394. The changes which may be made in propc^ions, 
without disturbing the equality of the ratios, are 9Q putpe- 
rous, that they would become burdensome to the memory, if 
they were not reducible to a few general principles. They 
are mostly produced, ' 

1. By inverting the order of the terms, Art. 380. 

2. By multiplying or dividing by the same quantityy Art. 382. 

3. By comparing proportions which have like terms. Art. 384, 

5, 6, 7. 

4. Bf adding or subtraetii»g the terms of equal rs^tios, Art. 

388,9. 

5. By mubiplymg or dioidmg one proportion by another, Art. 

390, 2, 3. 

6. By involving or extracting the roots of the terms. Art. 39 1 . 

395. When four quantities are jn'cqxMtional, if the first be 
greater than the second^ the tldra will be greater than the 
fourth:; if equal, equal : if less, less. 

For, the ratios of the two coufdets being the same, if oim is 
a ratio of eqwdityy the other is also^ and therefore the ante* 
ced^it in each is espial to its consequent ; (Art. S50^) if <m% 
is a ratio of greater inequalih/^ the other is also^ and therefi^e 
the antecedent in each is greater than its consequent ; and 
if one is a ratio of lesser inequality , the other is also, and 
therefore the antecedent in each'is less than its consequent. 

* 

Let a:bx:e : d; then if { a^, cy>d 
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Cbr. 1. tf the first be greater than the thirds the second 
will be greater than the fimrth ; if equal, equal ; if less, less.* 

For by alternation, at b::c : d becomes a: c::b : d, with- 
out any alteration of the quantities. Therefore, if a=£6, 
c=zdy &c. as before. 

Cor, 2. If a : m : : c : n > .1 . - , . © j. 

• and m: 6 ::n:d!*^«»»^ «=*'*'='*' «^*='t 

Por^ by equality of ratios, (Art. 385. 2.) or compounding 
ratios, (Arts. 390, 393.) 

aib::c : d. Therefore, if a=6, c=d, &c. as before. 

Cor. 3. If a :m::n: d} .:^ .^ ^ . ^ j « j. 
andm : 6: : c inr^^""'^ a=.b,c=d, &c.t 

For, by compounding ratios,, (Arts. 390, 393,) 
a : b::c : d. Therefore, if a=&, c=d, &c. 

395. fr. If four quantities are proportional, their redprocdk 
are proportional ; and v. v. 

If a : b : : c : d, then -:_::_:_. 

abed 

For in each of these proportions, we have, by reduction, 
ad:=zbc» 
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396. When quantities are in continued proportion, aU the 
ratios are equcd. (Art. 372.) If 

a : b::b :c::c : d: :d : By 

the ratio of a : b is the same, as that oi b : c, of e : d, or of 
d : e. The ratio of the first of these quantities to the last^ is 
equal to the product of all the intervening ratios ; (Art. 353,) 
that is, the ratio of a : e is equal to 

a b c ^ d 

b c, d e 

But as the intervening ratios are all equal, instead of multi- 
plying them into each other, we may multiply any one of 
them into itself ; observing to make the number of factors 

■ .., ■ ^ ■ I , . i II. 

* EucUd 14. 5. t Euclid 20. 5. X Euclid St. 5. 
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^tud to Ute number of intervening ratios. Thus the ratio 
of a : e, in the example just given, is equal to 

a a a a a} 

When several quantities ai-e in continued proportion, the 
number of couplets, and of course the number of ratios, is 
one less than the number of quantities. Thus the five pro- 
portional quantities a, 6, e, dy e, form four couplets containing 
fou]^atio6 ; and the ratia of a: e is equal to the ratio of 
a* :d\ that is, the ratio of the fourth power of the iSrst quan- 
tity, to the fourth power of the second. Hence, 

397. If three quantities are proportional, the first is to the 
thifdy as the square of the firsts to the square of the second ; or 
as the square of the second^o the square of the third. In 
other words, the first lias toA| third, a duplicate ratio of the 
first to the second. And co^%rsely, if the first of the three, 
quatitities is to the third, as the square of the first to the 
square of the second, the three quantities are proportional. 

If a : i : : b : c, then a\ ciia* :h^. Universally, 

398. If several quantities are in continued proportion, the 
ratio of the first to the last is equal to one ctf the mtervening 
ratios raised to a power whose index is one less than the num- 
ber of quantities. 

If there are fov^ proportionab a, 6, c, d, then a : d : : a^ : b^. 
If there are five * a, 6, c, <{, e ; a : « : : a^ : 6^ &c. 

399. If several quantities are in continued proportion, they 
will be proportional when the order of the whole is inverted. 
This has already been proved with respect to four proportional 
quantities. (Art. 380. cor.) It may be extended to any num- 
lier of quantities. 

Between the numbers, 64, 32, 16, 8, 4, 

The ratios are 2, 2, 2, 2j 

Between the same inverted 4, 8, 16, 32, 64, 

The ratios are ' . -2, 4, i, i- 

So if the order of any proportional quantities be inverted, 
the ratios in ofie series will be the reciprocals of those in the 
other. For by the inversion, each antecedent becomes a con- 
sequent, and V. V, and the ratio of a consequent to its antece- 
dent is the reciprocal of the ratio, of the antecedent to the 

26 
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consequenU (Art. 351.) That the reciprocals of equal quan^ 
' tities are themselves equal, is evident from Ax. 4. 

• 

400. Harmonical or Musical Proportion may be con- 
sidered as a species of geometrical proportion. It consists in 
an equality of geometrical ratios ; but one or more of the 
terms is the difference between two quantities. 

Three orfow quantities are said to be in hwrmomcal propor- 
ttoiiy when the first is to the Ictst^ as the difference bejj^een 
the two firsts to the difference between the two Icist. 

If the three quantities a, 6, and c, are in harmonical pro- 
portion, then a: c: : a-b : fr-c. 

If the four quantities a, 6, c, andd, are in harmonical pro- 
portion, then a : d::a-b : c-d. 

Thus the three numbers l|tfL 6, ar^ in harmonical pfo- 
^ portion. f^ 

And the four numbers 2(t 16, 12, 10, are in harmonical 
proportion. 

401. If, of four quantities in harmonical proportion, any 
three be given, the other may be found. For from the pro- 
portion, 

a : d:: a-b : c-rf, 

by taking the product of the extremes and the means, we 
have ac-ad=ad-bd. 

And this equation may be reduced, so as to give the value 
of either of the four letters. 

Thus by transposing - od, and dividing by a, 

2ad-bd 



Ci= 



a 



Examples^ in which the principles of proportion are applied to the 

solution of problems. 

1. Divide the number 49 into two such parts, that the 
greater increased by 6, may be to the less diminished by 1 1 ; 
as 9 to 2. 

Let x= the greater, and 49 - «= the less. 
By the conditions proposed, a?4-6 : 38 - a: : : 9 : 2 

Adding terms, (Art. 389, 2.) x+6 : 44 : : 9 : 11 

Dividing the consequents, (Art. 382, 8.) x+6 : 4 : : 9 : 1 
Multiplying the extremes and means, x+6:=:S6. And a:=S0. 
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2. What number is that, to which if 1, 5, and 13, be seve- 
rally added, the first sum shall be to the second, as the sec- 
ond to the third 'I 

Let a?= the number required. 

By the conditions, ar-f-l • ^-f-^ * * ^-f-^ * ^-h^^ 

Subtracting terms, (Art. 389, 6.) x-^-l : 4 : :x^5 : 8 
Therefore 8x+8=4x+20. And«=S. 

3. Find two numbers, the greater of which shall be to the 
less, as their siun to 42 ; and as their difference to 6. 

Let X and y= the numbers. 

By the conditions, x :y:: x-j-y : 42 

And X :y'::x^y : 6 

By equality of ratios, ar-f-y : 42 : : a: -y : 6 

Inverting the means, x-j-y : re - y : : 42 : 6 

Adding and subtracting terms, (Art. 389, 7,) 2a; : 2y : : 48 : 36 
Dividing terms, (Art. 382,) a? : y : : 4 : 3 

Therefore 3a:=4v. Anda;=^ 

^ 3 

From the second proportion, . 6x=y X (« - y) 

Substituting J? for a:, y=24. And a?=32. 

4i Divide the number 18 into two such parts, that the 
squares of those parts may be in the ratio of 25 to 16. 

Let x= the greater pail, and 18 - a?= the less. 
By the conditions, a? : (18- xf : : 25 : 16 

Extracting, (Art. 391,) a: : 18-a;: : 6 : 4 

Addingterms, a: : 18 : : 5 : 9 

Dividing terms, ^ a?: 2::'5: 1 

Therefore, ^ •a?=10. 

5. Divide the nmnber 14 into two such parts, that the quo- 
tient of the greater divided by the less, shall be to the quotient 
of the less divided by the greater, as 1 6 to 9. 

Let xzn the greater part, and 14- «= the less. 
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By th« cwiditicmfis t-t^ : —""—:: 16 : 9 

'' 14- a? X 

Multiplying terms, a;* : (14 - a?)* ! : 16 : 9 

Extracting, » : 14-a? : : 4 : 3 

Adding terms, a; : 14 : : 4 : 7 

Dividing terms, • x : 2:: ^ :1 

Therefore, x=8. 

6. If the number 20 be divided into two parts, which 
are to each other in the duplictUe ratio of 3 to 1, what num<- 
ber is a mean proportional between those parts 1 

Let x= the greater part, and 20- a: = the less. 

By the conditions, a? : 20 - ar : : 3* :•!' : : 9 : / 

Adding terms, a; : 20 : : 9 : 10 

Therefore, x= 18. And 20 - a:= 2 



A mean propor. between 18 and 2 (Art. 376.) =v'2X 18=9. 

7. There are two numbers whose, product is 24, and the 
difference of their cubes, is to the cube of their difference^ ap 
19 to 1. What are the numbers 1 

Let X and y be equal to the two numbers, 

1. By supposition, ay=24 > 

2. And V-y": (a?-y)'::19: I J 

3. Or, (Art. 217.) a^'-y' : «'-3a;«y+3a:y«-y«: : 19 : 1 

4. Therefore, (Art. 389, 5,) Sxhf-Sxi/^ : (a?-y)' : : 18 : 1 
6. Dividing by a; - j/ (Art. 382, 5,) Sa^/ : (a; - y)« : : 18 : 1 
6, Or, as 3ay=3x24=72, 72 : {x-yY : : 18 : I 
7: Multiplying extremes and means, (a? - 1/)*=4 

8. Extracting, i-y= 2> 

9. By the first condition, we have a;y=24 J 

Redi:|ping thes^two equations, we have a?=6, arid ^3=4. 

8. It is required to prove that a : x:: \/2a-j/ : ^y 
on supposition that (a-j-a:)"* : (a - a;)' : : a?+t/ : x - y.* 



♦Bridge's Al^ebrs^. 



V 
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1. Expanding, a*+3<wr+a:* > «' - 2ax-\-3^ : : ar-f* • * -y 

2. Adding and subtracting teims, 2a'-{~^ * ^^ : : 2a; : 9y 

5. Dividing temv, cf+a^ : iav : : x i y 
4. Transf. the factor re, (Art. 374. cor.) a^-\-ai^ : 2a : : oe' : y 

6. Inverting the means, a^+x* :a^::2a:y 

6. Subtracting terms, a' : a:* : : 2a - y : y 

7. Extracting, a : a? : : ^2a-y : y/y 

'9. It is required to prove that d xz=icy ^ if r r is to y in the 
triplicate ratio of a : &, and a : fr : : y/c-^^x : : \/dr\-y> 

1. Involving terms, «*:&•:: c-j-a: : d+y 

2. By the first supposition, a^ : 6^ : : a; : y^ 

3. By equahty of ratios, c-\'X : d-f-y : : a: : y 

4. Inverting the means, c-f-a? : a? : : d-f-y • y 

5. Subtracting terms, . c : ar : : d : y» 

6. Therefore, dx^zcy, 

10. There are two numbers whose product is 135, and the 
difference of their squares, is to the square of their difference, 
^s 4 to 1, What are the numbers ? Ans. 13 apd 9, 

11. What two numbers are those, whose difference, sum^ 
and product, are as the numbers 2, 3, and 5, respectively 1 

Aqs. )0 and 2. 

12. Divide the number 24 into two such parts, that their 
product shall be to the sum of their squares, as 3 to 10. 

Ans. 18 and 6. 

13. In a mixture of rum and orandy, the difference be-, 
tween the quantities of each, is tp the quantity of brandy, as 
IQO is to tb^ number of gallons of xvm ; and the same S\U^ 
ferenoe is to the quantity of rum, as 4 to the number pf 
gallons of brandy. How qiiany gallons aure there of each 1 

Ans. 25 of rum, and 5 of brandy, 

14. There are two nimibers which are to each other as 3 

to 2. If 6 be added to the greater and subtracted firom the 

less, the sum and remainder will be to each other, as 3 to 1 . 

What are the numbers? Ans. 24 and 16. 
• 

15. There are two numbers whose product is 320 \ and the 
difference of then- cubes, is to the cube of their difference, as 
61 to 1. What are the numbers? Ans. 20* and 16. 



206 ALGEBRA. 

r 

16. There are two numbers, which are to each other, in 
the duplicate ratio of 4 to 3 ; and 24 is a mean proportional 
between them. What are the numbers 1 Ans. 32 and 18. 

402. A list of the articles in this section which contain the 
propositions in the 5th book of Euclid.^ 

Prop. L Art. 363. XIII. 384, cor. 

II. 388. XIV. 396, cor. 1. 

III. 382. XV. 360. 

IV. 382, cor, 1. XVI. 380. 

V. 362. XVII. 389, cor. 

VI. 362. XVIII. >89,2. 

VII. 349, cor. 1. XIX. 389,4. 

VIII. 357, cor. 368, cor. XX. 395, cor. 2. 

IX. 349, cor. 2. XXI. 395, cot. 3. 

X. 357, cor. 358, cor. XXII. 386. 
XL 384. XXIII. 387. 

XII 363. XXIV. 388. cor. 2. 



SECTION XIIL 

VARIATION OR GENERAL PROPORTION.! 

Art. 403. THE quantities which constitute the terms of 
^ proportion are, frequently, so related to each other, that, if 
one of them be either increased or diminished, another de- 
pending on it will also be increased or diminished, in such a 
manner, that the proportion will still be preserved. If the 
value of 60 yards of cloth is 100 dollars, and the quantity 
be reduced to 40 yards ; the value will, of course, be reduced 
to 80 dollars ; if the quantity be reduced to 30 yards, the 
value will be reduced to 60 dollars, &c. 



* See note O. 

t Newton's Princip. Book I. Sec. I. Lemma 10, schol. . Emerson on Pro- 
portion, Wood's Algebra, Ludlam's Math., Saunderson's Algebra, Art. 299, 
Parkinson's Mechanics, p. 84. 
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ya* yd. doL dol. 
That is, 50 : 40 : : 100 : 80 
60 : 30 : : 100 : 60 
50 : 20 : : 100 : 40, &c. 

As the consequent of the first couplet is varied, the conse- 
quent of the second is varied, in such a manner, that the pro- 
portion is constantly preserved. 

If the two antecedents are A and B ; and if a represents a 
quantity of the samt kmd with Ay but either greater or less ; 
and ft, a quantity of the s€une kind with J7, but as many times 
greater or less, as a is greater or less than A ; then 

A:a::B:b; 

that is, if A by varying becomes a, then B becomes b. This 
is expressed more concisely, by saying that A varies as By or 
A is as B. Thus the wages of a laboring man vary as the 
time of his service. We say that the interest of money which 
is loaned for a given time, is proportioned to the principaL 
But a proportion contains fimr terms. Here are only two, 
the interest and the prmcipdl. This then is an abridged 
statement, in which two terms are mentioned instead of four. 
The proportion in form would be : 

As any given principal, is to any other principal ; 

So is the interest of the former, to the interest of the latter. 

404. In many mathematical and philosophical investiga- 
tions, we have occasion to determine the general relations 
of certain classes of quantities to each other, without limiting 
the inquiry to any particular values of those quantities. In 
such cases, it is frequently sufficient to mention oiAj two of 
the terms of a proportion. It must be kept in mind, how- 
ever, that four are always tnq^Ued. When it it said, for in- 
stance, that the weight of water is proportioned to its bulk, 
we are to understand. 

That one gallon, is to any number of gallons ; 

As the weight of one gallon, is to the weight of the given 
number of g£ulons. 

405. The character o) is used to express the prop<Mrtion of 
variable quantities. 

Thus A O) B signifies that A varies as B, that is, that 

A: a:: B :b. 

The expression A (j)B may be called a general proportion. 
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406. One quantity is said to vaty directly as another, when 
the one increases as the other increases, or is diminished as 
the other is diminished^ so that 

•Ac/iBy that is^ Aia:: B :b. 

The interest on a loan is increased or diminished, in pror 
portion to the principal. If the principal is doubled, the in- 
terest is doubled ; if the principal is trebled, the interest is 
trebled, &c. 

407. One quantity is said to vary imversely oir redprocaUy 
as another) when the oiie is (nroportioned to the reciprocal^ 
of the other ; that is, when the one is diminished, as the other 
is increased, so that 

1 11 

A<£> ~- that is, .^ : a : : .^ : -, or j9 : a : : 6 : J51 

B B V 

In this case, if .5 is greater than a, B is less than b. (Art. 
395.) The time required for a man to raise a given sum, by 
his labor, is inversely as his wages. The higher his Wages, 
the less the time. 

408. One quantity is said to vary as two others jointly , when 
the one is mctedMd or diminished, as the product of the other 
two^ i$o that 

A OD BCy that is id : a : : BC : be. 

The interest of money Varies as the product of the princi- 
pal and time. If the time be doubled, and the principal 
doubled, the interest will be four times as great. 

409. One quantity is said to vary directly as a second^ and 
inoersehf as a thirds 'when the first is always proportioned to 
the 8dcond divided by the third, so that 

•3 O) —., that is w3 : a : : —- : — 
C C e 

410. To understand the methods by which the statements 
of the relations of variable quantities are changed from one 
form to anpther, little more is necessary, than to make an 
appUeoHon of the princip^s of common proportion ; bearing 
constantly in mind, that a general proportion is only an 
abridged expression, in which two terms are mentioned in- 
stead of four. When the deficient terms are supplied, the 
reason of the several operations will, in both cases, be appa- 
rent. 
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411. It IB evident, in the first place, that the order of the 
terms in a general proportion may be inverted. (Art 369.) 

If ^ : a:: B : by that is, if AcuB ; 
Then J? : 6 : : tfl : a, that is, B(j>A. 

412. If one or both of the terms in a general proportion, 
be fnndtiplied or divided by a constant quantity, the proportion 
will be preserved. 

For multiplying or dividing one or both of the terms is the 
same, as multiplying or dividing analogous terms in the pro- 
portion expressed at length. (Art. 382. and cor. 1.) 

If ^:a::B :by that is, if ^cj)B, 

Then nuS : ma:: B : by that is, m^ c/i By 
And m^ :ma:: mB : mby that is, m^ c/> mB, &c. 

413. if both the terms be multiplied or divided even by 
a variabk quantity, the proportion will be preserved. For 
this is equivalent to multiplying the two antecedents by one 
quantity, and the two consequents by another. (Art. 382.) 

If A:a::B :by that is, if .5 c/) B; 

Then JIM: ma:: MB : mby thaX is MA cr MB, &c. 

Cor. 1. If one quantity varies as another, the quotient of 
the one divided by the other is constant. In other words, if 
the numerator of a fraction varies as the denominator, the 
value remains the same. 

If A: a:: B : by that is, if A (x^ By 

Then i:^::?:t::l:l. (Art. 128.) 
B b B b .^ ' 

Here the third and fourth terms are equal, because each is 
equal to 1. Of course the two first terms are equal ; ^Art. 
395.) so that if A be increased or diminished as many times 
as By the qwiUmt will be invariably the same. 

Cor. 2. If the product of two quantities is constanty gae 
varies reciprocally as the other. 

lfAB:ab::\:\yihen:^:^::l ;l,or^:a:: 1:1. 

B b B b' B b 

Cor. 3. Any factor in one term of a general proportion, 
may be transferredy so as to become a divisor in the other ; 
and V. V. 

If A (jiBCy then dividing by 5, — c/) C. (Art. 118.) 

B 

27 
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ItA cr JL, then mult, by C, j3C (X J-. (Art. 159.) 

414. If two quantities vaxy respectively as a third, then 
one of the two varies as the other. (Art. 384.) 

If A:a::B :b) ,., . .. M c/> ^ 

Then A: a: : C : c^ that is Am C. 

415'. If two quantities vary respectively as a third, their 
swn or (2i^ence will vary in the same manner. (Art. 388.) 

And C:c::B:br^^^'^^'^\c<f^B; 
Then A+C : a+c ::B :by that is, A+C cd By 
And A-C : a-c: : B : by that isy A^C(j)B» 

Cor. The addition here may be extended to any number of 
quantities all varying alike. (Art. 388. cor. 1.) 

IfAif^By and C^xiB, and Dlt) By and E(j) By then 

{A+C+D+E)mB. 

415. b. If the square of the sum of two quantities, varies 
as the square of their difference ; then the sum of their squares 
varies as their product. 

If {A+By cj^(A' By; then A'+B' </> AB. 
For by the supposition, 

(A+By : (A -By: : {a+by : (a -by. 

Expanding, adding, and subtracting terms. (Arts. 217, 
and 389, 7.) 

2A!'+2B' : 4AB : : 2a*+26« : 4ab. 
Or, (Art. 382.) 
A'+B' :AB:: a'+6' : o6, that is, A'+B' cdAB. 

416. The terms of one general proportion may be multi- 
plied or divided by the corresponding terms of another. — 
(Art. 390.) 

If A:a::B :b} ... . .. iAc/^B 

AndC:c::D:rfr ' lCcj>D; 

Then ACiac:: BD : bd that is, AC c/) BD. 

Cor. If two quantities vary respectively as a third, the pro 
duct of the two will vary as the square of the other. 



iLdc::ljt»-"-^c-^- 
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417. If any quantity vary as another, any power or root of 
the former will vary, as a like power or root of the latter. 
(Art. 391.) 

If Jl:a::B:by that is, if .5 co J?, 

Then •*• : c^i'.B'ihr that is, Jtct^B"^ 

And ^:(^: iB'ihTy that is, •*• co B". 

418. In compounding general proportions, equal /actors or 
dwisorSy in the two terms, may be rejected. (Art. 393. )• 

If Jl:a::B:b) CA<j>B 

And B:h:: C:c\ that is, if iBcf^C 
And C:c:iD:d) (CcfiD 



Then A : a: :D : dj that is, w2 ccD. 

Cor. If one quantity varies as a second, the second, as a 
third, Che third, as a fourth, &c. then the first varies as the 
last. 

If wJ oo J5 a> C O) D, then .5 o) I>. 

If tfl ciD B CO -- , then ^ co — ; that is, if the first varies di- 
C C 

rectly bub the second, and the second varies reciprocally as the 
third ; the first varies reciprocally as the third. 

419. If any quantity vary as the product of two others, 
and if one of the latter be considered corhstanty the first will 
vary as the other. 

U W<j> LBy and if J3 be constant, then W ci> L, 

Here it must be observed that there are two conditions; 
First, that FF varies as the product of the two other quantities; 
Secondly, that one of these quantities B is constant. 

Then, by the conditions, W : le: : LB : IB; B being the 
same in both terms. 

Divid. by the constant quantity B, W: wiiLil^ that isWa^L, 
And if L be considered constant, WmB, 

Thus the weight of a board, of uniform thickness and den- 
sity, varies as its length and breadth. If the length is given, 
the weight varies as the breadth. And if the breadth is given, 
the weight varies as the length. 
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Cor. The same principle may be extended to any number 
of quantities. The weiffht of a stick of timber^ of given 
density, depends on the length, breadth, and thickness. If 
thoN length is given, the weight varies as the breadth and 
thickness. If the length and breadth are given, the weight 
varies as the thickness, &c. 

If Wa^LBT; 

Then making L constant, Wcf> BT; 

And making L and B conistant, WcnT; 

420. On the other hand, if one quantity depends on two 
others ; so that when the second is given, the first varies as 
the third, and when the third is given, the first varies as the 
second ; then the first varies as the product of the other two. 

If the weight of a board varies as the length, when the 
breadth is given, and as the breadth when the length is giv- 
en : then if the length and breadth both vary, the weight va- 
ries as their product. 

If W(f>Lf when B is constant, > , j^ r%j 
And Wcj> B, when L is constant, J ^^^^ ^ ^ ^^' 

In demonstrating this, we have to consider, tv^o variable va- 
lues of W; one, when L only varies, and the other, when L 
and B both vary. 

Let w^=z the first of these variable values. 

And w = the other ; 

So that W will be changed to tc', by the varying of L; 

And w^ will be farther changed to w, by the varying of B. 

Then by the supposition, W:w^ :: L:h when j& is constant. 
And w^ :w: : B:bj when B varies. 



Mult, correapond. terms, Ww^ : ww^ : : BL : bL (Art. 390.) 
Divid. by w' (Art. 382,) W:w::BL: bl, le.Wu^ BL. 

The proof may be extended to any number of quantities. 

The weight of a piece of timber, depends on its length, 
breadth^ thickness "and density. If any three of these are 
given, the weight varies as the other. 

I^is case must not be confounded with that in Art. 416, 
cor. In that, B is supposed to vary as A and as C, ai the 
same time. In this, B varies as Ay only when C is constant, 
and as C, only when A is constant. It cannot therefore vary 
as A and as C separately, at the same time. 
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Art 420. iu If one quantity yaries aa another, tKe fonner is 
equal to the product of the latter into some eomiOHt quantity. 

If «i9 :£::«: ft ; then, whatever be the value of a, its ratio 
to b must be constant, viz. that oi Ai B. Let this ratio be 
thut^tf «i: 1. 

Then A\B\\(^:h\\m\\. Therefore ,4 =mjB; And a^mb. 

Hence, if the ratio between the two quantities be found 
for any given value, it will be known for any other period of 
their increase or decrease. If the interest of 100 dollars be 
to the principal as 1 : 30 ; the interest of 1000 or 10^000 will 
have the same ratio to the principal. 

421. Many writers, in expressmg^a general proportion, do 
not use the term vary, or the character which has here been 
put for it. Instead oiAcf^By they say simply that Ai$a$B, 
See Enfield's Philosophy. It may be proper to observe, aU 
so, that the word given is frequently used to distinguish opn- 
stant quantities, from those which are variable ; as well as 
to distinguish hnoum quantities from those which are un- 
known. (Art. 17.) 



SECTION XIV. 

ARITHMETICAL AND GEOMETRICAL PROGRESSION. 

Art. 422. QUANTITIES which decrease by a common 
diflkrence> as the numbers 10, 8, 6^ 4, 2, are in continued 
arithin^tical pfc^tion, (Art. S72.) Such a series is also 
called a progre^mn, which is only another name for 4^ontinued 
proportion. 

It is evident that the proportion will not be destroyed, if 
the order Qf the quajitities be inverted. Thus the numbers 
2, 4, 6, 8, 10, are in arithmetical prpportion., 
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Q^aniiHe89 then, are in arithmetical progression, when they 
increase or decrease by a common difference. 

When they increcue, they, form what is called an ascending 
series, as 3, 5, 7, 9, 11, &,c. 

When they decrease^ they form a descending series, as 11, 
9, 7, 5, &c. 

The natural numbers, 1, 2, 3, 4, 5, 6, &c. are in arithmet- 
ical progression ascending. 

423. From the definition it is evident that, in an ascending 
series, each succeeding term is found, by adding the common 
differmce to the preceding term. 

If the first term is 3, and the common difference 2 ; 

The series is 3, 5, 7, 9, 11, 13, &c. 

If the first term is a, and the common difference d ; 

Then a^d is the second term, a^2d'{-d=a^Sdy the fourth, 
a+d+d=a+2d the 3d, a+Sd+d=a+4d the 5th, &c. 

12 3 4 6 

And the series is a, a-f-^) ar-{-2dy a-f-3(2, a-j-4(2, Sic. 

If the first term and the common dilSerence are the same, 
the series becomes more simple. Thus if a is the first term, 
and the common difference, and n the number of terms. 

Then a4-a=2ais the second term, 
2a-f-a=3a the third, &c. 

And the series is a, 2a, 3a, 4a, na. 

424. In a descending series, each succeeding term is foimd, 
by subtracting the comm^m difference from the preceding term. 

If a is the first term, and d the common difference, the 

13 3 4 6 

series is a, a - (2, a - 2<{, a - 3(2, a - 4(2, &c. 

Or the common difference in this case may be considered 
as - (2, a negative quantity, by the addition of which to any 
preceding term, we obtain the following term. 

In this manner, we may obtain any term, by continued 
addition or subtraction. But in a long series, this process 
would become tedious. There is a method much more ex- 
peditious. By attending to the series 

1 3 I 4 5 

a, a+dy a+2dy a+Sd, a+4dy &c. 
it will be seen, that the number of times d is added to a is one 
less than the number of the teiin. 
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The 5eco9u2 term is ar\-dy i. e. a added to onu d; 
The third is a-f-2d, a added to iwke d; 

Th&fwxrth is a-^-M^ a added to tharice d, &c. 

So if the series be continued. 

The 50th term will be a+49d 

The 100th term o+QW 

If the series be descendmgy the 100th term will be a — 99d, 

In the last term, the nmnber of times d is added to a, is 
one less than the number of all the terms. If then 

a=the first term, 2r=the last, n=the number of terms, we 
shall have, in all cases, i:z=a-f-(n-l) x<^; that is, 

42$. In an arithmetical ^xog^QsAaa^ the hut terniis eqwd 
to thejirsty^ the product of the common difference into the number 
of terms less one. * 

Any other term may be found in the same way. For the 
series may be made to stop at any term, and that niay be 
considered, for the time, as the last. 

Thus the mth term=:a-|-(»»-l)X^« 

If the first term and the common difierence are the same^ 

2r=a4-(n~l)a=:a4-na~a, that is, z=na. 

In an ascending series^ the first term is, evidently, the least, 
and the last, the greatest. But in a descending series, the 
first term is the greatest, and the last, the least. 

426. The equation z = 0+ (n-l)d not only shows the value 
of the last term, but, by a few simple reductions, will enable 
us to find other parts of the series. It contains four different 
quantities, 

0, the first term, n, the number of terms, and 

Zf the last term, dy the common difference. 

If any three of these be given, the other may be found. 

1. By the equation already found, 

z=za^(n-l)d=the last term. 

2. Transposing (n-l)d, (Art. 173.) 

Z'-(n-l)d=a=:the first term. 

3. Transposing a in the 1st, and dividing by n-1, 

z '-a 

I =:d=the common difference. 
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4. Transp. a in the let, dmding by d, and tmnsp. - 1, 

— ^4-l=rn=iAe number of terms. 

By the third equation, may be found any number of arith- 
metkal means, between two given numbers. For the v>hoh 
number of terms consists of the two extremes, and all the 
iMrmedMU terms. If then m=: the number of meana, m-f- 
2=11, the whole number of terms. Substituting m-f^ for ti, ^ 
in the third equation, we have ^ 

^qrr=cl, the common difference. 

Prob. 1. If the first term of an increasing progression is 7, 
the common difference S, and the number of terms 9, what is 
the last term? Ans. r=ii+(n-.l)<i=7+(9-l)x*=3s»l. 

And the series is 7, 10, IS, 16, 19, 22, 25» 28, 31. 

Prob. 2. If the last term of an increasing progression is 60, 
the number of terms 12, and the common difference 5, what 
is the first term? Ans. a=3;<-(n-l)4=:60-(12«l)x^==d* 

P)rob. S. Find 6 arithmetical means, between 1 and 43. 

Ans. The cc»nmon difiference is 6. 

And the series, 1, 7, 13, 19, 25, 31, 37, 43. 

427. There is one other inquiry to be made concerning a 
series in arithmetical progression. It is often necessary to 
find the stm of all the terms. This is calkd the suamafum of 
the series. The most obvious mode of obtaining the amoimt 
of the terms, is to add them together. But the nature of 
progression will furnish us with a method more expeditious. 

It is manifest that the sum of the terms will be the same, 
in whatever order they are written. The sum of the ascend* 
ing seriesf^S, 6, 7, 9, 11, is the same, as that of the descend- 
ing series, 11, 9, 7, 5, 3. The sum of both the series is, 
thera&re, titice as great, as the sum of the terms in one of 
them. There is an easy method of finding this doiMe sum, 
and of course, the sum itself which is the object of inquiry. 
Let a given series be written, both in the direct, and in the in- 
verted order, and then add the corresponding terms together. 
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Take, fm* instance, the series 3, 5, 7, 9, 11, 

And the same inverted 11, 9, 7, 5, 3. 



The sums of the terms will be 14, 14, 14, 14, 14. 

Take also the series a, o+d, a+2d, a4-3£?, a+4d. 

And the same inver. o4-4d, a-f-3rf, a+2d, a+d> a. 

» 

The sums will be 2a+4d,2a+4dy2a+4d,2a+4d,2a+4d 
Here we discover the important property, that, 

428. In an arithmetical progression, the sum of the ex- 
tremes IS EQUAL TO the SUM OF AN7 OTHER TWO TERMS 

EQUALLY DISTANT FROM THE EXTREMES. 

In the series of numbers above, the sum of the first and 
the las^ term, of the first but one and the last but one, &c. is 
14. And in the other series, the sum of each pair of corres- 
ponding terms is 2a+4d. 

To find the sum of all the terms in the double series, we 
have only to observe, that it is equal to the simi of the ex- 
tremes repeated as many times as there are terms. 

The sum of 14, 14, 14, 14, 14=14x5. 

And the simi of the terms in the other double series is 
{2a+4d)x5. 

But this is tvfice the sum of the terms in the single series. 
If then we put 

a=the first term, n=the number of terms, 

z=the last, 5= the sum of the terms, 

we shall have this equation, 

s = -g— X ». That is, 

429. In an afithmetical progression, the sum of all the 

TERMS IS EQUAL TO HALF THE SUM OF THE EXTREMES MUL- 
TIPLIED INTO THE NUMBER OF TERMS. 

Prob. What is the sum of the natural series of numbers 

1, 2, 3, 4, 5, &c. up to 1000] 

a+z 1+1000 
Ans. »=^^ Xn= -^ x 1000=500600. 

If in the preceding equation, we substitute for z, its value 
as given in Art. 426, we have 

2a+(n-l)d 
1. s= 2~. xn. 

28 
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In this, there are four different quantities, the first t^rm of 
the series, the common difference, the number of terms, and 
the sum of the terms; any three of which being giyen, the 
fourth may be found. For, by reducing the equation, we 
have, 



2, a= aZ '^ the first term. 



2n 

25-2011 
3. d= — a ^ ^ the common difference, 

2i 

Ex. 1. If the first term of an increasing arithmetical series 
is 3, the common difference 2, and the number of tenns 20 ; 
what is the sum of the series 1 Ans. 440. 

2. If 100 stones be placed in a straight line, at the dis- 
tance of a yard from each other; how far must a person tra- 
vel, to bring them one by one to a box placed at the distance 
of a yard from the first stone 1 Ans. 5 miles and 1300 yards. 

3. What is the sum of 150 terms of the series 

12 4 5 7 

g> g' 1, g» 3» 2, ^> &C.1 Ans. 3775. 

4. If the sum'^of an arithmetical series is 1455, the least 
term 5, and the number of terms 30 ; what is the common 
difference? Ans. 3. 

5. If the sum of an arithmetical series is 567, the first, 
term 7, and the commoxi difference 2; what is the number 
of terms? Ans. 21. 

6. What is the sum of 32 terms of the series 

1, 1 J, 2, 2 J, 3, &c.? Ans. 280. 

7. A gentleman bought 47 M)oks, and gave 10 cents for 
the first, 30 cents for the second, 50 cents for the third, &c. 
What did he give for the whole ? Ans. 220 dollars, 90 cents. 

8. A person put into a charity box, a cent the first day of 
the year, two cents the second day, three cents the third day, 
&c. to the end of the year. What was the whole sum for 
365 days ? Ans. 667 dollars, 95 cents. 
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V 4S0. In the series of odd numbers 1, 3, 5, 7, 9, &c. con- 
tinued to any given extent, the last term is always one less 
than twice the number of terms. 

For z=a+{n--l)d. (Art. 425.) But in the proposed 
series Hae 1, and da^. 

The equation, then, becomes z=l+(n-l)x2=2n- 1. 

431. In the series of odd numbers, 1, 3, 5, 7, 9, &c. the 
8uni of the terms is always equal to the square of the nund>er of 
terms. 

For «=i {a+z)n. (Art. 429.) 

But here a:x=l, and by the last article, 2r=2n<^l. 
The equation, then, becomes j=i (l4-2n-l)n=n*. 

Thus 1+3=4 ) 

1 -{-34-5=9 > the square of the number of terms. 
14.3+5+7=16) 

432. If there be two ranks of quantities in arithmetical 
progression, the sums or differences will also be in arithmetical 
progression. 

For by the addition or subtraction of the corresponding 
terms, the ratios are added or subtracted. (Art. 345.) And 
by the nature of progression, all the ratios in the series are 
equal. Therefore equal ratios being added to, or subtracted 
from, equal ratios, the new ratios thence arising will also be 
equaL 

To and from 3, 6, 9, 12, 15, 18, 21 
Add and sub. 2, 4, 6, 8, 10, 12, 14 




Sums 5, 10, 15, 20, 25, 30, 35 

Diff. 1, 2, 3, 4, 5, 6, 7 

433. If all the terms of an arithmetical progression be mul- 
tiplied or dhnded by the same quantity, the products or quo- 
tients will be in arithmetical [H-ogression. 

For by the multiplication or division of the terms, the raHos 
are multiplied or divided; (Art. 344,) that is, equal quantities 
are multiplied or divided by the given quantity. They will 
therefore remain equal. 

If the series 3, 5, 7, 9, 1 1 , &c. be multiplied by 4 ; 

The prods, will be 1 2, 20, 28, 36, 44, &c. and if this be di v. by 2; 
The quots. will be 6, 10, 14, 18, 22, &c. 
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Problems of various kinds, in arithmetical progression, may 
be solved, by stating the conditions algebraically, and then 
reducing the equations. • 

Prob. 1. Find four numbers in arithmetical progression, 
whose sum shall be 56, and the sum of their squares 864. 

If a:=the second of the four numbers, 
And j/= their common difference: 
The series will be a? -y, ar, a:-|-y, a:-|-2j/. 

By the conditions, {x - j/)-fir+ (a?+J/)+ (a^+^J^) = 56 > 

And {x-yy+3^+{x+yy+(x+2yy=:Se4 $ 

That is 4x+2y=5e \ 

And 4««+4ay+6y*=864 J 

Reducing these equations, we have a:=12, and y=4. 

The numbers required, therefore, are 8, 12, 16, and 20. 

Prob. 2. ,The sum of three numbers in arithmetical pro- 
gression is 9, and the sum of their-cubes is 153. What are 
the numbers 1 Ans. 1, 3, and 5. 

Prob. 3. The sum of three numbers in arithmetical pro- 
gression is 15; and the sum of the squares of the two ex- 
tremes is 58. What are the numbers'? 

Prob. 4. There are four numbers in arithmetical progres- 
sion: the sum of the squares of the two first is 34 ; and the 
sum of the squares of the two last is 130. What are the 
numbers'? Ans. 3, 5, 7, and 9. 

Prob. 5. A certain number consists of three digits, which 
are in arithmetical progression ; and the number divided by 
the sum of its digits is equal to 26; but if 198 be added to 
it, the digits will be inverted. What is the number? 

Let the digits be equal to a:-t/, x, and x-^-y^ respectfvely. 
Then the number =100(a?-y)+10a?4-(a:4-y) = llla?-99y. 

lllar-99y 
By the conditions, « =26 

And llla:-99i/+198=100(:r+y)+10a;4-(a-j/) 
Therefore a:=3, i/=l, and the number is 234. 

Prob. 6. The sum of the squares of the extremes of four 
nimibers in arithmetical progression is 200 ; and the sum of 
the squares of the means is 136. What are the numbers *? 
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•Prob. 7. There are four humbdrs in arithmetical progres- 
sion, whose sum is 28, and their continual product 505. 
What are the numbers ? 
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434. As arithmetical proportion continued is arithmetical 
progression, so geometrical proportion continued is geometri- 
cal progression. 

The numbers 64, 32, 16, 8, 4, are in continued geometri- 
cal proportion. (Art. 372.) 

In this series, if each preceding term be divided by the 
common ratio, the quotient will be the following term. 

V=32, and V=16, and Y=8, and f =4. 

If the order of the series be moertedy the proportion will 
still be preserved ; (Art. 399,) and the common divisor will 
become a multiplier. In-the series 

4,8,16,32,64, &c.4x2=8,and8x2=16,andl6x2=32,&c. 

435. Quantities then are in geometrical progression, 

WHEN THET INCREASE B7 A COMMON MULTIPLIER, OR DE- 
CREASE B7 A COMMON DIVISOR. 

The common multiplier or divisor is called the rofio. For 
most purposes, however, it will be more simple to consider 
the ratio as always a multiplier^ either integral or fractional. 

In the series 64, 32, 16, 8, 4, the ratio is either 2 a divisor, 
or J a multiplier. 

To investigate the properties of geometrical progression, 
we may take nearly the same course, as in arithmetical pro- 
gression, observing to substitute continual muUiplicatum and 
division^ instead of addition and subtraction. It is evident, 
in the first place, that, 

« 

436. In an ascending g^metrical series, each succeeding 
term is found, by mtdtiplying the ratio into the preceding terra. 

If -the first term is a, and the ratio r, 

Then axr=ary the second term, ar*x*'=a*^, the fourth, 
arxr=^ar^, the third, ar^xr=ar*y the fifth, &c. 

And the series is o, ar^ ar^, ar^^ ar\ ar^y &c. 

437. If the first term and the ratio are the same^ the pro- 
gression is simply a series of powers. 
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If the first tenn and the ratio are each equal to r. 
Then rx»'=»^> the second term, r^x»'=^> the fourth, 
f^Xr=:f^y the third, r* Xr=f*, the fifth- 

And the series is r, r*, r*, r*, r*, r*, &c. 

438. In a deseendmg series, each succeeding tenn is found 
by dividing the preceding term by the ratio, or multiplying 
by the firaciional ratio. 

If the first term is m^f and the ratio r, 
the seccHid term is — , or ar^x^'f 

And the series is aii^f aafi^ ar\ ar^j am^f a/ty a^^SLi^- 

If the first term is % &nd the ratio r, 

a a a 
The series is a>-i?Ti>-3> &c. or a, ar'^y ar^t &c. 

. 18 8 4 5 6 

By attending to the series a, aiv or*, ar*, ^f*, or*, &c. it will 
be seen that, in each term, the eipbnent of the power of the 
ration is one less^ than the number of the term. 

If then a=the first term, r=the ratio, 

2r=:the last, n=the number of terms ; 

we have the equation z=:ai'^f that is, 

439. In geometrical progression, the last term is equal to the 
product of the firsts into that power of the ratio whose index is one 
less than the number of terms. 

When the least term and the ratio are the same, the equa- 
tion becomes z=zn^=r^. See Art. 437. 

440. Of the four quantities a, Zy r, and n, any three being 
given, the other may be found.* 

1. By the last article, 

z=ar^*=the last term, 

2. Dividing by r^*, ^ 

z 
-;;ri=a=the firs f term. 

3. Dividing the 1st by a, and extracting the root, 



\a 



£^Wi =r=the ratio. 



* See Note P. 



(■ 
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By the last equation may be found any number of gemne^ 
trietdmeans^ between two given numbers. If m= the num-* 
ber of means, ni-^2=ny the tohole number of terms. Substi- 
tuting m-f-2 for n, in the equation, we have 

-L j5hT =:r, the ratio. 

When the ratio is found, the means are obtained by con- 
tinued multiplication. 

Prob. 1. Find two geometrical means between 4 and 256. 
Ans. The ratio is 4, and the series is 4, 16, 64, 256. 

Prob. 2. Find three geometrical means between } and 9. 

Ans. i, 1, and 3. 

441. The next thing to be attended to, is the rule for find- 
ing the sum of all the terms. 

If any term, in a geometrical series, be multiplied by the 
ratio, the product will be the succeeding term. (Art. 436.) 
Of course, if each of the terms be multiplied by the ratio, a 
new series will be produced, in which ail the terms except 
the last will be the same, as all except the first in the other 
series. To make this plain, let the new series be written 
under the other, in such a manner, that each term shall be 
removed one step to the right of that from which it is pro^ 
duoed in the line above. 

Take, for instance, the series 2, 4, 8, 16, 32 

Multiplying each term by the ratio, we have 4, 8, 16, 32, 64 

Here it will be seen at once, that the four last terms in the 
upper line are the .same, as the four first in the lower line. 
The only terms which are not in both, are the j&^ of the one 
series, and the last of the other. So that when we subtract 
the one series, from the other, all the terms except these two 
will disappear, by balancing each other. 

If the given series is a, oTf ai^y ar*, .... ai^^\ 
Then mult, by r, wt have or, or", a^, . . . . a^''\ a^. 

Now let «= the siun of the terms. 

Then s=za^ar'\'afi^-\-aii^y +«r*""V 

And mult, by r, rs=. ar'{'aai^-\'aT\ . . . .-f"«»^~'+<»^» 

^bt'gthe first equation from the second, r5- 5= ar"- a 

And dividing by (r-l,)<Art. 121.) g=^"^ 

r — 1 
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In this equation, ai^ is the last term in the new s^es, and 
is thepefore the product of the ratio into the last term in the 
gwen series. 

Therefore 5=!!^I1?, that is. 

r-1 

442. The sum of a series in geometrical progression is 
found, by multipl3ring the last term into the ratio, subtract- 
ing the first tenn, and dividing the remainder by the ratio 
less one. 

Prob. 1. If in a series of numbers in geometrical pro- 
gression, the first term is 6, the last term 1458, and the ratio 
3, what is the sum of all the terms % 

Ans. a=:^iJ:5=?><li5^=2184. 
r-1 3-1 

Prob. 2. If the first term of a decreasing geometrical se- 
ries is i, the ratio 4, and the number of terms 5 ; what is the 
sum of the series 1 

The last term=ar»-^=ixG)*=TF2. 

And the sum of the terms=l21lilZJ=lrl. 

4-1 16^ 

Prob. 3. What is the sum of the series, 1, 3, 9, 27, &c. to 
12 terms 1 Ans. 265720. 

Prob. 4. What is the sum of ten terms of the series 1, |, 

*, h, &c. Ans. YM^. 

69049 

i 

443. Qiion^i^^ in geometrical progression are proportkmal 
to their differences. 



Let the series be a, ar, ar^, ar^, ar^, &c. 

By the nature of geometrical progression, 

a : ar:: ar : ai^ ::ai^ : air^ : : aif^ : ar\ &c. 

In each couplet let the antecedent 43e subtracted from the 
consequent, according to Art. 389, 6. 

Then a : ar: :ar-a : ai^-ar: lar^-ar : af^-ar^, &c.. 

That is, the first term is to the second, as the difference 
between the first and second, to the difference between the 
second and third ; and as the difference between the second 
and third, to the difference between the third and fourth, &c. 
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Cor. If quantities are in geometrical progression, their iif" 
ferences are also in geometrical progression. 

Thus the nimibers 3, 9, 27, 81, 243, &c. 
And their differences 6, 18, 54, 162, &c. are in geo- 
metrical progression. 

444. Several quantities are said to be in harmonical progres- 
nan, when, of any three which are contiguous in the series, 
the first is to the last, as the difference between the two first, 
to the difference between the two last. See Art. 400. 

Thus the numbers 60, 30, 20, 15, 12, 10, are in harmoni- 
cal progression. 

For 60 : 20 : :60-30 : 30- 20, And 20 : 12 : : ?0- 15 : 15-12. 
And 30: 15 :: 30-20: 20-15, And 15 : 10:: 15-12 : 12-10. 

Problems in geometrical progression, may be solved, as in 
other parts of algebra, by the reduction of equations. 

Prob. 1. Find three numbers in geometrical progression, 
such that their sum shall be 14, and the sum of their 
squares 84. 

Let the three numbers be or, y, and z. 

By the conditions, x :y: :y : Zy or xz=y^ 

And x+y+z—l4 

And a?+/-f-2*=84 

Reducing these equations, we find the numbers required 

to be 2, 4 and 8. 

« 

Prob. 2. There are three numbers in geometrical progres- 
sion whose product is 64, and the sum of their cubes is 584^ 
What are the numbers ? 

If :r be the first term, and y th^ common ratio ; the series 
will be X, xyy xy^. 

By the conditions, ix^X^\ ora:y=64, > 

And ar'+a:'y=+a?y=584. J 

These equations reduced give a: =2, and y=2. 
The numbers required, therefore are, 2, 4 and 8. 

Prob. 3. There are three numbers in geometrical progres- 
sion : The sura of the first and last is 52, and the square of 
the mean is 100. What are the numbers 1 Ans. 2, 10,and 50. 

29 
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Prob. 4. Of four numbers m geometrical progression, the 
sum of the two first is 15, and the sum of the two last is 60. 
What are the numbers 1 

Let the series be x, ay, ay', ay' ; and the numbers will be 
found to be 6, 10, 20, and 40. 

Prob. 5. A gentleman divided 210 dollars among three 
servants, in such a manner, that their portions were in geo- 
metrical progression ; and the first had 90 dollars more than 
the last. How much had each 1 

Pix)b. 6. There are three numbers in geometrical progres- 
sion, the greatest of which exceeds the least by 15 ; and the 
difference of tjie squares of the greatest and the least, is to 
the sqm of the squares of all the three numbers es 5 to 7. 
What are the numbers 1 Ans. 5, 10, and 20. 

Prob. 7. There are four niunbers in geometrical progres- 
sion, the second of which is less than the fourth by 24 ; and 
the sum of the extremes is to the sum of the means, as 7 to S. 
What are the numbers ? Ans. 1, 3, 9, 27. 



SECTION XV. 



INFINITES AND INFINITESIMALS.* 



Art. 445. THE word infinite is used in Afferent senses. 
The ambiguity of the term has been the occasicm of much 
perplexity. It has even led to the absurd supposition that 
propositions directly contradictory to each other, may be 
mathematically demonstrated. These apparent contradic- 
tions are owing to the fact, that what is proved of infinity 

r n - ■ ,,,--■■ ■ _■_- -■ _■ -^ -__ .-___ ^ ■ ■■ - . 

'I' Locke's Essays, Book 2, Chap. 17. Berkeley's Analyst Preface to Mac< 
laurin's Fluxions. Newton's Frincip. Saunderson's Algebra, Art. 988. 
Mansfield's Essays. Emerson's Algebra, Prob. 73. BufRer. 
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when understocMi in one jparticular manner, is often thought 
to be true also^ wlien the term has a very different significa- 
tion. The xwo meanings are insensibly shifted, the one for 
' the other, so that the proposition which is really demonstra- 
ted> is exchanged for another which is false and absurd. To 
prevent mistakes of this nature, it is important that the dif- 
ferent meanings be carefully distinguished from each other. 

446^. Infinite, in the highest, and perhaps the most proper 
sense of the word, is that which is so greats that nothing can be 
added to it^ or supposed to be added. 

In this sense, it is frequently used in speaking of moral and 
metaphysical subjects. Thus, by infinite wisdom is meant 
that which will not admit of the least addition. Infinite power 
is that which cannot possibly be increased, even in supposi- 
tion. This meaning of infinity is not applicable to the ma- 
thematics. That which is the subject of the mathematics is 
quantiiy r{Axt, 1.) such quantity as may be conceived"of by the 
human mind. But no idea can be formed of a quantity so 
great that nothing can be supposed to be added to it. In this 
sense, an infinite number is inconceivable. We may increase 
a number by continual addition, till we obtain one that shall 
exceed any limits which we please tx) assign. By this, how- 
ever, we^o not arrive at a number to which nothing can be 
added ; but only at one that is beyond any limits which we 
have hitherto set. Farther additions may be made to it with 
the same ease, as those by which it has already been in- 
creased so far. It is therefore not infinite, in the sense in 
which the term has now been explained. It is absurd to 
speak of the greatest possible number. No number can be 
imagined so great as not to admit of being made greater. 
We must therefore look for another meaning of infinity, be- 
fore we can apply it, with propriety, to the mathematics. 

447. A MATHEMATICAL QUANTITY IS SAID TO BE INFINITE, 
WHEN IT IS SUPPOSED TO BE INCREASED BEYOND ANY DETER- 
MINATE. LIMITS. 

By determinate limits are meant such as can be distinctly 
stated.* In this sense, the natural series of numbers, 1, 2, 3, 4, 
5, &c. may be said to be infinite. For, if any number be men- 
tioned ever so great, another may be supposed still greater. 

The two significations of the word infinite are liable to be 
confounded, because they are in several points of view the 

♦ See Note Q, 
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same. The higher meaning includes the lower. That which • 
is so great as to adifiit of no addition, must be beyond any 
determinate limits. But the lower does not necessarily imply • 
the higher. Though number is capable of being increased 
beyond any specified limits ; it will not follow, that a number 
can be found to which no farther additions can be made. 
The two infinites agree in this, that according to each, the 
things spoken of are great beyond calculation. But they 
differ widely in another respect. To the one, nothing can be 
added. To the other, addUitions can be made at pleasure. 

448. In the mathematical sense of the term, there is no 
absurdity in supposing one infimte greater than another. 

We may conceive the numbers 2 2 2 2 2 2 2, &c. 

4 4 4 4 4 4 4, &c. 

to be each extended so far as to reach round the globe, or to 
the most distant visible star, or beyond any greater boundary 
which can be mentioned. But if the two series be equally 
extended, the amount of the one will be tunce as great as the 
other, though both be infinite. 

So if the series a-\- a'4- «^+ <»*+ <*^ &c. 
and 9a+9fl?-f9a'-j-9a*4-9a^ &c. 

be extended together beyond any specified limits, one will be 
nine limes as great as the other. But it would be absurd to 
suppose one quantity greater than another, if the latter were 
already so gieat that nothing could be added to it. 

449. An infinite number of terms must not be mistaken for 
an infimte quantity. The terms may be extended beyond 
any given limits, when the amount of the whole is a finite 
quantity, and even a small one. If we take half of a unit ; 
then half of the remainder ; half of the remaining half, &c. 
we shall have the series 

in which each succeeding term is half of the preceding one. 
Let the progression be continued ever so far, the sum of all 
the terms can never exceed a unit. For, by the supposition, 
there is still a remainder equal to the last term. And this 
remainder must be added, before the amount of the whole 
can be equcj to a unit. 

So l-j-l-j-l^f-yy-f-A+vV ^c. can never exceed 8. 



MATHEMATKJAL INFINITY. 229 

450. Whbn a quantity is diminished till it becomes 

LESS THAN ANY DETERMINATE QUANTITY, IT IS CALLED AN 

INFINITESIMAL. 

Thus, in a series of fractions xV» tA^' iir*(r&» tu^it' ^^- ^ 
unit is first divided into ten parts, then into a hundred, a 
thousand, &c. One of these parts in each succeeding term 
is ten times less than in the preceding. If then the progres- 
sion be continued, a portion of a unit may be obtained less 
than any specified quantity. This is an infinitesimal, and in 
mathematical language, is said to be infinitely smalL By this, 
however, we are not to understand that it cannot be made 
less. The same process that has reduced it below any limit 
which we have yet specified, may be continued, so as to di- 
minish it still more. Arid however far the progression may 
be carried, we shall never arrive at a point where we must 
necessarily stop. 

451. In the sense now explained,* mathematical .quantity 
may be said to be infinitely divisible ; that is, it may be ^up- 

Sosed to be so divided, that the parts shall be less than any 
eterminate quantity, and the number of parts greater than 
any given number. 

In the series i^, risi^ nnn^ -nnnm^ &c. a unit is divided 
into a greater and greater number of parts, till they become 
infinitesimals, and the number t)f them infinite, that is, such 
a number as exceeds any given number. But this does not 
prove that we can ever arrive at a division in which the parts 
shall be the Umt possible or the nmnber of parts the greatest 
possible. 

452. One infinitesimal may be less than another. 
The series, n^, y^nr> nre^j nrinnrj &<5. ) 

4nd 3 3 3 3 i^rp ( 

may be carried on together, till the last teim in each becomes 
infinitely small ; and yet one of these terms will be only half 
as great as the other. For the denominators being the same, 
the fractions will be as their numerators, (Art. 360, cor. 2,) 
that is, as 6 : 3, or 2 : 1. 

Two quantities may also be divided, each into an infinite 
number of parts, using the term infinite in the mathematical 
sense, and yet the parts of one be more numerous than those 
of the other. * 



Ihe series nj, yinr) TTnnrj t oooo ? ^c. 
And /i,, jjp^j 4innr) nnnnr> "^^ 
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may both be infinitely extended ; and yet a unit in the last 
series, is dii^ded into four times as many parts as in the first. 
But if, by an infinite number of parts were meant such a 
number as could not be increased, it would be absurd to sup- 
pose the divisions of any quantity to be still more numerous.* 

V 

453. For all practkal purposes, an infinitesimal may be 
considered as absolutely nothmg. As it is less than any de- 
terminate quantity, it is lost even in niunerical calculations. 
In algebraic processes, a term is often rejected as of no value, 
because it is infinitely small. 

It is frequently expedient to admit into a calcuUtion, a 
small error, or what is suspected to be an error. It may be 
diflicult either to avoid the objectionable part, or to ascertain 
its exact value, or even to determine, without a long and 
tedious process, whether it is really an error or not. But if it 
can be shown to be infinitely small, it is of no account in 
practice, and may be retained or rejected at pleasure. 

It is impossible to find a decimal which shall be exactly 
equal to the vulgar fi-action J. Dividing the numerator by 
the denominator, we obtain in the first pliace j%. This is 
nearly equal to i. But ft^ is nearer, iWo> still nearer, &c. 

The error, in the first instance, is A. 

For ft4-A==A-|-s^= — II- — i» * 

In the same manner it may be shown, that 

the difference between \ \ ^^ 'f f ' ^? "^^ « 

I i and .333, is ^^^ &c. 

If the decimal be supposed to be extended beyond any as- 
signable limit, the diflerence still remaining will be infinitely 
small. As this error is less than any given quantity, it is of 
no account, and may be considered iu calculation as nothing. 

454. From the preceding example it will be seen, that a 
quantity may be continually coming nearer to another, and 
yet never reach it. The decimal 0.3333333, &c. by repeated 
additions on the right, may be made to approximate continu- 
ally to J, but oan never exactly equal it. A difference will 
always remain, though it may become infinitely small. 



* See Note R. 
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When O0e qiiantily is thus made to approach contmually 
to another, without ever parsing it ; the latter is called a 
Vsmi of the former. The fraction § is a limit of the decimal 
0.666 &c. indefinitely continued. 

455. Though an infinitesimal is of no account ^f ifvel^ 
yet its effect on other quantities is not always to be disre- 
garded. 

When it is a factor or divisor, it may have an important 
influence. It is necessary, therefore, to attend to the rela- 
tions which infinites, infinitesimals, and-finite quantities have 
to each other. As an infinitesimal is less than any assigna- 
ble quantity, as it is next to nothing, and, in practice, may be 
considered as nothing, it is fiequently represented by 0. 

An infinite quantity is expressed by the character QO 

456. As ian infinite quantity is incomparably greater than 
a finite one, the alteration of the former, by an oddtliofi or 
«illtnac(«0n of the iajtter, may be disregarded in calculation. 
A single grain of sand is greater in comparison with the 
whole earth, <than any finite quantity in comparison witli one 
which is incite. If therefore infinite ami finite quanti- 

. ties are connected by the sign -|- or -, the latter may be re- 
iected«as of no comparative value. For the same reason, if 
finite quantities and infinitesimals are connected by 4- or - , 
the latter may be expunged. 

457. But if an infinite quantity be multiplied hy one which 
is finite, it will be as many times increased as any other quan- 
tity would, by the same midtiplier. 

If the infinite series 2 2 2 2 2 2 &c. be multiplied by 4; 

The product wiiil be 8 8 8 8 8 8 d^c. four times as great as 
the multiplicand. See Art. 448. 

458. And if an infinite quantity be imdtA by a finite quan- 
tity, 4t will be altered in the same manner as any other quan* 
ti'ty. 

If the infinite series 6 6 6 6 6 6 6 6 &c. be divided by « ; 

The quotient will be 3 3 3 3 3 3 3 3 &c. half as great as 
the dividend. 

. 459. If a fniiiXt quarUUy be multiplied by an infinitesmdly 
the product will be an infinitesimal ; that is, putting z for a 
finite quantity, and for an infinitesimal, (Art. 455. 

zxO=0. 
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If the multiplier were a wnft, the product would be equal 
to the multiplicand. (Art. 90.) If the multiplier is less than 
a unit, the product is proporticMdally less. If then the multi- 
plier is mfmitely less than a unit, the, product must be iiifi- 
nitely less than the multiplicand, that is, it must be an infi- 
nitesimal. Or, if an infinitesimal be considered as abso- 
lutely nothing, then the product of z into nothing is nothing. 
(Art. 112.) 

466, On the other hand, if a finite quantity be divided by 
an infinitesimal, the quotient will be infinite. 

z 

For, the less the divisw, the greater the quotient. If then 
the divisor be injimtely small, the quotient will be infinitely- 
great. In other words, an infinitesimal is contained an infi- 
nite number of times in a finite quantity. This may, at first, 
appear paradoxical. But it is evident, that the quotient must 
increase as the, divisor is diminished. 

Thus 6^=.2, ' 6-r-0.03=200, 

6.^-0.3=20, 6-5-0.003=2000, &c. 

If then the divisor be reduced, so as to become less than 
any assignable quantity, the quotient must be greater than 
any assignable quantity. 

461. If a finite quantity be divided by an infinite quantity, 
the quotient will be an infinitesimal. 

£=0. 

For the greater the divisor, the less the quotient. If then, 
while the dividend is finite, the divisor be infinitely great, the 
quotient will be infinitely small. 

It must not be forgotten, that the expressions injimtely great 
and kifimtely smalls are, all along, to be understood m the 
mathematical sense according to the definitions in Arts. 447, 
and 450. 
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SECTION XVI. 

DIVISION BY COMPOUND DIVISORS, GREATEST 

COMMON MEASURE. 

Art. 462. IN the section on division, the case in which 
the divisor is a compound quantity was omitted, because the 
operation in most instances, requires some knowledge of the 
nature of pouters ; a subject which had not been previously 
explained. 

Division by a compound divisor is performed by the fol- 
lowing rule, 'which is substantially the same, as the rule for 
division in arithmetic ; 

To obtain the first term of the quotient, divide the first 
term of the dividend, by the first term pf the divisor ;* 

Multiply the whole divisor, by the term placed in the quo- 
tient ; subtract the product firom a part of the dividend ; and 
to the remainder bring down as many of the following terms^ 
as shall be necessary to continue the operation : 

Divide again by the first term of the divisor, and proceed 
as before, till all the terms of the dividend are brought down 

Ex. 1. Divide ae-^-hc-^-ctd^hd^ by a-{-6. 

a4.6)ac4.ie-l-ad-|-Ad(c+d 

ac-|-frc, the first subtrahend. 



ad-\^hd 

ad-^-hd, the second subtrahend. 



Here acy the first term of the dividend, is divided by a, 
the first term of the divisor, (Art. 116.) which gives c for the 
first term of the quotient. Multiplpng the whole divisor by 
this, we have ae-^hc to be subtracted from the two first 
terms of the dividend. The two remaining terms are then 
brought down, and the^ first of them is divided by the first 



* See Note S. 
30 
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term of the divisor as before. This gives d for the seccmd 
term of the quotient. Then multiplying the divisor by d, 
we have od-j-frd to be subtracted, which exhausts the whole 
dividend without leaving any remainder. 

The rule is founded on this pinciple, that (be prodtt4t«f 
the divisor into the several parts of the quotient, is equal to 
the dividend. (Art. 115.) Now by the operation, the pro- 
duct of the divisor into the first term of the quotient is Sub- 
tracted fron> the dividend ; then Uie product of the divmr 
into the second tenn of the quotient ; and so on, till the pro- 
duct of the divisor into each term of the quotient, that is^ 
the product of the divisor into the whole quotient, (Art 100.) 
is taken from the dividend. If there is no remainder, it is 
evident that this product is equal to the dividend. If theare 
is EL remainder, the product of the divisor and quotief&t is equal 
to the whole of the dividend excepi the remainder:. And this 
remainder is not included in the parts subtracted from the 
dividend, by operating according to the rule. 

463. Before beginning to divide, it will generally he ex- 
pedient to make some preparation in the arr(mg€me«t of the 
t^rfiM. 

The letter which is in the first term of the divis(»r, should 
be in the first term of the dividend also. And the powers of 
this letter should be arranged in order, both in the divisor 
and in the dividend ; the highest power standing first, the 
next highest next, and so on. 

Ex. 2. Divide 2a^b+b^+2ab^+a'y by^'+fe«+a6. 

Here, if we take o' for the first term of the divisor, the 
other terms should be arranged according to the powers of fi, 
thus, 

a''+ab+L^)a^+2a'b+2ab^+b\a+b 

a^j^a'b+ab^ 

(^b+ab^'+b^ 



m. I «»^*i 



In these operations, particular care will be necessary in the 
management of negative quantities. Constant attention must 
be paid to the rules for the signs in subtraction, multiplica- 
tion and division. (Arts. 82, 106, 123.) 



* f 
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&. S. DmAt tax - ta*x - Sa^+Wx+(mf - xy b^ 2a - y. 

If the terms be arranged aecording to the powers of a, 
they will stand thus ; ^ 

2a - y)6a'3? « Stfxy - 2a»a:+aa:y+2aa? - xy{Sa^x - ax+x. 
^a^x-Stfxy 



*■ - 2a^a;-|-aa^ 



f m^ 



* -|-2aar - xy 
-|-2aa?- xy 



464. In multiplication, some of the terms, by balancing 
each other, may be lost in the product. (Art. 110.) These 
may re-appear in division, ao as to pi'esent ternte^ in the 
course of the proe^ss, different from any which are in the 
dividend. 

Ex. 4. 

a-|-«)«*+«^(o* - ax-\-oi^ 
JLc^x 



* - a'af-j-a:^ 



aic^-l-aj* 

Ex. 5. 

a* - 2aar+2a?)a^+4a?*(a»+2aa:+2ar» 

a*-2a»a?+2ay 



*+2a»«-.2aV+4ar* 
+2^*0? - 4<^a:»4-4a«' 



* +2a»a!»-4aap»+4a?* 
4-2aV-4aa:'+4«*. 

If the learner will take the trouble to multiply the quo- 
tient into the divisor, in the two last examples, he will find. 



7. 
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in the partial products, the several terms which appear in the 
process of dividing. But most of them, by balancing each 
other, are lost in the general product. 

Ex. 6. Divide c^-j-a'+o't+ai+Soc+Sc, by a+l. 

Quotient. tr'\-ah-\-Sc, 

Ex.7. Divide a-(-6-c-aa?-6a?-j-ca[i by a-(-6-c. 

Quotient. 1 — a;. 

Ex. 8. Divide 2««- 13<;^a?+llaV-.8aa:'+2a:*, by %a*-ax 
-(-^- Quotient. a*-6ax-4-S».* 

465. When there is a remainder after all the terms of the 
dividend have been brought down, this may be placed over 
the divisor and added to the quotient, as in arithmetic. 

Ex. 9. 



a+b)ac+bc+ad+bd+<t{€+d+ 



X 



* * ttd+bi 
ad4-bd 



Ex. 10. 

d - h)ad - ofc+M - fcA+y (o+i+ _* 

d—h 



ad- 


-ah 








• 


* 


bd- 
bd- 


■ bh 
• bh 






* 


* 


y 



It is evident that a+6 is the quotient belonging to the 
whole of the dividend, excq^tiag the remainder y. (Art. 662.) 

And _JL is the quotient belonging to this remainder. (Art. 
124.) 
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Ex. 11. Kvide $ax+2xy -Sab -^by+Sac^ey+h, by Sa+y. 

Quotient. 2a:-6-|.€+ * 



8a+y' 
Ex. 42. Divide a'b - Sa*+2a6 - 6a - 46+22, by 6 - 3. 

Quotient. a»+2a - 4+-12-. 

6 — 3 

Ex. 13. See Art.J^8S. 

aC'\-c^b 

* * aV*fV^^ 
aV<M-VM 

Ex. 14. Divide a-\-'^y+ar^y-{-ry^ by a-|-\/y. 

Quotient. l-|.r\/y. 

15. Divide a? - Soaj'+Srf'ar - a^ by ar - a. 

16. Divide 2f- 19y«+26y - 17, by y -8. /^ 

17. Divide «• - 1, by ar - 1. 

18. Divide 4a:*-9a?+6ar- 3, by 2a:»+3ar- 1. 
19; Divide a*+4a«6+36*, by a+26. 

20. Divide x' - aV+2a"a? - a\ by a;^ - ax+a\ 

466. A regular series of quotients is obtained, by dividing 
the difference of the powers of two quantities, by the differ* 
ence of the quantities. Thus, 

(»*-«*)-f-(y-«)=y+a, 

(y'- a')-4-(y - a) =y»+ay+a», 

(y* - «*)-f-(y - «) =s'+«»*+<«V+«*. 

&c. 

Here it will be seen, that the index of y, in the first term 
of the quotient, is less by 1, than in the dividend ; and that 
it decreases by 1, from the first term to the las,t but one : 

While the index of Oy increases by 1, from the second term 
to the last, where it is less by 1, than in the dividend. 



t58 ALGEBRA, 

This ma^ be expressed in a general foniMik^ thus, 

(y--a*)^(y-a)=j"-'+iisr-' • • • .+fl^"^+a^"'. 

To demonstrate this, we have only to multiply, the quo- 
tient into the divisor. (Art. 115.) 

AU the terms except two, in the partial products, will be 
balanced by each other ; and vnll leave the general product 
the same as the dividend. 

Mult. y<+ay'+ay+oH/+a* 

Into y -a • . ^ 

f+ay'+a^+aY+a*y 
-ay*- (3ft/'- o^*- a^*o' 



<i ■* 



Producty * * * * -tf5 

Mult. y"»-^-f (q/--«+aV"^ +a«— «y+a*- * 

Into y-a 

y«4-ojf -*+a'y*— '^ 4-0"— y+a"'-^/ 

-ay^^'-oy*""'. ...- a*""'y- (r'^y-o" 

Prod, y- * * * # .flf. 

466. 6. In the same mann^ it may be proved, that the dif- 
ference of the powers of two quantities, if the index is an 
even number, is divisible by the sum of the quantities. That 
is, as the double of every nxmiber is even ; 

(j*»«a*")-f-(y+o)=y*»-*-ay*»-» +cr^-'»y-o*"-'. 

And the sum of the powers of two quantities, if the index 
is an odd number, is divisible by the swn of the quantMes. 
That is, as 2ni-f-l is an odd number ; 

For in each of these cases, the product of the quotient and 
divisor, is equal to the dividend. 

Thus, 

(y'-rf)ir(y+«)=y-a, 

(y* -rf)-r(y+a)=y'-ay«+rfV - a\ 

(y* - «')4-(y+») =y* - «»'+cft/' - aY+aSf ^ «», &c. 
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And, 

GREATEST COMMON MEASURE. 

466. e. Hie Greatest Common Measure of two quantities, 
may be found by the following rule ; 

Divide one of the quantities by the othar, and thb 
preceding divisor bt the last remainder, till nothing 
remains ; the last divisor will be the greatest oommon 

MEASURE. 

The algebiaiG letters are here supposed to stand for whole 
numbers. In the demonstration of the rule, the following 
prfflc^les must be admitted. 

1. Any quantity measures tt^e^ the quotient beiag 1. 

2. If two quantities are respectively measured by a tbird, 
their svm or d^erence is measured by that third quantity.—^ 
If b and c are each measured by d, it is evident that 6-f-^» 
and b-c ore measured by d. Connecting them by the sign^* 
or -f does not affect their capacity of being measured by d. 

Hence, if b is measured by d^ then by the pi^eeedkig pro* 
poeition, b-^-d Is measured by d, 

3. If one quantity is measured by another, any muUifle 
of the former is measured by the latter. If b iff measured 
by £^ it is evident that fr-f-fr, $6, 4fr, n6, &c. are measured 
byrf. 

Now let i}z= the greater^ and cf=the less of two algebraic 
quantifies, whether simple or compound. And let the pro^ 
cess <tf dividing, according to the rule be as follows : 

d)D(q 
dq 



r^)r(q^ 



r 
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In which o, ijf q'\ are the quoHmiSy from the cnicceariye 
divisions ; and r, r', and o the rmnamders. And as the divi- 
dend is equal to the product of the divisor and quotient added 
to the remainder, 

D^dq-^Ty and d^rq^-i^r^. 

Then, as the last divisor r^ measures r the remainder heing o, 

it measures (2, and 3,) f^-4-t^=d, 
and measures dq-^r^^D^ 

That is, the last divisor r' is a common measure of the two 
given quantities D and d. 

It is also their greatest common measure. For every com- 
mon measure of D and d^ is also (3, and 2) a measure of 
D - dq=^r ; and every common measure of d and r, is also a 
measure of d - rq'^r^. But the greatest measure of K is 
itseV. This, then, is the greatest c(»nmon measure of JD 
Bikid. 

The demonstration will be substantially the same, what- 
ever be the nwnber of successive divisions, if the operation 
be continued till the remainder b nothing. 

To find the greatest common measui;e of three quantities ; 
first find the greatest common measure of two of them, and 
then, the greatest common measure of this and the third 
quantity. If the greatest common measure of D and d be 
f^, the greatest common measure of r^ and c, is the greatest 
common measure of the three quantities D, dy and c. For 
every measure of r^, is a measure of D and d; therefore the 
greatest common measure of r^ and c^ is also the greatest 
ccHnmon measure of D, d^ and e. 

The rule may be extended to any number of quantities. 

466. d. There is not much occasion for the preceding 
operations, in finding the greatest common measure of mm- 
ple al|;ebraic quantities. For this purpose, a glance of the 
eye will generally be sufficient. In the application of the 
rule to compound quantities, it will frequently be expedient 
to reduce tne divisor, or enlarge the dividend, in conformity 
with the foUowing principle ; 

7%e greatest . common measure of two quantities is not dtteredy 
by muUiplyir^ or dioiding either of them by any quantity which 
is not a aioisor of the othery and which contains no factor which 
is a dvnsoT of the other. . 

The common measure of ah and ac is a. If either be 
mvitiplied by dy the common measure of abdy and oc, or of 
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ab and aed^ is still a. On the other hand, if ab and aed are 
the given quantities, the ccnnmon measure is a ; and if aed 
be dmded by dy the common measure of ab and oc is a. 

Hence in finding the common measure by division, the 
divisor may often be rendered more simple, by dividing it by 
some quantity, which does not contain a divisor of the divi- 
dend. Or the dividend may be multiplied by a factor, which 
does not contain a measure of the divisor. 

Ex. 1. Find the greatest common measure of 
ea^+Uax+SA and Sa'^+Toar - 3a;». 

6a*+7ax - Sit') 6o«+ 1 1 ax+Sa^{ 1 

^■— — - II III » 

Dividing by 2x)4aX'^Qx* 

2a+Sx)ece+7ax - 3rE»(3a - x 
Qa'+dax 

- 2aa? - 3a:* 
-2aa?-3a* 



After the first division here, the remainder is divided by 
2xy which reduces it to 2a+Sx. The divisi(m of the pre- 
ceding divisor by this, leaves no remainder. Therefore 2a-|- 
Sx is the common measure required. 

2. What is the greatest common measure of x^ - b^x, and 
a;»-|-26a?+6» 1 . Ans. x+b. 

3. What is the greatest common measure of crr-f-o^^ and 
a^c-^-a^x 1 Ans. c+ar. 

4. What is the greatest common measure of Sa^ - 24a? - 9, 
and2a:»-16a:-6'? Ans. ar'-Sar-S. 

5. What is the greatest common measure of a* - b\ and 
rf-t»a»] Ans. o»-R 

6. WTiat is the greatest common measure of a:*- 1, and 
ajy+y? Ans. x-^-l. 

7. What is the greatest common measure of a:' - a*, and • 
ar^-aM 

31 
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8. What is the greatest common measure of a*-*^-^^*, 
anda«-3ai+26«] 

9. Wha), is the greatest common measure of o* - x\ and 

10. What is the greatest common measure of rf - a6', and 



SECTION XVII. 

INVOLUTION AND EXPANSION OF BINOMIALS.* 

Art. 467. THE manner in which a binomial, as well as 
any other compound quantity, may be involved by repeated 
multiplications, has been shown in the section on powers. 
(Art. 213.) But when a high power is required, the opera- 
tion becomes long and tedious. 

This has led mathematicians to seek for some general prin- 
ciple, by which the involution may be more easily and expe- 
ditiously performed. We are chiefly indebted to Sir Isaac 
Newton for "the method which is now in common use. It is 
founded on what is called the Binomicd Theorem, the inven- 
tion of which was deemed of such importance to mathemati- 
cal investigation, that it is engraved on his monmnent in 
Westminster Abbey 

468. If the binomial root be a-^-b, we may obtain, by mul- 
tiplication, the following powers. (Art. 213.) 



* SimpBon's Algebra, Sec 15. Simpson's Fluxions, Art. 99. Eider's Alge- 
bra, Sec. 2. Chap. 10. Manning*s Al^bra. Saunderson's Algebra, Art. 
380. Vince's Flujdons, Art. 33. Wannff»s Med. Anal. p. 416. Lacroix's 
Algebra, Art, 135. Do. Comp. Art. 70. Lond. Phil. Trans. 1795, 1816, and 
1817. Woodhouse's Analytical Calculation. 
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bY-a*+4M+ea'b^+4ab^+b* 



la+bY=:z(f+5a'b+l0a^b'+l0a^b*+5ab*+b\ &c. 

By attending to tUs series of powers, we shall find, that 
the exponents preserve an mvariable order through the whole. 
This will be very obvious, if we take the exponents by them- 
selves, unconnected with the letters to which they belong. 

In the square, the exponents | of 6 arc o' T 2 

¥ *i. u *u * (of a are 3, 2, -1, 

In the cube, the exponents Jof 6 are 0, 1, 2, 3 

f xu A^x. *u * i of a are 4, 3, 2, 1, 

In the 4th power, the exponents J ^^ j ^^^ q' ^^ ^^ 3* 4 

&c. 

Here it will be seen at once, that the exponents of a in the 
fast term, and of 6 in the last, are each equal to the index of 
the power ; and that the stmi of the exponents of the two let- 
ters is in every term the same. Thus in the fourth power, 

C in the first term, is 4+0=4 
The sum of the exponents < in the second, 3-|-l=4 ~ 

( in the third, 2-f 2=4,&c. 

It is farther to be observed, that the exponents of a regu- 
larly decrease to 0, and that the exponents of b mcrease from 
0. That this will universally be the cas% to whatever ex- 
tent the involution maybe carried, will be evident, if we con- 
sider, that in raising from any power to the next, ecich term 
is multiplied both by a and by b. 

Thus (a-f 6)'=a*-f 2a6-f.6« 
Mult, by a+b 

[of a in each term. 

a'+2a'6-(-a6^. Here 1 is added to the exp. 
d'b+2ab^+bK Here 1 is added to the 

[exp. of 6 in each term. 

(a+by=a^+Sa^b+Sah^+b\ 

If the exponents, before the multiplication, increase and 
decrease by 1, and if th% multiplication adds 1 to ^ach, it is 
evident they must still increase and decrease in the same 
manner as before. 
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469. If then a-f 6 be raised to a power whose exponent is % 
Theexp'sof a will ben, n-l,n-2, . . . . 2, 1, 0; 
And the exp'sof 6 will be 0, 1, 2, . . . . fi-2, n- 1, n. 

The terms in which a power is ei^roressed, consist of the 
letters with their exponents^ and the co-ejffidenis. Setting aside 
the co-efficients for the present, we can detemiine, frcmi the 
{Hreceding observations, the letters and exponents of any 
power whatever. 

Thus the eighth power of a-|-^9 when written without the 
co-efficients, is 

0? + o'6 + o«6» + 0*6' + 0*6* + a't« + a«6«+ aV+V. 

And the nth power of a-(-b is, 

iT + o''-* 6+0— «6« a'6'-«+ ofe— » +b\ 

470. The ntmd)er of terms is greater by 1, than the index 
of the power. For if the index of the power is n, a has, in 
different terras, every index from n down to 1 ; and there is 
one additional term which contains only 6. Thus, 

The square has 3 terms. The 4th power, 5, 
The cube 4, The 5th power, 6, &c. 

471. The next step is to find the co-effiderUs, This part 
ot the subject is more complicated. 

In the series of powers at the beginning of Art. 4i58, the 
co-efficients, taken separate from the letters are as follows ; 
In the square, 1, 2, 1, whose sum is 4=2* 

In the cube, • 1. 3, 3, 1, 8=2^ 

In the 4th power, 1, 4, 6, 4, 1, 16=2* 

In the 6th power, 1, 5, 10, 10, 5, 1, 32=2*, 

The order which these co-efficients observe is not obvious, 
like that of the exponents, upon a bare inspection. But they 
will be found on examination to be all subject to the follow- 
ing* law ; 

. 472. The co-efficient of the first term is 1 ; that of the 
second is equal to the index of the power ; and universally, 
if the co-efficient of any term, be multiplied by the index of 
the leading quantity in that term, and divided by the index of 
the following quantity increased by 1, it will give the co^ 
efficient of the succeeding term.* 

* See Note T. 
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Of the two letters in a term, the first is called the leadi$ig 
quanjtity, and the other the foUoumg quantity. In the ex- 
amples which have been given in this section, a is the 
leading quantity, and b the following quantity. 

It may frequently be convenient to represent the co-effi- 
cients in the several terms, by the capital letters, •d, B^ C, &c. 

The nth power of a-{-6, without the co-efficients, is 
a--fa— '6+a— «6»+a— W+o— V, &c. (Art. 469.) 

And the co-efficients are, 
•^9 =n, the co-efficient of the second term ; 

B =n X^^, of the third term ; 



C=nx— X^'"^ of the /ourffc term ; 
D^nx'^x'^x'^ of thefifthterm; &c. 

^ <) 4 

The regular manner in which these co-efficients are de- 
rived one from another, will be readily perceived. 

473. By recurring.to the numbers in Art 471, it will be 
seen, that the co-efficients first increasey and then deereaaey at 
the same rate ; so that they are equal, in the first term and 
the last, in the second and last but one, in the third and last 
but two ; and universally, in any two terms equally distant 
from the extremes! The reason of this is, that (a-{-6)" is the 
same as (6-[-a)" ; and if the order of the terms in the bino- 
mial root be changed, the whole series of terms in the oower 
will be inverted. 

It is sufficient, then, to find the co-efficients of hdff the 
termst ^hese repeated will serve for the whole. 

474. In any power of (o-f^,) the sum of the co-efficients 
IS equal to the number 2 raised to that power. See the list 
of co-efficients in Art; 471. The reason of this is, that, ac- 
cording to the rules of multiplication, when any quantity is 
involved, the letters are multiplied into each other, and the 
co-efficients into each other. Now the co-efficients of a-\'b 
being 1 4-1== 2, if these be involved, a series of the powers 
of 2 will be. produced. 

475. The principles which have now been explained may 
mostly be comprised in the following general theoreiji, called 
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THE BINOMIAL THEOREM. 

The index of the leading quantity op the powk» 
of a binomial, bb0ins in the fikfl^t terv with tub ul- 
j>1^x of the power, and decreases regularly bt 1. 
The inqex of the following quantity begins with 1 

IN THE second TERM AND INCREASES REGULARLY B7 1. 

(Art. 468.) 

The CO-EFFICIENT of the first term is 1 ; that 
of the second is equal to the index of the power ; 
and uniyersallr^ if the co-efficient of ant term be 

multiplied by THE INDEX OF THE LEADING QUANTITY IR 
THAT TERM, AND DIVIDED B7 THE INDEX OF THE FOLLOW- 
ING QUANTITY INCREASED BY 1, IT WILL GIVE THE CO-EF- 
FICIENT OF THE SUCCEEDING TERM. (Art 472.) 

In algebraic characters, the theorem is 

{a+by=ar+nx^''' 6-f »X— a"-"6^, &c. 

It is here supposed, that the terms of the binomial have no 
Other co-efficients or exponents than 1. Other binomials may 
be reduced to this form by substitution. 

Ex. 1. What is the 6th power of a:+j/ 1 

The terms without the co-efficients, are 

A ^ « V» aY> «^S ^y y*- 
And the co-efficients, are ' 

, 6 6x5 15X4 20x3 g . 

' ' ~2"' ~3~' ~r^ ' 

that is 1, 6, 15, 20, 15, 6, 1. 

Prefixing these to the several terms, we have the power 
required ; 

2. {d+ky=^ d^+6d'h+ 1 0(f /i«+ 1 Od'h^+SdV+h^. 

3. What is the nth power of 6-f.j/ ? 

Ans. 6»+w?6"-'2/+J56"-y+C6"-y+l>i"-V, &c. 

That is, supplying the co-efficients which are here repre- 
sented by Ay By C, &c. (Art. 472.) 

6«4-nxt''-"y+nx^ixfc"-y, &c. 
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4. What is the 5th power of a^+Sf 1 
Substituting a for a^y and 6 for Sy", we have 

And restoring the values of a and b, 
(a:«+3y«)«=a:^»+15aY4-90a!^*+270aY+405aY+24Sy*^ 

5. What is the sixth power of (3«-|-%) *? 

Ans. r>^^ *'' A^ V • • - '• ^ 

729a/^+291 6a:«i/+ 4S60xy+4S20ar^^+2l^0x^^+&76xy' 
+64y\ 

X 476. A residwd quantity may be involved in the same 
manner, without any variation, except in the signs. By re- 
peated multiplications, as in Art. 213, we obtain the follow- 
mg powers of (a -6.) 

(a- by=a^ - Sa^b+Sal^ - bK 

(o - by=a* - 4a'6+6a*6* - 4a63+6*, &c. 

By comparing these with the like powers of (a+6) in Art. 
468, it will be_seen, that there is no difference except in the 
signs, Th6re, dU the terms are positive. Here, the terms 
which contain the odd powers of b are negative. See Art. 
218. 

The sixth power of (a:- y) is 
a:* - ea^y+l5xy - 20ar3j/34.16aY - 60^+^ 
The nth power of (o - b) is 
a"-w2a"-'6+Ba— »6^- Ca^-n\ &c. 

477. When one of the terms of a binomial is a unity it is 
generally omitted* in the power, except in the first or last 
term ; because every power of 1 is 1, (Art. 209.) and this 
When it is a factor, has no effect upon the quantity with 
Which it is connected. (Art. 90.) 

Thus the cube of (x+ 1 ) is a?+3a;» X ^+Sx X 1*+ 1', 

Which is the same as a;'+3a!*4-3a:+ L 

The insertion of the powers of 1 is of no use, unless it 
be to preserve the exponents of both the leading aini the fol- 
lowing quantity in each term, for the purpose of finding the 
co-effioient^. But this will be unnecessary, if we bear in 
mind, that the sum of the two exponents, in each term, is 
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equal to the index of the power. (Art. 468.) So that, if we 
have the exponent of the leading quantity, we may know 
that of the following quantity, and v. v. 

Ex. 1. The sixth power of (1 -y) is 

1 - 6y+15y»- 20y'+15y* « 6y*+y«. 
2. (1 +xy= 1 ^^x+Ba^+ Caf+DxU &c; 

478. Fr<»n the comparatively simple manner in which the 
power is expressed, when the first term of the root is a imit, 
is suggested the expediency of reducing other binomials to 
this form. 

The quotient of (o+ar) divided by a is ( 1+^ j . This mul- 
tiplied into the divisor, is equal to the dividend ; that is, 
(a+ar)=oX (l+-) therefore (chf ar)-=crx (l+^"- 

By expanding the factor [1+-] » we have 

479. When the index of the power to which any binomial 
is to be raised is a posH^e whole ntim&er, the series will tenni- 
note. The number of terms will be limited, as in all the 
preceding examples. 

For, as the index of the leading quantity continually de- 
creases \^y one, it must, in the end, become 0, and then the 
series will break off. 

Thus the 5th term of the fourth power of a-j-^ is o^, or 
€fx\ €f being commonly omitted, because it is equal to 1. 
(Art. 207.) If we attempt to continue the series farther, the 
co-efficient of the next term, according to the rule, will be 

-21-=0. (Art. 112.) And as the co-efficients of all suc- 
ceeding terms must depend on this, they will also be 0. 

480. If the index of the proposed power is negative, this 
can never become 0, by the successive subtractions of a unit. 
The series will, therefore, never terminaie; but like many de- 
cimal fractions, may be continued to any extent that is de- 
sired. 
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Ex. Expand into a series , ._=(a-|-J/)'"'- 

The terms without the co-efficients, are 

o-S a~Y a"y, a'Vj tt^^y* &* 

The co-efficient of the 2d term is - 2, of the 4th "^^'" ~=:-4> 

Of the third, "^^"^=+3, of the 6th rA><Z.^=z+5. 

2 4 

The series then is 

0-* - 2a-'y+3a-y - 4a- y+6a"y, &c. 

Here the law of the progression is apparent ; the co-effi- 
cients increase regularly by 1, and their signs are alternately 
positive and negative. 

481. The Binomial Theorem is of great utility, not only 
in raising powers, but particularly in finding the root^ of bino- 
mials. A root may be expressed in the same manner as a 
power, except that the exponent is, in the one case an inte- 
gefy m the other a fraciion. (Art. 245.) Thus (a+by may 
be either a power or a root. It is a power if n=2, but a root 
if n=|. 

482. If a root be expanded by the binomial theorem, the 
series mil never terminate. A series produced in this way 
terminates, only when the index of the leading quantity be- 
comes equal to 0, so as to destroy the co-efficients of the suc- 
ceeding terms. (Art. 479.) But according to the theorem, 
the difi^rence in the index, between one term and the next, 
is always a unit ; and a fractiary though it may change from 
positive to negative, cannot become exactly equal to 0, by 
successive subtractions of imits. Thus, if the index in the 
first term be |, it will be. 

In the 2d, i-l=:-J» In the 4th -f-l=-*, 
JntheSd, -i-l=-f. In the5th -*- 1 = -f,&c. 

Ex. What is the square root of (a+fc) *? 
The terms, without the co-efficients, are, 

a^.a'^b.a'h^ a~*6^ a''h\ Sic. 

32 
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The co-ejQicieut of tlie second term is 4-i 

of the 3d, t^i= -i, of the 4th, zi21zl=+ ^,. 
2 - 3 

And the series is o*-}-!^"*^ - io~^6'-4- A a 4', &c. 

When a quantity is expanded by the Binomial Theorem, 
the law of the series will frequently be more apparent, if the 
factors^ by which the co-efficients are formed, are kept diS" 
tinct 

1. Expand into a series (a'-f-«) . 
Substituting 4 for o^, we have 



Jj=l, (Art. 472.) 

2 2 2 4 2.4 



1 



2.4 3 2.4 6 2.4.6 



2.4.6 4 2.4.6 8 2.4.6.8 

Restoring, then, the value of 6, and writing -for a"*, we have 

a 

a^+x)^=a+—'- ^' + ^^ -- ^'^^* ,, &c. 
^ ^ ^2a 2.4a^^2.4.6a' 2.4.6.8a' 

JL 

2. Expand into a series (l-[-a?) . 

Ans. 1+5 -^+_??1 --J:^^, &c. 
^2 2.4^2.4.6 2.4.6.8 

3. Expand V2, or (1+1)^. 

Ans. 1+1 - J>.+_1 - 3.5 , 3.5.7 j^ 
^2 2.4^2.4.6 2.4.6.8^2.4.6.8.10 

4. Expand (a+a?)*, or a ^ x (l+-)*. See Art. 478. 

Ans. a^vfl+5-, ^ j^ ^ _ 3.5x^ ^ &c. ) 
\ ^2a 2.4a'^ 2.4.6a» 2.4.6.8fl* / 
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6. Expand (a+6)* or a*x(l+-)*. 

W3a 3.6a»^S.6.9a^ 3.6.9.125^ 7 
6. Expand into a series (a - by. 

\ 4a ^Sa'* 4.8.12a^ 4.8.12716? / 
.. ^^i^^^v. v-^-r*; • ^' Expand ( 1 - a:) ^ 
9. Expand (l+x) "* 10. Expand (a'+ar) ""*. 

483. The binomial theorem may also lie applied to quan- 
tities consisting of more than two terms. By sul^titution, sev- 
eral terms may be reduced to two, and when the compound 
expressions are restored, such of them as have exponents 
may be separately expanded. 

Ex. What is the cube of a^b-\-c 1 

Substituting h for (fc+c,) we have a-|-(6-f-c)=a-f-&. 

And by the theorem, (a4-fc)'=a'+3«'fc-|-3(ift*-f-**- 

That is, resto/lhg the value of A, 
(a+b+cy=€^+Sa'X{b+c)+Sax{b+cy+(b+cy. 

The two last terms contain powers of (6-f-c) ; but these 
may be separately involved. 

Promiscuous Examples. 



1 . What is the 8th power of {a+% 1 

Ans. (i'+Sd!b+2S(fb^+5e(^b'+70a'b'+5ea'b'+ 
28aV4-8a6'+i^ 

2. What is the 7th power of (a - 6) 1 

3. Expand into a series , or (1 -a)~\ 

1 - a • 

Ans. 1-f o-f-a'^-^'+al+rt^ &c. 



%6% 
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4. Expand -A-, or hxla-b)-', 
a-6 



Ans. fcxfl+U^+^ &c.] or^+^^*+*!*, &c. 



6. Expand into a series (0*4-^') • 
Ans. a+^-JL+-^, &c 

6. Expand into a series (a+j/)~*. 
a* Or a a* or 



&c. 



) 



7. Expand into a series (c'-fa;') . 

V ^S(^ S.6(f^ 3.6.9/ 

8. Expand ^ or ci((?+a?)""*, 

AnsJ/l.^l+J^-J:«l+Jil^4 &c.\ 
c\ 2c»^2.4c* 2.4.ec'^ 2A.6.S(f j 

S. Find the 6th power of (a^+j/l) 

10. Find the 4th power of (a+fc-f-a:*)? 



11. Expand (a^-ar)* 
IS. Expand (a -a?)* 



. 12. Expand (l-y*)*. 
14. Expand A(o'-y)*. 
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SECTION XVIII. 



EVOLUTION OF COMPOUND QUANTITIES. 

Art. 484. THE roots of compound quantities may be ex- 
tracted by the following general rule : 

After arranging the terms according to the powers of one 
of .the letters, so that the highest power shall stand first, the 
next highest next, &c. 

Take the root of the first term, for the first term of the requhr- 
edroot: 

Subtract the power from the given quantity, and divide tl^e 
first term of the remainder, by the first term of the root involved 
to the next inferior power, and multiplied by the index of the 
given power ;t the quotient will be the next term of the root. 

Suhtract tlu power of the terms already found from the given 
quantity, and using the same divisor, proceed as before. 

This rule verifies itself. For the root, whenever a new 
term is added to it, is involved, for the purpose of subtract- 
ing its power from the given quantity : and when the power 
is equat to this quantity, it is evident the true root is found. 

Ex. 1. Extract the cube root of 

rf+Stf' - Sa* - lla»+6rf*+l 2a - 8(a'+a - 2. 
(f, the first subtrahend. 



Sa*)* 3cf, &c. the first remainder. 

a*-f3tf^-f Sa*-{-a', the 2d subtrahend. 
3a*)* * - 6a*, &c. the 2d remainder. 

a'+Sa' - 3a^ - 1 la^+6a^+12a - 8. 



t By the givm power is meant a power of the same name with the required 
root. As powers and roots are correlative, any quantity is the square of its 
square root, the cube «f its cube root, &c. ' 
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Here £r», the cube root of fl^, is taken for the first term of 
the required root. The power (f is subtracted from the given 
quantity. For a divisor, the first term of the root is squared, 
that isy raised to the next inferior power, and multiplied by 
3, the index of the given power. 

By this, the first term of .the remainder 3a^ &c. is divided, 
and the quotient a is added to the root. Then a'-|-a, the 
part of the root now found, is involved to the cube, for the 
second subtrahend, which is subtracted from the whole of 
the given quantity. The first term of the remainder - 6tf*, 
&c. is divided by the divisor used above, and the quotient — 2 
is added to the root. Lastly the whole root is involved to 
the cube, and the power is found to be exactly eoual to tHe 
given quantity. 

It is not necessary to write the remainder at length, as, in 
dividing, the first term only is wanted. 

2. Extract the fourth root of 

a<4.8a«+24a*4-32a+16(o+2 
a* 



4aO* 8a^ &c. 



a*+8a»+24a"+32a+ 1 6. 

3. What is the 5th root of 

a»+5a*64-10a'i«+10a'6»4-5a6*+6« ? Ans. a+6. 

4. What is the cube root of 

a3 . 6fl?6+ 1 2a6« - 86» ? Ans. a - 26. 

6. What is the square root of 

, 4a«- 12a6+96'+16afc - 246/i+16&^(2a- 36+4^ 
4a» 



4a)*-12a6, &c. 
4a«- 12a6+96' 



4a)* * *+ 16 a/^ &c. 



4o* - 1 Uh+W+ 1 Qah - 246*+ 1 6/i^ 
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In finding the divisor here, the term 2a in the root is not 
involved, because the power next below the squaxe is the 
first power. 

485. But the square root is more commonly extracted by 
the following rule, which is of the same nature as that which 
is used in Arithmetic. 

After arranging the terms according to the powers of one 
of the letters, take the root of the first term, for the first term 
of the required root, and subtract the power from the given 
quantity. 

Bring down two other terms for a dividend. Divide by 
double the root already found, and add the quotient, both to 
the root, and to the divisor. Multiply the divisor thus in- 
creased, into the term last placed in the root, and subtract 
the product from the dividend. 

Bring down two or three additional terms and proceed as 
before. 

Ex. 1. What is the square root of 

(^+2ab+b^+2ac+2bc+d'{a+b+c. 
0?, the first subtrahend. 



2a+b)* 2a6+6' 

Into bz=z 2a&-f-^9 ^he second subtrahend. 



Into e=: 2ac- 



•2bc+<? 

■2bc-\'C^y the third subtrahend. 

Here it will be seen, that the several subtrahends are suc- 
cessively taken from the given quantity, till it is exhausted. 
If then« these subtrahends are together equal to the square 
of the terms placed in the root, the root is truly assigned by 
the rule. 

The first subtrahend is the square of the first term of the 
root. 

The second subtrahend is the product of the second term 
of the root, into itself, and into twice the preceding term. 
. The third subtrahend is the product of the third term 
of the root, into itself, and into twice the sum of the two j»re- 
ceding terms, &c; 

That is, the subtrahends are equal to 

a«4-(2a-f6) xb+{2a+^+e) xc, &c. 
and this expression is equal to the square of the root. 



«- 
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For (a+6)«=a«+2a64.6^=a«4-(2a4-6)xfr. (Art. 120.) 
And putting ^=0+6, the square h^=a^^{2ch^-b) x6. 
And (a+b+cy={h+cy=:h^-{-{2h+c)xc; 
that is, restoring the values of h and h\ 

(a+64.c)^=a'4-(2o+6) xb+(2a+2b+c) xc. 

In the same manner, it may be proved, that, if another 
term be added tob the root, the power will be increased, by 
the product of that term into itself, and into twice the sum 
of the preceding terms. 

The demonstration will be substantially the same, if some 
of the terms be negative. 

2. What is the square root of 

1 - 46+46«+2y - %4-»'(l - 2b+y 



2 - 26) * - 46- 
Into -26 =-46- 



.46» 
46^ 



Ans. a'-a'4"«« 
Ans. a'4-26 - 2. 



2 - 46+y) * ^ * 21/ - 46y+y« 
Into y= 2y-46y+y^ 

3. What i^ the square root of 

a« - 2a*+3a* - 2a'4-o' 1 

4. What is the square root of 
a*+4a'6+46' - 4a* - 86+4 1 

486. It will frequently facilitate the extraction of roots, 
to consider the index as composed of two or xnove factors, 

Thuso*=o*^* (Art. 258.) And a*=a*>^*. That is. 

The fourth root is equal to the square root of the square 
root; 

The sixth root is equal to the square root of the cube root ; 

He eighth root is equal to the square root of the fourth 
root, &c. 

To find the sixth foot, therefore, we may first extract the 
cube root, and then the square root of this. 
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1. Find the square root of x^ - 4a:*+6x*- 4«+l. 

2. Find the cube root of x" - 6aj'-f 15a?*- 20a:'+15«» - Sar+l. 
8. Find the square root of 4a?* -4a:'4-13^- 6a:+9. 

4. Find the fourth root of 

16a* -96tf^a?4.216oV-. 216aa?'+8la?*. 

5. Find the 5th root of a;^+5a?*4-10a?»+10a:>+5a?4-l. 

6. Find the sixth root of 

ct - Wb+ 1 My - 20a'63+ 1 5a«6* - 6o6?4-6'. 

ROOTS OF BINOMIAL SURDS. 

486. 6. It is sometimes expedient to express the square 
root of a quantity of the form ai\fhy called a binomial or re- 
sidual surdy by the sum or difference of two other surds. A 
formula for thjs purpose may be derived from the following 
propositions; 

1. The square root of a- whole number cannot consist of 
two partSy one of which is rationaly and the other a surd. 

If it be possible, let ^a=x^\^yy in which the part x is 
rational. 

Squaring both sides, a=a?'-f-^^Vy4'y 

And reducing, VV = — — —> ^ rational quantity ; 

2a? 

which is contrary to the supposition. 

2. In every equation of the form a?4-Vy=^+V^> ^^® ^'^- 
tional parts on each side are equai^ and also the remaining 
parts* 

If a: be not equal to a, let a?=aj:z. 
Then atz+^y = a-(- yfc. And V* =t «+ W > 
That is, \/6 consists of two parts, one of which is rational, 
and the other not ; which, according to the preceding propo- 
sition, is impossible. 

In the same manner it may be shewn, that in the equa- 
tion, a: -^w=o — ^i, the rational parts on each side are 
equal, and also the remaining parts. 

S. If \fct+V^=^+\/y> then \/a->\/6=a?-/\/y. 

For^y squaring the first equation, we have v. 

33 
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And by the last proposition, 



By subtraction, a--V\/6=:a:2_ 2xj^y-^y 
By evolution, Vo - \^b = a: - VV • 

486. c. To find, now, an expression for the square root of 
a binomial or residual surd. 

Let \/o+>^i=a?-f-Vy 

Then \^a- V*=^"Vy 

Squaring both sides of each, we have 

a - >^6 = a;^ - 2a:Vy+y 
Adding the two last, and dividing, a=«*+y 

Multiplying the two first, \/<** - 6 = a^ - y 

Adding and subtracting, 

/ a+ yg' - 6 

Therefore, as Va4-V^=^+Vy> ^^^^ V^" V^=^ "" VV* 

Or, substituting d for \/a* - 6, 

iSx. 1. Fi^-the square root of 3+2^2. 

Here a=3, a*=9, vfc=2v2, 6=8, a«- 6=9 - 8= L 

Therefore v3+V2=^^+>y/^ = V2+l. 
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2. Find the square root of 11+6/^2. Ans. S-^y/2. 

5. Find the square root of 6 - 2^5. Ans. ^5 - 1. 
4. Fmd the square root of 7+4^3. Ans. 2+^S. 

6. Fuid the square root of 7 - 2^10. Ans. ^5 - ^2. 

These results may be verified, in each instance, by multi- 
plying the root into itself, and thus re-producing the binomial 
from which it is derived. 



SECTION XIX. 



INFINITE SERIES. 

Art. 487. IT is frequently the case, that, in attempting to 
extract the root of a quantity, or to divide one quantity by 
another, we find it impossible to assign the quotient or root 
with exactness. But, by continuing the operation, 6ne term 
after another may be added, so as to bring the result nearer 
and nearer to the value required. When the number df 
terms is supposed to be extended beyond any-determinate 
limits the expression is called an infimte series. The quantity ^ 
however, may be finite, though the number of terms be un- 
limited. 

An infinite series may appear, at first view, much less sim- 
ple than the expression from which it is derived. But the 
former is, frequently, more within the power of calculation 
than the latter. Much of the labor and ingenuity of mathe- 
maticians has, accordingly, been employed on the subject of 
series.. If it were necessary to find each of the terms by ac- 
tual calculation, the undertaking' would be hopeless. But a 
few of the leacUng terms will, generally, be sufficient to de- 
termine the law of the progression. 
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488. A fracHan may often oe expanded into an infinite 
series^ by dividing the numerator by the denomnatar^ For. the 
value of a fraction is equal to the quotient of the numerator 
divided by the denominator. (Art. 135.) When this quotient 
cannot be expressed^ in a limited number of termSy it liiay be 
represented by ati infinite series. 

Ex, To reduce the fi-action to an infinite series, 

1-a 

divide 1 by 1 - o, according to the rule in Art. 462. 
1 - fl)l (1 +a+a«4.o', &c. 

1-a 



' 



a-a^ 



a\ &c. 



By continuing the operation, we obtain the terms 

1 +«+«'+«' +«*+^+^> &c. which are sufficient to 
show that the series, after the first term, consists of the 
powers of a, rising regularly one above another. 

That the series may conwerge, that is, come nearer and 
nearer to the exact value of the fraction, it is necessary that 
the first term of the divisor be greater than the second. In 
the example just given, 1 must be greater than a. For at 
each step of the division, there is a remainder ; and the quo- 
tient is not complete, till this is placed over the divisor and 
annexed. Now the first remainder is a, the second a*, the 
third a\ &c. If a then is greater than 1, the remainder con- 
tinually increases ; which shows, thiat the farther the division 
is carried, the greater is the quantity, either positive or nega- 
tive, which ought to be added to the quotient. The series 
is, therefore, diverging instead of converging. 

But if a be less than 1, the remainders, a, d", a% &c. will 
continually decrease. For powers are raised by multiplica- 
tion; and if the multiplier be less than a unit, the product 
will be less tRan the multiplicand. (Art. 90.) If a be taken 
equal to J, then by Art. 223, 



a 



« 



\, a^z=zi, a*= 1^6, a' = 8^, &c. 
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and we have 

Here the two first terms =14-1, which is less than 2, by ^ ; 
the three first = I4-I9 l^ss than 2, by | ; 

the four fijrst = l-4-i> i^ss than £, by f ; 

60 that the farther the series is carried, the nearer it ap- 
proaches to the value of the given fraction, which is (oqual 
to 2. 

, 2. If be expanded, the series will be the same as that 

14-a ^ 

from , except that the terms which consist of the odd 

powers of a will be negoHiM. 

So that -J—= 1 - a+o» - a^+a* - o'-f-ci*, &c. 

3. Reduce to an infinite series. 

a-6 



• a-b)h (^**+^.&o. 

/ \a a^ or 



a 

* bh . 
— , &c. 

a 

Here h divided by a gives - for the first term of the quo- 

a 

tient. (Art. 124.) This is multiplied into a - 6, and the product 

is h-—; (Arts. 159, 158.) which subtracted from h leaves 
a 

*^. This divided by a gives ^ (Art. 463.) for the second 
a a* 

term of the quotient. If the operation be continued in the 

same manner, we shall obtain the series, 

a a cr a a 
in which the exponents of b and of a increase regularly by 1. 
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4. Reduce -itff to an infinite series. 
1 -a 

Ans. 1 4-2a+2c^+2fl^+2a«, &c. 

489. Another method of forming an infinite series is^ by 
extracting the root of a compound surd. 



Ex. i. Reduce Va*4"^" ^ ®^ infinite series, by extracting 
the square root according to the rule in Art. 485. 

« I w/ 1 6* b* b' - 



l,2\ * 






4o* 






Here a the root of the first term, is taken for the first term 
of the series ; and the power c^ is subtracted firom the given 
quantity. The remainder 6* is divided by 2a, which gives 

^--» for the second term of the root. (Art. 124.) The divi- 
2a ^ ' 

sor, with this term added to it, is then multiplied into the 

term, and the product is fe*+ — . (Arts. 155, 159.) This 

4a • 

subtracted firom 6' leaves - — ^ which divided by 2a gives 

4a^ 

- £y for the third term of the root (Art. 163.) &c. 

2. V^r^=a-*l-^-Jl,&c. 

2a 8a^ 16a^ 



3. V2=Vl+l = l+i-i+TV. &c. 



2 ^8 t«.4 



X X , x^ 5x 



^ ^ ..'^2 8^16 128 
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490. A binomial which has a negative or fractional expo- 
nent, may be expanded into an infiuoite series by the bmomial 
theorem. See Arts. 480, 482, and the examples at the end 
of Sec. xvii. 



INDETERMINATE CO-EFFICIENTS. 

490. 6. A fourth method of expanding an algebraic ex- 
pression, is by assuming a series, with indetemdncUe co-^ffi- 
cierUs ; and afterwards finding the value of these co-efficients. 

If the series, to which any algebraic expression is assumed 
tobe equal, be 

jJ+jBay-f Ca;*HrI)a?»-f E;r*, &c. 

let the equation be reduced to the form in which one of the 
meq^rs is 0. (Art. 178.) Then if such values be assigned 
to«i9,* uB, C, &c. that the co-efficients of the several powers 
of x^ as weU as the aggregate of the terms into which x does 
niot enter, shall be each equal to ; it is evident that the uhole 
will be equal to 0, and tnat, upon this condition, the equation 
is correctly stated. 

The values of A^ JB, C, &c. are determined, by reducing 
the equations in which they are respectively contained. 

Ex. L Expand into a series — ^. 

^ c+hx 

Assume -SL^:=zA+Bx+Ca^+Dx'+Ex\ &c. 
c-\^hx 

Then multiplying by the denominator c-f-fro;, and trans- 
posing a, we have 

0= {Ac - a)+{M+Bc)x-\- {Bh+ Cc)(x^-Jr ( C6+ JDc)a:», &c. 

Here it is evident, that if {Ac --a), {Ab+Bc), {Bb+Cc), 
&c. be made each equal to 0, the several parts of the second 
member of the equation will vanish, (Art. 112,) and the 
whole will be equal to 0, as it ought to be, according to the 
assumption which has been made. 
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Reducing the following equations, 
.iJc-a=rO, 



Bb-^Cc-0, 
C64-Dc=0, 



WC 


bave^s: 


ft 

— » 

e 




B= 


c 




C= 


c 




D= 


C 



&c. 



That is, each of the corefBcients, C, A and J5, is equal to 
the preceding one multiplied into - ~. We have therefore 



a _«_oi ,06* a 






2. Expand into a series . ^,f---. 



Assume 






jJ4.Ba:+ Ca?+Da?», &c. 



Then multipl3ring by the denominator of the fraction, and 
transposing c^hxy we have Oz=z{Ad^a)-\-{Bd'\'Ah^b)x 
^{Cdr^BhJr^c)^+{Dd^ChJ^Bc)(i^y &c. 



Therefore A^% 



Bz* --jtA+^j 
a a 



C=-*F-^ 



D=-ZC-%B. 

a a 



3. Expand into a series JjLJL^. 

Ans. l+3ar4.4ai»4-7a^+lla?*+18a^+29a:«, &c. 

In which, the co-efficient of each of the powers of x^ is equal 
to the sum of the co-efficients of the hoo preceding terms. 



4. Expand into a series 



INFH^E SERIES. 
d 



m 

h -ax 



^ 5('+?+T^^+T^-*^-) 



1 -rc 
6. Exnand into a series — 

Ans. l+«+6«*+13a!'4-41a?*+121«'+365a:', &c. 

6. Expand into a series - — . 

1 — *c — jj*-|-a5* 

Ans. l4-a:+2«»+3aJ»+3a:*4-3a;^+4««+4i:^ &c. 

7. ifespdnd ^ . 8. Expand \z±^. 

9. Expand ^+^^, . \0. Expand J±L.. 

SUMMATION OP SERIES. 

491. Though an infinite series consists of an unlimited 
number of terms, yet, in many cases, it is not difficult to find 
what is called the 8um of the terms; that is, a quantity which 
differs less, than by any assignable quantity, from the value 
of the whole. This is also called the ImU of the series. — 
Tkoei the decimal 0.33333, &c. may come infinitely near to 
the viidgar fraction f, but never can exceed it, nor, indeed^ 
eiBjoilj equal it. See Arts. 433, 4. Therefore i'is the limit 
of 0.33338, &c. that is, of the series 

lU I TUO I lOOU I lOOOO I 10000 09 ^^' 

If ^e^ number of terms be supposed infinitely great, the 
difference between their sum and fy will be infinitely small. 

492. The sum of an infinite series whose terms decrease 
hy a canmon divisor, may be found, by the rule for the sum 
of H' ^ned in geometrical progression. (Art. 442.) Accord- 

ing to this, iSf= , that is, the sum of the series is found 

r-1 

by multiplying the greatest term into the ratio, subtracting 

the least term, and dividing by the ratio less 1. But, in an 

infinite series decreasing, the least term is infinitely small. — 

It may be neglected therefore as of no comparative value. 

(Art. 456.) The formula will then become. 



r-1 r-1 

34 
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Ex. 1 . What is the sum of the infinite series 

10 I ' 100 I T DOU I iUUUO I tu/oOO> &C. ? 

Here the first term i^^y and the ratio is 10 

Then «=-Jl. =:12><J^=:f =i, the answer. 
r-1 10-1 

2. What is the simi of the infinite series 

l+i+i+i+ A+5^.+6^4, &c. 1 

Ans. 5f=-!l>=:?2ll=:2. 

r-1 2-1 

8. What is the sum of the infinite series 

l+i+i+«S+8\, &c. 1 Ans. f=l+i. 

493. There are certain classes of infinite series, whose 
sums may be found by subtraction. 
cBy the rules for the reduction and subtraction of fractions, 

l^l_3-2_ 1 
2^3 2x3""2x3' 
l^l_4-3__ 1 

3 4 3x4 3x4' 

l-l=^zi=_I^ &c 

4 6 4x5 4x5' 

If then the fractions on the right be formed into a series, 
they will be equal to the difference of two series formed firom 
the fractions on the left. This difference is easily foimd ; 
for if the first term be taken away fiom one of these two 
series, it will be equal to the other. 

Suppose we have to find the sum of the infinite series 

L+-L.+JLa-_L, &c. 

2-3^ 3-4^ 4-5^ 5^ 

From this, let another be derived, by removing the last 
factor fi-om each of the denominators ; and let the sum of 
the new series be represented by Sy 

That is, let S^l+l+l+l, &c. 

2^3^4^5 

Then 5f- 1=1+1+1+1, &c. 

2 3^4^5^6 



And by subtraction 1 = J— ) — L+-1 I — L, &c. 

^ 2 2-3^ 3-4^ 4-5^ 5-6 
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• 

Here the new series is made one side of an equation, and 
directly under it, is written the same series, after the first 
term ^ is taken away. If the upper one is equal to S, it is 
evident that the lower one must be equal to <S- J. Then 
subtracting the terms of one equation from those of the 
other, (Ax. 2,) we have the sum of the proposed series 
equal to J. For S- (S- J) = iS-iS4-J=i. 

2. What is the sum of the infinite series 

J_4.J-+J-4- J_4. J-, &c. 

Here a new series may be formed, as before, by omitting 
the last factor in each denominator. 

Let 5=1+1+1+1+1, &c. 

Then «- ^=1+1+1+1+1, &c. 
2 3^4^5^6^f 



And by subtraction -=_-_-| 1- — -| -4 , &c. 

^ 2 l-3^2-4^3-5^4-6^5-7 

4 l-3^2-4^3-5^4-6^5-7 

In repeating the new series, in this case, it is necessary to 
omit the two first terms, which are l+i^=f. 

3. What is the sum of the infinite series 

^ -I — L-i — I — I — L.., &c. ? 



2-4-6 ' 4-6-8 ' 6-810 ' 81012 

Here a new series may be formed by omitting the last fac- 
tor, and retaining the two first, in each denominator. And 
we shall find ' * 

8 2-4-g'^4-6-8'*"6-810'^81012' 

Or 1 = JL + JL+JL.+ \ , &c. 

32 2-4-6^4-6-8^6-810^810-12 

4. What is the sum of the infinite series 

^1-+ J— H — L+JL, &c.? Ans. 1. 

1 •2-3^2-3-4^3-4-5^4 5-6 4 



m 



M 



49Sf b. Series whose sl^ns C9^ \)e deteri^lue^^ ^a.y ^iiao 
)^ foupd by the following methods Assun^e s^ d^creiiasin^ 
fifitiea, contaiaing the powers of a vcuiabjle quantity or, wJ^osq 
^um =ziS, Muhiply both sides of the equation,]^ a c^P^- 
PQund factor, in which x and son^e constant q,uantlt^ ^§ cpn- 
tajlned : and give to x such a yalue, that the Qomppi^nd f^^ 
tor shall be equal to 0« If one or rmxe of th^ first ten^ foe 
then transposed, these will be equal to the sum of the re- 
maining series. 

Ex. 1. Let fif=14.?+^4.?!+*+?!, &c 
Multiplying both sides by a? ^ 1, we have 

If we malfe^ x=z 1 , the first member of the equation becomes 
iSx(l - 1)=0. (Art. 112.) Then trapsppsipg - 1 from the 
other side, we have 



1 = 



1 



1-2 



.i- +JL+_L4-J_^ &c. 



2. Let iS=l+f+^4-?!4-?!, &c. as before. 

2^ 3^4 5^ 

Multiplying by ar* - 1, we have, 

^ ^ g^l-3^2-4^3-5' 

Making ar=l, and transposing the twp first terms of the 
series^ we have 

^2 2 l-3^2-4^3-5^4-6^5-7 

3. Multiplying 5f=l+?+^+l', &c. by 2a:«-3a;+l, 

2 3 4 

we have 

^ ^ ' 2^1-2-3^^3-4 ?-4-5 

And if a: be put equal to 1, 

3 5.6:7.8 



:+ 



f+^r-r-=+ 



2 1-2-3 ' 2-3-4 3-4-5 ' 4-5-6 



, &c. 
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From the two iMt ^sumiAes it will be «eep, Uiat ^ereitf 
$me$ may have the $ame #tm. 

RECURRING SERIES. 

49S. c. When a sedes is so constituted^ tH^t a certain 
number of contiguous terms, tcJ^en in any part o]( the series, 
have a givea relation to the term iynm^diafely di^cceeding, 
it is called a rec%frrmg series ; as any one of the following 
terms may b^ found, by recurring U> tlxose which pre9ede. 

Thus in the series l+3ar+4a?+7a:'+lla?*+18a;', &c. 

the mm of the co-efficients of any two contiguous ter^s, is 
equal to the co-efficient of the following term. If the Sjeries 
be expressed by 

jl^B+C+D+E, &c. 

Then vdas 1, the first term. B=Sxy the second, 

C= JBa:+4a;'= 4a;«, the third, 
J)=:Cx+Sa?^7^, the fourth, &c. 

That is, each of the terms, after the second, is equal to the 
one immedifit^ly preceding multiplied by or, + ^be one ntxt 
preceding multiplied by s^. 

In the series l-|-2a;+3a;'+4a;'+5a?*+6a?^, &c., 
each term, after the second, is equal to 2a; multiplied by the 
term immediately preceding, -ar* multiplied by the term 
next preceding. The co-efficients of x and a?, that is -{-2 - 1, 
constitute wh9,t is called the scale of relation. 

In the series l+4ar-h6a;«+ll«3+28a;^+63a:^, &c., 
any three contiguous terms have a constant relation to the 
succeeding term. The scale of rdatum is 2 ^ l-|-3 ; so that 
each term, after the third, is equal to 2x into the term imme- 
diately preceding, - a^ into the term next preceding, +S»^ 
into the third preceding term 

Let any recurring series be expressed by 

d^B+C+D+E+F, &c. 

If tlie law of progression depends upon two contiguous 
t^rms and the scale of relation consists of two parts, ni 
and n. 
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Then C^Bmx+Jlna^, the third term, 
D= Cmx+Bna^j the fourth, 
E=Dmx+Cnx^y the fifth, 
&c. &c. 

If the law of progression depends on three contiguous 
terms, and the scale of relation is m^n-i-r. 

Then D= Cmx-^Bna^-^^Ara^, the fourth' term, 
E=Dmx+Cna»+Bra^, the Mih, 
F=EmX'\-Dna?+Cra^, the sixth, 
&c. &c. 

If the law of progression depends on more than three terms, 
the succeeding terms are derived &om them in a similar 
manner. 

493. d. In any recurring series, the scale of relation^ if it 
consists of two parts, may be found, by reducing the equa- 
tions expressing the values of two of the terms ; if it con- 
sists of three parts, it may be found by reducing the equations 
expressing the values of three terms, &c. As the scale of 
relation is the same, whatever be the value of x in the series, 
the reduction may be rendered more simple, by making x= 1 . 

Taking then the fourth and fifth teims, in the first exam- 
ple above, and making a?= 1, we have 

F^ThnMf\i K ^^ ^^ ^^^ values of. m and n. 
These reduced, (Art. 339,) give 

DC-BE CE-DD 

m= n= — > 

CC-BD CC'-BD 

E F 

1 ^^^5x^+7 a^+9x*+ 1 1 a^y &c. 

Making a?=l, we have 

wi = -^i^ 1:_=2. n=z—i2 =-1. 

5«-3x7 6«-3x7 

Therefore, the scale of relation is 2 - 1 . 

To know whether the law of progression depends on two, 
three, or more terms ; we may first make trial of two terms ; 
and if the scale of relation thus found, does not correspond 



In the series j , .3^.5^.7^. 
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with the given series, we may try three or more terms. Or 
if we begin with a number of terms greater than is neces- 
sary, one or more of the values found will be 0, and the 
others will constitute the true scale of relation. 

493. e. When the scale of relation of a decreasing recur- 
ring series is known, the sum of the terms may be found. 

J . i^ B C D E F 

^^ I a+bx+cx^+dx'+ex^+faf, &c. 

be a recurring series, of which the scale of relation is m^n. 

Then .S= the first term, Bz=: the second, 
C=J?Xwia:+j3x»wr', the third, 
D=:Cxf^+Bxnx^9 the fourth, 
' E=D X wm:4- Cxnn^, the fifth, 

&c. &c. 

Here mx is multiplied into every term, except the fii-st and 
the last ; and n:i^ into every term except the two last. If 
the series be infinitely extended, the last terms may be neg- 
lected, as of no comparative value, (Art. 456,) and if jS= 
the sum of the terms, we have 

S=A+B+mxx{B-^C+Dy &c.)+na?x(^+-B4"C» &c.) 
But iS - A=iB-^ C+D, &c. And S=^+B+ C, &c. 
Therefore S=A+B+mxx{S~ A)+m'xS. 
Reducing this equation, we have 

,f^_ Jt+B'Amx 
i - wuF-na;* 
Ex. 1 . What is the smn of the infinite series 

l+6ar+12a:»+48a:3+120arS &c. 1 
The scale of relation will be found to be 1+6. 
Then •4=1, ^=6ar, m=l, n=6. 

The series therefore = - — "^ ^ -^ . 

1 - a: - ox 

2. What is the sum of the infinite series 

l4-3a;4.4a;'+7a;^+ 1 lar*+ 18aj«+39a?S &c. ? 

Ans. ^±t^ 
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S. What in the stun of the infiiiite derieer 

Ans. _Lr^ 

4. Wliat is the sum of the infinite series 

l+2x+Sx^+4x^+5x\ SccA 

. ^ l+2ar-2a; 1 

l-2a;+a:* (l-ar)« 

5. What is the sum of the infinite series 



An^. 



l+« 



(l-a:)« 

^ Wha4i is tisie sum. of the infinite series 

l-|-2ir+8ir?-f^28a?'+l(X)af», &c. ? 



l-^3a:-2«* 



Ef m t&e senes J a4.6,^c»»+<fe'+e^+/^, &c. 
the scale of relation eondsts of Aree pairts, m. [ . n ^t-r. 

Then A= the first term, ^= the second, Css the tliird, 
D=Cxww:+JBx*w:*+**X»'ifV the fourth, 
E=l>X«»a:+Cxna*4-BX*'a?, the fifth, 
F= E Kwwr+-^ Xnx*+ C X****, the sixth', 
&c. 8tc. 

Therefore 

fif=,fl+JB+C+marx(C-f !>+£ fecO+tw^X 

(B+ C+D &c.)+ra? x (•fl+^+ (^ &c.) that is, 

S=^+J?+C4.nMrx(5— a-^H-»»'X(^-«fl)+ra^X* 
Reducin^this equation, we have 



INFINITE SERIES. 273 

Ex. 1. What is the sum of the infinite series 
l+Ax+6!e'+lW^ -|-28a?*+63a;', .&c. 
in whica the scale of relation is 2 - 1+3 ? 
. l+2a:+g*-2g^ _ (l+a:)*-2a^^ 

^' 1 ^ 2a:4-«* - Sa;* (1 -ar)«-.3a?'* 

2. What is the sum of the infinite series 

in which the scale of relation is 1+1-11 

Ans. 

l-a:-a;'4-aj' 

METHOD OP DIFFERENCES. 

493. e. ^n the Summation of Series, the object of inquiry 
is not, always, to determine the value of the whole when in- 
finitely extended ; but frequently, to find the sum of a cer- 
tain number of terms. If the series is an increcising one, the 
sum of all the terms is infinite. But the value of a limited 
number of terms may be accurately determined. And it is 
fi'equently the case, that a part of a decreasing series, may 
be more easily summed than the whole. A moderate num- 
ber of terms at the commencement of the series, if it conver- 
ges rapidly, may be a near approximation to the amount of 
the whde, when indefinitely extended. 

One of the methods of determining the value of a limited 
number of terms, depends on finding the several orders of dif- 
ferences belonging to the series. The differences between 
the terms themselves, are called the first order of differences; 
the differences of these differences, tne second order, &c. In 
the series, 

1, 8, 27, 64, 125, &c. 

by subtracting each term from the next, we obtain the first 
order of differences 

7, 19, 37,61, &c. 

and taking each of these from the next, we have the second 
order, 

12, 18, 24, &c. 

Proceeding in this manner with the series 

0, by Cy dy e, fy &c. 

we obtain the following ranks of differences, 

35 
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1st. Diff. fc-o,c-6, rf-c, c-d,/-e, &c. 
2d. Diff. c-2H-«, d-2c4-ft, e-2d4-«,/-.2c+d, &c. 
3d. Diff. «i - 3C+36 -a^e- 3d+Sc - A, /- 3e+Si - c, &c. 
4th. Diff. c - Ad+^c - 46+a, /- 4c+6rf - 4€+6 tc. 
6th. Diff. /- 5e+\0d - lOc+56 - o, &c. 

&c. &c. 

In these expressions, each difierence, here pointed off by 
commas, though a compound quantity, is called a term. Thuei 
the first term in the first rank is 6 - a ; in the second, c - ^h-^-a ; 
in the third, rf-3c-|-3fc-a; &c. The first temis, in the 
several orders, are those which are principally employed, in 
investigating and applying the method of differences. It will 
be seen, that in the preceding scheme of the successive dif'- 
ferences, the i^o-efficienis of the first term. 

In the second rank, are 1, 2, 1 ; 
In the third, I, 3, 3, 1; 

In the fourth, 1, 4, 6, 4, 1 ; 

In the fifth, 1, 5, 10, 10, 5, 1 ; 

Which are the same, as the co-efficients in the powers q/" 6i- 
nomais. (Art. 471.) Therefore, the co-efficients of the first 
term in the nth order of differences, (Art. 472,) are 

l,n,nx^,nx^X^^,&c. 
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493. /. For the purpose of obtaining a general expression 
for any term of the series a, 6, c, d, &c. let D/, iy\p''\ iy''\ 
&c. represent the first terms^ in the first, second, tMrd, fourtb^ 
&c. orders of differences. 

ThenD'=6-o, 

iy'=c-2b+ay 
D''^^=d-.3c+3A-a, 
l>^^^=c- 4(^+6c - 46+0, 
&c. &c. 

Transposing and reducing these, we obtain the following 
expressions for the terms of the original series, a, 6, c, d, &c. 

The second term 6=a4"i^^ 

The third, c=za+2iy+D'', 

The fourth d=.a+Siy+SD''+iy'', 

The fifth, ez=za+4D'+^iy'+4D'''+iy'^', 
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Here the eo-efficietita dboerve the same law, as in the pow^ 
tntf n Imoniiijoi ; with this difference^ that the co-efiOkMents 
of the nth term of the serieS) are the co-efficients of tbe 
(n - l)th power of a binomial. 

Thus the co-efficients of the fifth term are 1, 4, 6, 4, 1 ; 
which are the dame its the co-efficients of* the fourth power 
of a binomial. Substituting, then, n-\ forn, in the formula 
for the co-efficients of an involved binomial, (Art. 472,) and 
applying the co-efficients thus obtained to jD', ]y\ JD% iy^^\ 
^Ok as in ^e preceding equations, we have the following gen- 
eral expression, for the nth term of the series, a, 6, c, d, &c. 

The nth term 

=a+(«-l)D'+(«-i)!ir^i>"+n-i!!:^x5z?iy", &c. 

When the differences, after a few of the first orders, become 
0, any term of the series is easily found. 

Ex. I. What is the nth term of the series 1, 3^ 6, 10, 15, 21 1 
Proposed series 1, 8, 6, 10, 15, 21, &c. 
First order of diff. 2, 3, 4, 5, 6, &c. 
Second do 1, 1, 1, 1, &c. 

Third do. 0, 0, 0, 

Herea=l, 2^=2, 1>^^=1, D^^'=0. 

Therefore the nth term =l+(n- l)2+n- l!Ll^. 

The 20th term =l-f-384.171 = 210. The 5th =1275. 

2. What is the 20th term of the series F, 2^ 3^ 4^ 6^ &c. ? 
Prq)osed series 1, 8, 27, M^ 125, &c. 
First order of diff. 7, 1^, 37, 61, &c. 
Second dd. 12, 18, 24, &c. 

Third do. 6, 6, &c. 

Hereiy=7, 1^^=12, iy^^=6. 
Therefore the 20th term =8000. 

• 3. What is the 12th term of the series 2, 6, 12, 20, 30, &c.? 

Ans. 156. 

4 

' 4 

4. What is the 15th term of the series 1«, %\ 3', 4*, 5% 6', &c.? 

Ans. 225. 
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493. g. To obtain an expression for the sum of any number 
of terms of a series a, 6, c, dy &c. let one» two, three, &c. terms 
be successively added together, so as to form a new series, 

0, a, a-\'by a+fc+c, a-f-6+<^+^> ^^' 
Taking the differences in this, we have 

. Ist Diff. a, fc, c, d, c, ^ &c. 
2d DifE 6-a,c-6, cJ-c, c-d,/-.c, &c. 
Sd Diff. c - 2&-f o, d - 2c+6, c - 2d+c, /- 2c+d, &c. 
4th Diff. d - 3(J+3fc - a, c - Sd+Sc - fc, /- 3e+3d - c, &c. 

&c. &c. 

Here it will be observed that the second rank of differences 
in the neut series, is the same as the first rank in the original 
series a, 6, c, d, e, &c. and generally, that the (n4-l)th rank 
in the new series is the same as the nth rank in the original 
series. If, as before, D'= the first term of the first differen- 
ces in the original series, and d^= the first term of the first 
differences in the new series ; 

Then df=a, ^'=iy, d'"^iy', d'^^'=:jy^ &c. 

Taking now the formula (Art. 493./.) 

«+(„- l)iy+(«_l)!^iy/+(„_l)!^x^^^"+&c. 

which is a general expression for the nth term of a series in 
which the first term is a ; applying it to the new series, in 
which the first term is 0, and substituting n-|-l for fi, we have 



O+n^z+n^^d^^+n'L^ X — * 



'///+n!^X— X'^d^^^^+ 
^ .2 3 4 ^ 



2 ■ 2 ' 3 
^ [&c. 

Or na+n!Ljl^+n^ X!^-? l>^^+«!^ 

[&c. 

Which is a general expression for the (n4-l)th term of the 
series 

0, a, a-j-ft, a+&-{-^> aJ-ft+^+^j ^^• 
or the nth term of the series 

a, a+fc, a+fc+^j a+6+c+d, &c. 
But the nth term of the latter series, is evidently the smu 
of n terms of the series, a, A, c, d, &c. Therefore the 
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general expreesian far the sum of n terms of a series of xohkh a 
is the first term^ is 

^^2 ^23 ^234 

[+&C. 

Ex. 1. What is the sum of n terms of the series of odd 
numbers^ 1> 3, 5, 7, 9, &c.1 

Series proposed I9 3, 5, 7, 9, &c. 

First order of diff 2, 2, 2, 2, &c. 

Second do. 0, 0, 0, 

Herea=l, 2^=2, 2y'=0. 

Therefore the smn of n terms z:zn+n x2=»^. 

2 

That is, the sum of the terms is equal to the square of the 

fmnber of terms. See Art. 431. 

2. What is the sum of n terms oi the series 

P, 2% 3*, 4\ 5% &c. 1 
Herea=l, 2^=3, jD^^=2, iy^'=0. 

Therefore n terms =i(2n3+3n«4.n)=in(fi+l)x(2fi+l). 
Thus the sum of 20 terms =2870. 

3. What is the sum of n terms of the series 

P, 2^, 3% 4S &C.1 
Heretf=l, 2)^=7, jy''=12, JD^^^=6, jy^^^=:=0. 



Therefore n terms = J(n*+2n'+n*) = (4nX«+l )* 
Thus the smn of 50 terms =1625625. 

4. What is the sum of n terms of the series 

2, 6, 12, 20, 30, &c. 1 

Ans. Jfi(n+l)x(w4.2.) 

5. What is the sum of 20 terms of the series 

1, 3, 6, 10, 15, &c. ? 

6. What is the sum of 12 terms of the series 

1*, 2*, 3*, 4*, 5\ &c.? * 



♦ See Note U. 
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SECTION XX. 



COMPOSITION AND RESOLUTION OF TH£ HIGH&R 

EQUATIONS. 



Art. 494. EQUATIONS of any degree may be produced 
from simple equations^ by multiplication. The manner in 
which they are compounded will be best understood, foy 
takinpf them in that state in which they are all brought on 
one side by transposition. (Art. 178.) It will also be neces- 
sary to assign, to the same letter, mf&rent values, An the 
different simple equations. 

Suppose, that in one equation, ar=2 Y 
And, that in another, :t=S J 

By transposition, a: - 2 = 

And «-S=0 



Multiplying them together, a^ - 5a?+6=0 
Next, suppose a:-4=0 



■•i*iM^M.fci 



And multiplying, a? - 9«»+26a? - 24 = 

Again suppose, x - 5=0 

And mult, as before, «*- Hai^+Tlar*- 164a?+120=0, &c. 

Collecting together the products, we have 
(a:-2)(«-3) =a?-53r+6=0 

(ar-2)(rr-3)(a;-4) =x*-9a:»+26a:-24=0 
(ar-.2)(a;-3)(a:-4)(a?-5) = a?*-14a:»+71a:»-154a?4-120=0&c. 
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Tha<( i% the product 

of hffa ample equatioQs, is a quadratic equation ; 
of tbiFee simple equations, is a cubic equation ; 
of four BimfLe equations, is a biquctdratic^ of an equa- 
tion of (he fourth degree, &c. (Art. 300.) 

Or a cubic equation may be considered as the product of a 
quadratic and a simple equation ; a biquadratic, as the 
product of two quadratic ; or of a cubic and a^sunple equa- 
tion, &c. 

495. In each ease, the exponent of the unknown quantity, 
in the first term, is equal to the degree of the equation ; and, 
in, the succeeding terms, it decreases regularly by 1, like the 
exponent of the leading quantity in the power of a IrinomiaL 
(Art 468.) 

In a quadratic equation, the exponents are ^ 1. 

In a cubic equation, 3^ 2, 1. 

In a biquadratic, 4, 3, 2, 1, &c. 

496. The mmber of terms, is greater by 1, than the degree 
of the equation, or the number of simple ecpxations from 
which it is produced. For besides the terms which contain 
the cfiflferent powers of the unknown quantity, there is one 
w];^ch consists of known quantities oniy» The equation ier 
here supposed ta be complete,. But if there are in the pastial 
products, terms which balance each other, these may dUap^ 
pear in the result. (Art. 110.). 

497. Bach of the valuer of the unknown qiianlity is caU 
leda root of the equation. 

Thus, in the example above, 

The roots of the quadratic equation are 3, 2*, 

of the cubic equation 4, 3, 2y 

of the biquadratic . 6 > 4, 3, 2. 

'.AM. 

The temx rota is not to be understood in the same seaise- 
here, as in the preceding sections. The ro€rt of an equB&)n 
is not a quantity which multiplied into itself vnil produce the 
equation. It is one of the values of the unknown quantity ; 
and when its sign is changed by transposition, it is a term in 
qm^ ofi tha iHOQ^ual factors which enter into the ccanpositicH^ 
of the equation of which it is a root. 
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The value of the unknown letter ar, in the equation, is a 
quantity which may be substituted for a:, without affecting 
the equality of the members. In the equations which we 
are now considering, each member is equal to ; and the 
first is the product of several factors. This product will con- 
tinue 10 be equal to 0, as long as any one of its factors is 0. 
(Art. 112.) If then in the equation 

(a?-2)x(a:-S)x(a?-4)-(ar-:6)=0, 
we substitute 2 for Xy in the first factor, we have 
0x(«-3)x(^-4)-(a:-6)=0. 

So, if we substitute 3 for a?, in the second factor, or 4 in 
the third, or 5 in the fourth, the whole product will still be 0. 
This will also be the case, when the product is formed by an 
actual multiplication of the several factors into each other. 

Thus, as a:» - 9a;^4.26a;- 24=0 ; (Art. 494. 
So 2» - 9 X 2«+26 X 2 - 24=0, 
AndS»-9x3«+26x3-24=0, &c. 

Either of these values of x^ therefore, will satisfy the c<m- 
ditions of the equation. 

498. The number of roots, then, which belong to an equa^ 
tion, is equal to the degree of the equation. 

Thus, a quadratic equation has two roots ; . 
a cubic equation, three; 
a biquadratic, /our, &c. 

Some of these roots, however, may be imaginary. For an 
imaginary expression may be one of the factors from which 
the equation is derived. 

499. The resolution of equations, which consists in finding 
their rootSy cannot be well understood, without bringing into 
view a number of principles, derived from the manner in 
which the equations are compounded. The laws by which 
the co-efficients are governed, may be seen, from the following 
view of the multiplication of the factors 

r^ — a, a? — fc, a; — c, a? — d, 

each of which is supposed equal to 0. 

The several co-efficients of the same power of x, are pla- 
ced under each other. 
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TbuB, -ax - hx is written I j | ^ J and the other co-^^ffi- 

cients in the same manner. 

The product, then 

Into ( 



Of (a?-a)=:0 



Is ^~ L ( a;-{-a6=09 a quadratic equation. 



This into a? -c=0 



Is «® - ft > x^-\-ac \ x-abc^Oy a cubic equation, 
-^) -A-be 



Ux' 



This into ir-d=0. 
-f-afc 



4-cd 



-die 

"bed 
&c. 



a;-4-<^^=0, a biquadratic. 



500. By attending to these equations, it will be seen that, 

In the jirst term of each, the co-efficient of x is 1 : 

In the second term, the co-efficient is the sum of all the 

roots of the equation, with contrary signs. Thus the roots 

of the quadratic equation are a and 6, and the co-efficients, 

in the second term, are - a and - b. 

In the third term, the co-efficient of or, id the sum of aH 
the products which can be made, by multiplying together 
any two of the roots. Thus, in the cubic equation, as the 
roots are a, 6, and c, the co-efficients, in the third term, are 
a6, acy be. 

In the finirih term the co-efficient of x is the sum of all 
the i^oducts which can be made, by multiplying together 
any three of the roots after their signs are changed. Thus 
the roots of the biquadratic equation are a, fr, c, and (2, and 
the co-efficients in the fourth term are - a6c, - aid, - ocd, 
- bod. 

The hst term is the product formed from aU the roots of 
th^ equation after the signs are changed. 

36 
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Ill the cubic equaiioD, it is -ax -^X -<^== - obc. 
In the biquadratic, -aX-^X-^X -drr-j-ofccd, &c. 

501. In the preceding examples, the roots are all positive. 
The signs are changed by transposition, and when the seve- 
ral factors are multiplied together, the terms in the produet, 
as in the power of a residual quantity, (Art. 476,) are alter- 
nately positive andmegative. But if the roots are all nega^ 
tivCy they become positive by transposition, and all the terms 
in the product must be positive. Thus if the several values 
of X are - a, — 6, - c, - cJ, then 

a:4-a=0, a:-I-t=0, a:4-<^=0, x-\'d=z(X; 

and by multiplying these together, we shall obtain the same 
equations as before, except that the signs of all the terms 
will be positive. In other cases, some of the roots may be 
positive, and some of them negative. 

* 502. As equations are raised, from a lower degree to a 
higher, by multiplication, so they may be depressed, from a 
higher degree to a lower, by division. The product of (ar - a) 
into {x - 6) is a quadratic equation ; this into {x - c) is a 
cubic equation ; and this into (x - d) is a biquadratic. (Art. 
494.) If we reverse this process, and divide the biquadratic 
by (x-d), the quotient, it is evident, will be a cubic equa- 
tion ; and if we divide this by (a? - c) the quotient will be 
quadratic, &c. The divisor is one of the factors from which 
the equation is produced ; that is, it is a binomial consisting 
of X and one of the roots with its sign changed. When^ 
therefore, we have found either of the roots, we may divide 
by this, connected with the unknown quantity, which will 
reduce the equation to the next inferior degree. 

RESOLUTION OP EQUATIONS. 

503. Various methods have been devised for the resolution 
of the higher equations ; but many of them ar« intricate and 
tedious, and others are applicable to particular cases only. 
The roots of numerical equations may be found, however, 
with sufficient exactness by successive approxiiMxtUms. From 
the laws of the co-efficients, as stated in Art. 500, a general 
estimate may be formed oi the values of the roots. They 
must be such, that, when their signs are changed, their 
product shall be equal to the last term of the equation, and 
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their sum equal to the co-efficient of the second tenoa. A trial 
may then be made, by substituting, in the place of the un- 
known letter, its supposed value. If this proves to be too 
small or too great, it may be increased or diminished, and 
the trials repeated, till one is found which will nearly satisfy 
the conditions of the equations. After we have discovered or 
assumed two approximate values, and calculated the errors 
which result from them, we may obtain a more exact cor- 
rection of the root, by the following prop^tian, 

As the difference of the errtrSy to the difference of the assumed 
nimbers ; 

So is the least error, to the correction required, in the corres- 
ponding assumed number. 

This is founded on the supposition, that the errors in the 
estdts are proportioned to the errors in the assumed numbers. 

Let JV* and n be the assumed numbera ; 

S and Sy the errors of these numbers ; 

R and r, the errors in the results. 

Then by the supposition R:r:: S : s 

And subt. the consequents (Art. 389.) R-riS-siiris. 

But the difference of the assumed numbers is the same, 
as the difference of their errors. If for instance, the true 
number is 10, and the assumed numbers 12 and 15, the er- 
rors are 2 and 5 ; and the difference between 2 and 5 is the 
same as between 12 and 15. Substituting, then, j^-n for 
fif - », we have R^r:^-n::r:Sy which is the {uroportion 
stated above. 

The term difference is to be understood here, as it is com- 
monly used in algebra, to express the result of subtraction 
accc»:ding to the general rule. (Art. 82'.) In this sense, the 
difference of two numbers, one of which is positive and the^ 
other negative, is the same as their sum would be, if their 
signs were alike. (Art. 85.) 

The supposition which is made the foundation of Uie rule 
for finding the true valine of the root of an equation, is not 
strictly correct. The errors in the results are not exactly 
proportioned to the errors in the assumed numbers. But 
as a greater error in the assumed number, will generally lead 
to a greater error in the result, than a less one, the rule will 
answer the purpose of approximation. If the value which is 
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first found, is not suffi(»eiUly correct, this may be taken as one 
of the nambers for a seccmd trial ; and the process ma^.te 
repeated till the error is diminished as much as is requised. 
There will generally be an advantage in assuming two num^ 
hers whose difference is .1, <»r .01, or .001, &c. 

Ex. 1. Find the value of a:, in the cubic equation, 

a*-8a;»+17ar-10=0. 

Here as the signs of the terms are alternately positive ax^d 
negative, the roots must be all positive ; (Art. 501.) their 
pr^uct must be 10 and their sum 8, 

Let it be supposed that one of them is 5*1 or 5*2, Then, 
substituting these numbers for a:, in the given equaUont, we 
have, 

Bythel8tsuppo8*n,(51)*-8x(5*l)'+17X(51H0=l-271. 
By the second (5*2)'-8x(5*2)«+17x(5*2)- 10i=2*688. . 
That is, By the first supposition, By the second supposition. 

The 1st term, a;»= 132*651 140*608 

The 2d -8a:»= -208*08 -816-32 

The 3d 17ar= 86.7 88*4 

The 4th -10=- 10. - 10- 



itr^mmm 



Sums or errors, -1-1-271 

Subtracting one from the other, 



+^•688 
1-271 

1-417 



Their difference is 

Then stating the proportion 
1*4 : 0*1 :: 1*27 : 0*09, the correction to be sub^ 
tracted from the first assumed number 5*1 : The remainder 
is 5*01, which is a near value of a?. 

To correct this farther, assume ar=6'01, or 5*02, 

By the first supposition. By the second supposition. 
The Ist term ^= 125-751 126-506 

-201-6 

85-34 
-10. 



The 2d 
TheSd 
The 4th 


-8z»=- 200-8 
17a; = 85-17 
-10 = - 10' 

m 



{Errors 



4- 0*121 



+ 0*246 
0-181 



Difference 



0125 



IHw 0'11$5 rO-01 ; : 0-121 : 001, the ciMTectim. This 
nibticift^^ from ^5*0}, leaves 5 for the value pf « ; whi^h will 
1^ fymiiOn tiialf U> «ati3fy the conditiong of the equation. 

Por6^-8x«^+lTx6-10*0. 

We haye thus obtained one of the three roots* To find 
thex)ther tw0| let the equation be divided hy x-^S, according 
to Art 462, and it will be depressed to the next inferior de-> 
gvee. (Art. $02.) 

^ « 5)a:a « 8ir»+17a? - I0(ar' - SaP+2=0. 

Here, the equation becomes quadratic. 
By traaspositioii, n^ -^ S^zi: - 2. 

Completing the square, (Art. 806.) ac*-8«+i=i-8=i- 
Extract, and transp. (Art. SOS,) «=S±Vi=*±J. 
The first of these values of Xy is 2, and the other 1. 

We have now found the three roots of the proposed tq^a^ 
tion. When their signs are changed, their sum is -8, the 
co-efficient of the seoond terra, and their product -^ 10, the 
last term. 

2. What are the roots of the equation 

ar»-.8a:*+4ar+48=0t Ans. -2,+4,+6. 

3. What are the roots of the equation 

:g^ ^ 16a;»+65a:-,60=0 1 Ans. 1, 6, 10, 

4. What are th& roots of the equation 

a?J^2a^ ^ 33x=z 90 1 Ans. S^-B^^ 3. 

5. What is a near value of one of the roots of the equation 

«»+9««+4a?=80l 

6. What is a near value of one of the roots of the equation 

ar3+x»4.a:=100? 

60S. b. Another method of a{yroximating to the roots of 
numerical equations, is that of Newton, by 9ueee99ive subsU- 
tutions. ^ 

Let r be put for a number found by trial to be nearly equal 
to the root required, and let z denote the difference between r 
and the true root x. Then in the given equation, subfititute 
r±z for Xy and reject the terms which contain the powers of z. 
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This will reduce the equation to a simple one. And if z 
be less than a unit, its powers will be still less, and therefore 
the error occasioned by the rejection of the terms in which 
they are contained, will be comparatively small. If the 
value of z, as found by the reduction of the new equation, 
be added to or subtracted from r, according as the latter is 
found by trial be too great or too small, the assumed root will 
be once corrected 

By repeating the process, and substituting the corrected 
value of r, for its assumed value^ we may come nearer and 
nearer to the root required. 

Ex. 1. Find one of the values of a?, in the equation 

a?-16a:»+66ar=60. 

Let r-5r=a:. 

( * a?«= (r - zy=f^ - Si^z+Srs^ - z^ 

Then { - 16ar»= - 16(r-z)«= - 16r»+S2r«- 16js» 

( 65ar= 65(r-2) = 66r -B5z 

•Rejecting the terms which contain 2* and z\ we have 
r* . 1 6r*+65r - 3r»z+S2rz - 65;?=;: 50. 

. This reduced gives 

50-r«+16r'-66r 



> =50. 



-3y» +32r-65 



60 



If r be assumed =11, then z=:—=0'8 neaily. 

76 ^ 

and x=zr- z nearly =11- 0-8= 10*2: 

To obtain a nearer approximation to the root, let the cor- 
rected value of 10*2 be now substituted for r, in the preceding 
equation, instead of the^ assumed value 1 1 , and we shall have 

z=i'lSS ar=r-z= 10012. 

For a third approximation, let r=z 10*012, and we have 
2:= 012 a?=r-2r=10. 

2. What is a near value of one of the roots of the equation 
a:»4. 10x«+5a:= 2600 1 Ans. 1 1 -0067. 

3. What are the roots of the equation 

•;. •>,... «^+2/-lla?=12? 
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4. What are the roots of the equation 

50S.C. An equation of the mth degree consists of af^^ the 
several inferior powers of x with their co-efficients, and one 
term in which x is not contained. If .5, ^, C, .... T, be 
put for the several co-efficients, and U for the last term, 

then x"'+w3x«-^+JBaf"-*4.Caf»-8 +Tx+U=0, 

will be a general expression for an equation of any degree. 

If a, by c, &c. be roots of any equation, that is, such quan- 
tities as may be substituted for x; (Art. 497.) it maybe 
shown, without reference to the method of producing the 
equation by multiplication, that the first member is exactly 
divisibk 6ya:-a,a7-6, x-c, &c. 

For by substituting a for a:, we have 

a"•^-5a"-»^-J?(^-«4-Ca•»-' \-Ta+U=:0. 

Ana transposing terms, 

Substituting this value for U, in the original equation, 

af ^-5ar-'4.^af*-»+Ca:«-^ ^Tx ) __^ 

-o»-.fla"'-*-J?a"*-»-Ca'»-' -Taj-"* 

Or, uniting the corresponding terms, 
(sT - a")+(«flaf -^- ^o'^-')+(jBaf-^ - »a'"-«)+ 
{CsT-^ - CoT"^) ^-^(a;-a)=0. 

In this expression, each of the quantities (x^-a"*), 
(•flaf""^ - j3a*"*), &;c. is divisible by a;- a ; (Art. 466.) there- 
fore the whjoU is divisible by ar - a. 

In the same manner it may be shown, that the equation is 
divisible by a? - 6, ar - c, &c* 

503.(2. The quotient produced by dividing the original 
equation by ar - a,' is evidently equal to the aggregate of the 
particular quotients arising from the division of the several 
quantities (ai^-a"*), (a:"— ^-a"*-*), &c. 

The quotient of {sT- a")-f-(a: - a), (Art. 466) is 

ar*-^+aaf»-''+a'ar-'4-«'^"'' . . . +a"*-\ 
The quotient of .fl (af"- * ^^- ») ^(a; - a) is 

&c. &c. 
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C(dlecting these piBortittdiar quottonta ti^her, and j^acfaig 
under each other the ce^efficiente of the eame power of x, we 
have the following expression for the quotient of 

divided by a; -a. 



+^5 



I. 






--Btf"-* 



+T. 



"Hie quotient of tte same equation divided hyx-b, is 

+B ) 4-JB6 {^^ 4-J?fr— * 

II. A-C ) +C6— * 



+T. 



Thd quotient from dividiog by a?'- c, is 

III. 



^"*+* } ar-«+*^- 




• • • • 



+T. 



In the same ma:iiner may be found the quotients produced 
by introducing successively into the divisor the several roots 
of the equation ; which are equal in number to m, 

dOS.e. iProm the known relations betwei^ the roots and 
the €0^ffieient8 cf equations, as stated in' Art. 500, Newton 
has derived a method of determining the* co-efficients, from 
the Mfni ^ the root% the sum of their squares^ the sum of 
their cubea^ &c., though the roots themselves are unknown ; 
and on the other hand of determining from the co-efficients, 
the sum of the roots, the sum of their squares, the sum of 
their cubes, &c. For this purpose, the following plan of no- 
taticm is adopted. Si is put for the sum of the roots, S^ for 
the sum of their squares^ S^ for the sum of their evAes^ <^c. 
If the roots are a, 6, c, d, ... 2, then 
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Siz:^a+b+c+d... +1 

&c. &c. 
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By means of this notation, we obtain the foUpwing expres- 
sion for the sum of all the quotients marked I, 11, III, &c* 
(Art. 5QS.d.) and continued till their number is equal to m. 

♦ . .- - ^m — I 

+ CS.-4 



F. +wC 



a:« 



— 4 



+mr. 



In the original equation. 



+Tx+U=0, 



the co^efficient?. A, jB, C, &c. have determinate relations to 
the sum and products of the roots, a, fc, c, &c. (Art. 500.) 
But the quotient marked I, (Art. 503. d.) produced by divid- 
ing by a:-a, is the first member of an equation of the next 
inferior degree^ (Art. 502.) from which the root a is excltided. 
So 6 is excluded from the quotient II, c from the quotient III, 
&c. In the expression above marked K, which is the sum 
of m quotients, the co-efficient of a? in the second term is 
Si -f-wLfl. But .5, which is the co*efl5cient of x in the second 
term of the ori^nal equation, is equal to the sum of the 
roots 0, 6, (, &c. with contrary signs ; (Art. 500.) that is 
Si=z^d. Therefore, 

Si+mw3=:(m-l)A 

In -the third 4erm of the original equation, B the co-effi- 
cient of rr, is equal to the sum of all the products which can 
be made by multipljring together any two of the roots. (Art. 
500.) But each of these products will be excluded from 
two of the quotients, I, II, III, &c. Por instance, ot will not 
be found in the first, from which a is excluded, nor in the 
second, from which b is excluded. Therefore in the expres* 
sion F, the co-efflcient of x in the third term is equal to 
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mB - %ab - 2ac -^ad, &c. But - taby - 2ac, - god, &c, = -^ 
2B. So that 

S^^Si+fnB=z (m - 2)B. 

In the fourth term of the original equation, C the co-effi- 
cient of Xy is equal to the sum of all the products which can 
he made by multiplying together any three of the roots, after 
their signs are changed. But each of these {nroducts will be 
excluded from three of the quotients, I, 11, III, &c. So thatj 
in the expression F, the co-eflicient of x in the fourth term, 
is equal to mC - Sabc - 3a&(2, &c. That is, 

Sr\-^S^+BSi+mC=:{m^S)C. 

In the same manner, the values of the co-efficients of x in 
succeeding terms may be found ; the number of the co-effi- 
cients being one less than the number of roots in the equaticm. 

Collecting these results, we have 

Si+^S,+mBz=(m--2)B, 
S^+AS^+BSi+mC=: ( m - 3) C, 

&c. &c. 

Transposing and uniting tenns, 

I. iSi-fj3=0, 

S^+^S,-\-2B=0, 
S,+^S^+BSy+SC=:Oy 
S,+dS,+BS,+ CSr\-4D=:0, 

&c. &c. 

Substituting for Sy^ <S* Sg, &c. tbeir values, and reducing, 

II. 5fi=-^, 

S,=z ^* - A^B+^AC+^B" - 4A 
&c. &c. 

We have here obtained symmetrical expressions for the 
sum of the roots of an equation, the sum of their squares, 
the sum of their cubes, &c. in terms of the co-efficients. 



I 



EQUATIONS. ««1 

By transposing the terms in the expressions marked I| we 
have the following values of «d, B^ Cy &c. 

III. j3= - S, 

D== - i{CS,+B8rh^S,+S,) 

By which the coefficients of an equation may be found, 
from the sum of its roots, the sum of their squares, the sum 
of their cubes, &c. 

Ex. 1. Required the sum of the roots, the sum of their 
squares, and the sum of their cubes, in the equation 

x' - 10«»+S5a?- 50a? - 24=0. 

HerejJ=-IO. JB=S5. C=-60. 

Therefore iSi=10 

S,=10«-(2x86)=SO. 

S^-W+iSX" 10x35) - (Sx -50) = 100. 

2. Required the terms of the Inquadratic equation in which 
Si=l, S2—S9, iS3=: -89, and the product of all the roota 
after their signs are changed is - SO. 

Ans. a?* - a? - 19«»+49a; - 80=0.* 

♦ See Note V. 
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SECTION XXI. 



APPLICATION OP ALGEBRA TO GEOMETRY * 



Art. 504. It is often expedient to make use of the alge- 
braic notaUon, for expressing the relations of geometrical 
qup^tities, and to throw the several steps in a demonstration 
into the form of equations. By this, the nature of the reascm- 
ing is not altered. It is only translated into a different lax^ 
guage. Signs are substituted for wordsy but they are intend- 
ed to convey the same meaning. A great part of the de- 
monstrations in Euclid, really consist of a series of equa- 
tions^ though they may not be presented to us under the al- 
gebraic forms. Thus the proposition, that the sum of the 
three angles of a triangle is equal to two right angleSy (£uc. 32. 
1.) may be demonstrated, either in common language, or by 
means, of the signs used in Algebra. 

Let the side ,SBj of the triangle JlBC, (Fig. 1.) be con- 
tinued toJD; let the line BE he parallel to«dC; and let 
GHl be a right angle. 

The demonstration, in words, is as follows ! 

1. The angle EBD is equal to the angle BJIC, (Euc. 29. 1 .) 

2. The angle CBE is equal to the angle ACB. 

3. Therefore, the e^ngle EBD added to CBE, that is, th^ 

angle CJSJD, is equal to BdC added to ^CB. 

4. If to these equals, we add the angle JiBCj the angle CBJ) 

added to JlBC, is equal to BAC added to JlCB and 
dBC. 



♦This and tlie following sectioti are to be read after the Elements of 
Geometry. 



I 



APPLICATION TO GEOMETRY. 293 

5. Bui CBD added to ^BC, is equal to twice GHI, that is, 

to two right angles. (Euc. 13. 1.) 

6. Therefore, the angles BACy and ACB, and ABC, are to- 

gether equal to twice GHI^ or two right angles. 

Now by substituting the sign 4-9 ^<^^ ^^^ word added, or 
and, and the character =, for the word equal, we shall have 
the same demonstration in the following form. 

1. By Euclid 29. 1. EBDz=zBAC 

2. And CBE=ACB 

3» Add the two equations EBD+CBE=:BJlC+JlCB 

4. Add ,5^0 to both sides CBD+JiBC=BAC+ACB^- 

5. But by Euclid 13. 1. CBD+ABC=:2GHI 

6. Make the 4th & 5th equal BAC+ACB+ABCz=%GHL 

By comparing, one by one, the steps of these two demon- 
strations, it will be seen, that they are precisely the same, ex- 
cept that they are differently expressed. The algebraic mode 
has often the advantage, not only in being mc^e concise than 
the other, but in exhibiting the order of the quantities more 
distinctly to the eye. Thus, in the fourth and fifth step of 
the preceding example, as the parts to be comparea are 
placed one under the other, it is seen, at once, what must be 
the new equation derived from these two. This regular ar- 
rangement is very important, when the demonstration of a 
theorem, or the resdiution of a problem, is unusually compli-> 
cated. In ordinary language, the numerous relation/^ of the 
quantities, require a series of explanations to make them un-i 
derstood ; while by the algebraic notation, the whole may be 
placed distinctly before us, at a single view. The disposir 
tion of the men on a chess-board, or the situation of the ob- 
jects in a landscape, may be better comprehended, by a 
glance of the eye, than by the n^ost laboured description in 
words. 

505. It will be observed, that the notation in the example 
just given, differs, in one respect, from that which is general- 
ly used in sdgebra. Each quantity is represented, not by a 
nngle letter, but by several. In common algebra when one 
letter stands immediately before another, as ab, without any 
character between them, they arc to be considered as multU' 
plied together. 
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Bui in geometry^ JiB is an expresaoofor a sjngfe fivi«, and 
not for the product of «/9 into B. Multiplication is denoted, 
either by a point or by the character X- The product cf 
dB into CD, is ABCD, ox JlBx CD. 

506. There is no impropriety, however, in representing a 
geometrical quantity by a single letter. We may make 6 
stand for a line or an angle, as well as for a number. 

If, in the example above, we put die angle 



EBD=a, ACB=zd, 
BAC=by CBDzxgy 
CBEa:e, 


JiBC==h, 

GHI:s:l; 


A» demonstration will stand thiin ; 




1. By Euclid, 29. 1. 

2. And 


a=b 


d. Adding the two equations, 

4. Addii^ h to both sides, 

5. By Euclid 13. 1. 

6. Making the 4th and 5th equal 


g+h=b+d+h 
g+h=Sl 
, 64-d4-A=2l. 



This notation is, apparently, more simple than the other ; 
but it deprives us of what is of great importance in geometri- 
cal demonstrations, a continual and easy reference to the 
figure. To distinguish the two methods, capitals are gener- 
ally used, for that which is peculiar to ge<mietiy ; and smaU 
letterSy for that which is properly algebraic. The latter has 
the advantage in long and complicated processes, but the 
other is often to be preferred, on account of the facility with 
which the figures are consulted. 

507. If a line, whose length is measured from a ^ven 
poiat or line, be considered posUke ; a line proceeding in the 
opposite direction is to be considered negcUive. If AB (Fig. 
2.) reckoned from DE on the rigbt, is positive ; *AC on the 
left is negative. 

A line may be conceived to be produced by the motion of 
a point. Suppose a point to move in the direction of •SB, 
and to describe a line varying in length with the distance of 
the point from .3. While the point is moving towards JB, its 
distance from A will increc^e. But if it move from B to- 
wards C, its distance from A will diminish^ till it is reduced 
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to nothing, and then will in(irease on the ommU side. As 
that which increases the distance on the right, diminishes it 
on the left, the one is considered positive, and the other nega- 
tive. See Arts. 69, 60. 

Hence, if in the course of a calculation, the algebraic 
value of a line is found to be negative; it must be measured 
in a direction opposite to that which, in the same process, 
has been considered positive. (Art. 197.) 

508. In algebraic calculations, there is frequent occasion 
for muliipHecUiony divisum, involution, &c. But how, it may 
be asked, can geometrical quantities be multiplied into each 
other 1 One of the factors, in mukiddcation, is always to be 
considered as anum&er. (Art. 91.) The operation consists in 
repeating the multiplicand as many times as there are tmita 
m the mtdtiplier. How then can a limey a surface^ or a solidf 
become a multifrfier ? 

To explain this it will be necessary to observe, that when- 
ever one geometrical quantity is multiplied into another, 
some partkidar extent is to be considered the unit. It is imma- 
terial what this extent is, provided it remains the same, ia 
AiSkreni parts of the same calculation. It may be an inch, 
a foot, a rod, or a mile. If an inch is taken for the unit, 
each of the lines to be multifdied, is to be considered as made 
up of so many parts, as it ccmtains inches. The multiplicand 
will then be repeated, as many times, as there are units in 
the multi|^er. If, for instance, one of the lines be a foot 
long, and the other half a foot ; the factors will be, one 12 
inches, and the other 6, and the product will be 72 inches. 
Though it would be absurd to say that one line is to be re* 
peated as often as another is hng; yet there is no impropriety 
m saying, that one is to be repeated as many times, as ther» 
are feet or rods in the other. This, the nature of a calcula* 
tion dten requires. 

509. If the line which is to be the multiplier, is only a 
part of the length taken for the unit ; the product is a like 
jp&xt of the multjpUcand. (Art. 90.) Thus, if one <rf the 
factors is 6 inches, and the other half an inch, the product is^ 
S inches* 

510. Instead of referring to the measures in common use, 
as inches, feet, &c. it is often convenient to fix upon one of 
the lines in a figure, as the unit with which to compare all the 
others. When there are a number of lines drawn within 
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and about a drthy the radius is commmly taken for the unit. 
This is particularly the case in trigonometrical calculations. 

511. The observations which have been made concerning 
lines, may be applied to surfaces and soUds. There may be 
occasion to multiply the ana of a figure, by the number of 
inches in some given line. 

But here another difficulty presents itself. The product 
of two lines is often spoken of, as being equal to a surface ; 
and the product of a une and- a surface, as equal to a soUd. 
Thus the area of a parallelogram is said to be eqi)al to the 
product of its base and height ; and the solid contents of a 
cylinder, are said to be equsd to the product of its length into 
the area of one of its ends. But if a line has no breadth, 
how can the multiplication, that is tlie repetiHon, of a line 
produce a surface 1 And if a surface has no thkknMSy how 
can a repetition of it produce a solid 1 

If a parallelogram, represented on a reduced scale by 
ABCDy (Fig. S.) be five inches long, and three inches wide ; 
the area or surface is said to be equal to the product of 5 into 
S, that is, to the number of inches in ABy multiplied by the 
number in BC. But the inches in the lines AB and BC are 
linear inches, that is, inches in Ungth only; while those 
which compose the surface AC are ^uper/icioZ or square 
inches, a different species of magnitude. How can one of 
these be converted into the other by multiplication, a process 
which consists in repeating quantities, without changing 
their nature T 

512. In answering these inquiries, it must be admitted, 
that measures of length do not belong to the same class of 
mti^nitudes with superficial or solid measures ; and that none 
of* the steps of a calculation can, properly speaking, trans- 
form the one into the other. But, though a line cannot be- 
come a surface or a solid, yet the several measuring units in 
common use are so adapted to each other, that squares, 
cubes, &c. are bounded by lines of the same name. Thus 
the side of a square inch, is a linear inch ; that of a square 
rod, a linear rod, &c. The Ungth of a linear inch is, there- 
fore, the same as the length or breadth of a square inch. 

If then several square inches are placed together, as from^ 
Q to Ry (Fig. 3.) the number of them in the parallelogram^ 
OR is the same as the number of linear inches in the' side 
QiJ ; and if we know the length of this, we have of course 
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the area of the parallelogram, which is here supposed to be 
one inch wide. 

But, if the breadth is several inches, the larger parallelo- 
gram contains a^ many smaller ones, each an inch wide, as 
there are inches in the whole breadth. Thus, if the paral- 
lelogram ^C (Fig. 3.) is 5 inches long, and 3 inches broad, 
it may be divided into three such parallelograms as OR. . To 
obtain, then, the number of squares in the large parallelo- 
gram, we have only to multiply the number of squares in 
one of the small parallelograms, into the number of such 

Earallelogi-ams contaii^d in the whole figure. But the num- 
er of square inches in one of the small parallelograms is 
equal to the number of linear inches in the length JIB, And 
the number of small parallelograms, is equal to the number 
of linear inches in the breadth BC. It is therefore said con- 
cisely, that the area of the parallelogram is equal to the length 
mtdtiplied irUo the breadth. 

513. We hence obtain a convenient algebraic expression, 
for the area of a right-angled parallelogram. If two of the 
sides perpendicular to each other are tSB and BC^ the expres* 
sion for the area is ABxBC ; that is, putting a for the area, 

a=:ABxJBC. 

It must be understood, however, that when ^B stands for 
a linCy it contains only linear measuring units ; but when it 
enters into the expression for the area^ it is supposed to eon- 
tain superficial units of the same name. Yet as, in a given 
length, the number of one is equal to that of the other, they 
may be represented by the same letters, without leading to 
trtor in calculation, 

514. The expression for the area may be derived, by a 
method more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning vari- 
Me quantiMes^ m the 13th section. Let a (Fig. 4.) represent 
a square inch, foot, rod, or other measuring unit ; and let b 
and I be two of its sides. Also, let j3 be the area of any 
right-angled parallelogram, B its breadth, and L its length. 
Then it is evident, that, if the breadth of each were the 
same, the areas would be as the lengths ; and, if the length 
of each were the same, the areas would be as the breadths. 

That is, A : a:: L :l, when the breadth is given ; 
And •S : a:: B : bj when the length is given ; 

38 
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Therefore, (Art. 420.) .^ : a : : J?X^ • H when both vary. 
That is, the area is as the product of the length and breadth. 

515. Hence, in quoting the Elements of Euclid, the term 
product h frequently sul^tituted for rectangle. And what- 
ever is there proved concerning the equality of certain rect- 
angles, may be applied to the product of the lines which 
c(Hitain the rectangles.* 

516. The area of an oblique parallelogram is also obtained, 
by multiplying the base into the perpendicular height. Thus 
the expression for the area of the parallelogram JlBJ^M(J?ig. 
5.) is MJ^x^D or ABxBC. For by Art. 513, JlBxBC 
is the area of the right-angled parallelogram JIBCD ; and 
by Euclid 36, l,t parallelograms upon equal bases, and be- 
tween the same parallels, are equal ; that is, ABCD is equal 
to JiBJfM. 

517. Th'fe area of a square is obtained, by multiplying one 
of the sides into itself. Thus the expression for the area of 

3 

the square .5C, (Fig. 6,) is ..AjB, that is. 



a=AB. 

For fthe area is equal to ABxBC. (Art. 513.) 

But JlB=BCy therefore, JlBxBC=zdBx*StB=z^B . 

518. The area of a triangle is equal to half the product of 
the base and height. Thus the area of the triangle •SBG, 
(Fig. 7.) is equal to half •AB into GH or its equal BC, that is, 

a=ziABxBC. 

For the area of the parallelogram ABCD is ABxBCy 
(Art. 513.) And by Euc. 41, l,t if a parallelogram and a tri- 
angle are upon the same base, and between the same paral- 
lels, the triangle is half the parallelogram. 

1 59. Hence, an algebraic expression naay be obtained for the 
area of any figure whatever, which is bounded by right lines. 
For every such figure may be divided into triangles. 



* See Note W. . 

t Legendre'B Geometry, American Edition, Art. 166. 

X Legendre, 168. 
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Thus the right-lined figure 

ABODE (Fig. 8,) is composed of the triangles 
ABC^ ACE, and ECD, 

The area of the triangle ABC=\ACxBL^ 

That of the triangle ACE=:\ACxEH^ 

That of the triangle ECDz=,\ECxI>0. 

The area of the whole figure hy therefore, equal to 
(\ACyiBL)+{\ACyiEH)+{\EC;/iDGY 

The explanations in the preceding articles contain the 
first principles of the menswraXion of superficies. The object of 
introducing the subject in this place, however, is not to make 
a practical application of it, at present ; but merely to show 
the grounds of the method of representing geometrical quan- 
tities in algebraic language. 
• 

520. The expression for th^ superficies has here, been de- 
rived from that of a line or lines: It is frequently necessary 
to reverse this order ; to find a side of a figure, from knowing 
its area. >; - 

If the nimiber of square inches in the parallelogram 
ABCD (Fig. S.) whose breadth J?C is 3 inchei^ be divided 
by S ; the quotient will be a parallelogram ABJ^P, one inch 
wide, and of the same length with the larger one. But the 
length of 'the small parallelogram, is the length of its side 
AB. The number of square inches in one is the same, as 
the number of linear inches in the other. (Art. 512.) If 
therefore, the area of the large parallelogram be represented 

by 0, the side ABzn—-^ that is, the length of a paraUelogram 

is found by dmdmg the area by the breadth. 

521. If a be put for the area of a square whose side is AB, 

Then by Art. 517 a=AB^ 

And extracting both sides ^a=:AB. 

That is, the side of the square is found, by extracting the 
square root of the nvmAer of* measuring units in its area. 

522. If AB be the base of a triangle and BC its perpen- 
dicular height ; 
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Then by Art. 518, a;=iBCX'AB 

And dividing by |5C, _1^=:^B. 

That is, the base of a tridngle is found, by dividing the area 
by half the height. 

623. As a surface is expressed, by the product of its length 
and breadth ; the contents of a solid may be expressed, by 
the product of its length, biieadth and depth. It is necessary 
to bear in mind, that the measuring unit of solids, is a aibe ; 
and that the side of a cubic inch, is a square inch ; the side 
of a cubic foot, a square foot, &c. 

Let ABCD (Fig. 3.) represent the base of a p,raIlelopi- 
ped, 5 inches long, three inches broad, and one mch deep. 
It is evident there must be as many cubic inches in the solid^ 
as there are square inches in its base. And, as the product of 
the lines AB and BC gives the area of this bas^, it gives, of 
course, the contents of the solid. But suppose that the depth 
of the parallelepiped, instead of being one inch, is four inches. 
Its contents must be four times as great. If, then, the 
length be ABy the breadth BCy and the depth COy the ex- 
pression for the solid contents will be, 

ABxBCxCO. 

524. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much more simple and 
concise, than in ordinary language. The proposition, (Euc. 
4. 2.) that when a straight line is divided into two parts, the 
square of the whole line is equal to the squares of the two 
parts, together with tyice the product of the parts, is demon- 
strated, by involving a binomial. 

Let the side of a square be represented by s ; 
And let it be divided into two parts, a and b. 
By the supposition, ' s==a^b 

And squaring both sides, s^=za^-\'2ab^b^. 

That is, s^ the square of the whole line, is equal to a' and 
b\ the squares of the two parts, together with 2a6, twice the 
product of the parts. 

525. The algebraic notation may also be applied, with 
great advantage, to the solution of geometrical problems. In 
doing this, it will be necessary, in the fust place, to raise an 
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algebraic equatioBi from the geometrical relatioaa of the 
quantities given and required ; and then by the usual reduc- 
tions, to find the value of the unknown quantity in this equa- 
tion. See ArU 192. 

Prob. 1. Given the 6ewc, and the sum of the hypothenuse 
and perpendicular, of the right angled triangle, ABCy (Pig. 
9.) to find the perpendicular. 

Let the base 
The perpendicular 
The sum of hjrp. and^perp. 
Then transposing ar. 




ji 



1. By EucUd 47. 1,* BC +j9J5 =AC 

2. That is, by the notation, a:*+fc"= (a -«)'=»*- 2aaf4-«*. 

Here we have a conunon algebraic equation, containing 
only one unknown quantity. The reduction of this equa- 
tion in the usual manner, will give 

a?= 3= BC^ the side required. 

2a 

The solution, in letters, will be the same for any si^^ 
angled triangle whatever, and may be^expressed in a gene- 
ral theorem, thus ; Mn a right angled triangle, the perpendi- 
cular is equal to the square of the sum of the hypothenuse 
and perpendicular, diminished by the square of the base, and 
divided by twice the sum of the hypothenuse and perpendi- 
cular.' 

It is applied to particular cases by substituting numberSy for 

the letters a and b. Thus if the base is 8 feet, and the sum 

of the* hypothenuse and perpendicular 16, the expression 

a^ — b^ 16" — 8* 

becomes =6, the perpendicular : and this sub- 

2a 2x16 

traded from 16, the sum of the hypothenuse and perpendi- 
cular, leaves 10, the length of the hypothenuse. 

Prob. 2. Given the base and the d^erence of the hypothe- 
nuse and perpendicular, of a right angled triangle, to find the 
perpendicular. 



* Legendre, 186. 
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Let the base 
The perpendicular, 
The given difference. 
Then will the hypothenuse 



JiBCFig. 10.)=6=20 



AC=. 



Then 



1. By Euclid 47. 1, 

2. That is, by the notation, 
S. Expanding {x+dYy 

4. Therefore 



JIC =zJiB +BC 



Xz=z. 



2d 



= 15. 



Prob. 3. If the hypothenuse of a right angled triangle is 
SO feet, and the difference of the other two sides 6 feet, what 
is the length of the base 1 Ans. 24 fee^ 

Prob. 4. If the hypothenuse of a right angled triangle is 
50 rods, and the base is to the perpen£cular as 4 to S, what 
is the length of the perpendicmar ? Ans. SO. 

Prob 5. Having theperimeter and the diagonal of a par- 
allelogram JIB CD, (Fig. 11.) to find the sides. 

Let the diagonal JlC=h=: 10 

The side •dj?=; 

Half the perimeter BC+^B=BC+x=b= 
Then by transposing x, BC=:b - 



By Euchd 47. 1, 
That is. 

Therefore 



JiB+BC z=:AC 



Here the side *SB is found ; and the side BC is equal to 
fc-a:=14-8=6. 

Prob. 6. The area of a right angled triangle JtBC (Fig. 
12,) being given, and the sides of a parallelogram inscribed 
in it, to find the side BC. 

Let the given area =a, DE=zBF=b 
EB=DF=d, BC=x. 

Then by the figure, CF=:BC - BF=: x-b. 
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1. By similar triangles, CF : DF: >BC:AB 

2. That is x-b: d.ixiAB 
S. Therefore, dxz=z{xTh)xAB 

4. By Art. 618, o=^i?xJJ?Cf=jJJ?xi« 

5. Dividing by Jar, ??=w4jB 

X 

6. Therefore (fe=(a:5'6) X— =2«- — 

X X 



7. And x=^j^t-^=BC. 

Prob. 7. The three sides of a right angled triangle, ABC, 
(Fig. 13.) being given, to find the segments made by a per- 
pendicular, drawn from the right angle to the hypothenuse. 

The perpendicular will divide the original triangle, into 
two right angled triangles, BCD and JlBD. (Euc. 8. 6.)* 



.a 



1. By Euc. 47. 1, BD + CD = JBC 

8. By the figure, CD=,aC - AD 

S. Squar. both sides, CD=z {AC - AD)» 

4. Therefore, BD+(^C-AD)=BC 

5. Expanding, BD+5C - 2,flC.AD+AD==5C 

6. Transposing, BD=^-5C4-2waC.AD-AD* 

7. By Euc. 47. 1. Bd"=ZB- AD 

8. Mak. 6th & 7th eq. BC-AOf^ACXD-AB 

9. Therefore AD=-?^^:l£ 

2AC 

The unknown lines, to distinguish them from those which 
are known, are here expressed by Roman letters. 

Prob. 8. Having the area of a parallelogram DEFG (Pig- 
14,) inscribed in a given triangle, ABCy to find the sides of 
the parallelogram. 



* Legendre, 813. 
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Draw CI perpendicular to AB. By suj^pontion, DO is 
parallel to AB. Therefore, 

The triaogle CHG, is similar to CIB \ 
And CDG, ioCAB 5 

Let C/=d DG=zx > 

AB^b The given area =05 

1* By similaj: triangles, CB: CG::AB: DO 

%. And CB: CG: : CI : CH 

3. By equal raUos, (Art. 384.) AB : DG ::CI: CH 

B^UCH 
AB 

Cl^ CH=zIH:=DE 



4. Therefore 

5. By the figure, 

6. Subautttting for CH, 

7. Thatic^ 

8. By Art. 613, 

9. That is, 

10. This reduced gives 



AB 

a=DGxIiE:s:9Xid 

a=dx- — 



dx 



) 



2-V (4 d) 



The side DE is found, by dividing the area by DO. 

Prob. 9. Through a given point, in a given circle, so to 
draw a right line, that its parts, between the pwit and the 
periphery, shall have a given diflference. 

In the circle AQJBRi (Fig. 15.) let P be a given point, in 
the diameter AB. 



Let AP=af 
BPz:,b, 



PR=Xy 

The given difference =(!, 

Then will PQ=a:+d. 
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1. ByEticSS. 3* PRxPQ^^PxBP 

2. Thati8, x(ar+d)=s:ax6 

3. Or, a!^"\^x=:zab 

4. Completing the square, a;^+<^^+4<^=i*P+^- 

5. Sxtraet. and transp. ar= - ld±j^]^d^^ttb=PR. 

With a little practice, the learner may very much abridge 
these solutions, and others of a similar nature, by reducing 
severnl dteps to one. 

Prob 10. If the sum of two of the sides of a triangle be 
nS5, the length of a perpendicular drawn from the angle in- 
cluded between these to the third side be 300, and the differ- 
ence of the segments made by the perpendicular, be 495 ; 
what are the lengths of the three sides 1 

Ans. 945, 375, and 780. 

Prob. 11. If the perimeter of a right angled triangle be 
730, and the perpendicular falling from the right angle on 
the hypothenuse be 144 ; what are the lengths of the sides 1 

Ans. 300, 240, and 180. 

Prob. 13. The difference between the dias^onal of ;a. square 
aA(t OJI^ of its sides being given, to find the length of the 
sides. 

Sf af= the side fequired, and d= the given difference ; 

Thenx=d+dj^2. 

Prob. 14. The base and perpendicular height of any plane 
triangle being given, to find the side of a square inscribed in 
the triangle, and standing on the base, in the same manner 
as the parallelogram DjE^PG, on the base JIB, (Fig. 14.) 

If a?= a side of the square, 6= the base, and A=r the 
height of the triangle ; 

. Then x=—. 
b+h 

Prob. 15. Two sides of a triangle, and a line bisecting* the 
included angle being given ; to find the length of the base 
or third side, upon which the bisecting line falls. 

" ■ ■ ■ — ' - ' ■ « 

* Legendre 224. 
39 



306 



ALGEBRA. 



If «= the base, a= one of the given sides, c= the other, 
and fr= the bisecting Une ; 

Then?==:(a+e)x./?^. 

'V oc' . 

Prob. 16. If the hypothenuse of a right angled triangle 
be 35, and the side of a square inscribed in it, in the same 
manner as the parallelogram ££2>J^, (Fig. 12.) be 12 ; what 
are the lengths of the other two sides of the triangle 1 

Ans. 28, and 21. 

Prob. 17. The number of feet in the perimeter of a right 
angled triangle, is equal to the number of square feet in the 
area ; and the base is to the perpendicular as 4 to 3. Re- 
quired the length of each of the sides. 

Ans. 6, 8, and 10. 

Prob. 18. A grass plat 12 rods by 18, is surrounded by a 
gravel walk of uniform breadth, whose area is equal to that 
of the grass plat. What is the breadth of the gravel walk? 

Prob. 19. The sides of a rectangular field are in the ratio 
of 6 to 5; and one sixth of the area is 125 square rods. 
What are the lengths of the sides 1 

Prob. 20. There is a right angled triangle, the area of 
which is to the area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rods, and the other side of the tri- 
angle adj€u)ent to the right angle, is equal to the diagonal of 
the parallelogram. Required the arei^ of each 1 

Ans. 4800 and 3000 square rods. 

Prob. 21. There are two rectangular vats, the greater of 
which contains 20 cubic feet more than the other. Their 
capacities are in the ratio of 4 to 5 ; and their bases are 
squanes, a side of each of which is equal to the depth of the 
other vat. Required the depth of each 1 

Ans. 4 and 5 feet. 

Prob. 22. Given the lengths of three perpendiculars, 
drawn from a certain point in an equilateral triangle, to the 
three sides, to find the length of the sides. 

If a, by and c, be the three perpendiculars, and x=z half 
the length of one of the sides ; 



Then x=±ttt£. 
V3 
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Prob. 23. A square public green is surrounded by a street 
of uniform breadth. The side of the square is S rods less 
than 9 times the breadth of the street ; and the number of 
square rods in the street, exceeds the number of rods in the 
perimeter of the square by 228. What is the area of the 
square ? Ans. 576 rods. 

Prob. 24. Given the lengths of two lines drawn from the 
acute angles of a right angled triangle, to the middle of the 
oj^site sides : to find the lengths of the sides. 

If a?= half the base, y= half the perpendicular, and a ^ 
and b equal the two given lines ; 

Then :r= . /^Z^ «= . /*^^* 






♦See Note X. 



^108 AI^G&BRA. 



SECTION XXII. 



EQUATIONS OF CURVES. 



Art. 526. IN the preceding section^ algebra has been 
applied to geometrical figures, twuirded by right Unes, Its aid 
is required also, in investigating the nature and relations^ of 
curves. The advances which in modern times have been 
made in this department of geometry, are, in a great measure, 
owing to the method of expressing tiie distinguishing proper- 
ties of the different kinds of lines, in the form of equations. 
To understand the principles on which inquiries of this sort 
are conducted, it is necessary to become famiUar with the 
pl^n of hotation which has been generally agreed upon. 

527. Tfie positions of the several points in a curve drawn on 
a pUmCy are determined^ by taking the distance of each from two 
right lines perpendicular to each other. 

Let the luies JIF and AG (Fig. 16.) be perpendicular to 
each other. Also, let the lines DBy iyB\ U'E' be perpen- 
dicular to AF\ and the lines CA OJy, C'Vy perpendicu- 
lar to AQ. Then the position of the point D is known, by 
the length of the lines BD and CD. In the same manner, 
the point ly is known by the lines Bfjy and OIV ; and the 
pomt Z>'', by the lines B'^iy^ and O^I/^ The two lines 
which are thus drawn, from any point in the curve, are, to- 
gether, called the co-ordinates belonging to that point. 

But, as there is frequent occasion to speak of each of the 
lines separately, one of them for distinction's sake, is called 
an ordinate^ and the other, an abscissa. Thus BD is the or- 
dinOLte of the point i>, and CD, or its equal AB^ the abscissa 
of the same point. It is, generally, most convenient to take 
the abscissas on the line AF, as AB is equal to CD, AB' 
to Ciy, and AB'' to a'JJ\ Euc. 33. 1. The lines All 
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aod .AOt to which the co-ordinates are drawn, are called the 
ajXiS ot the co-ordinates. 

iv28« if ccMirdinates could be drawn Co wen/ point in a 
curve, and, if the relsLtions of the several ahecissai Co their 
corresppmdmg ordinates could be expressed by an equation ; 
the position of each foiniy and consequently, the nature of 
the curve, would be determuied. Many important proper- 
ties of the figure might also be discovered, merely by throw- 
ing the equation into different forms, by transposing, dividing, 
involving, &c. But the number of points in a line is unlim- 
ited. It is impossible, therefore, actually to draw co-ordi- 
nates to every one of them. Still there is a way in which an 
equation may be obtained, that shall be applicable to all the 
parts of a curve. This is eflected by malong the equation 
depend on some property, which is cmnm&n to every f>air tf co- 
ordinates. In explaining this, it wfll be proper to begin with 
a straight 2ttie, instead of a curve. 

Lei wiff (Fig. 17.) be a line from which co-ordinates are 
drawn, on the axes JlF and *BG perpendicular to each other. 
Aiid let the angle FAH be such, that the abscissa CD or JlB 
ah9il be equal to twice the ordinate BD. 

The triangles ^BDy AB^jy, ABf'jy' &c. are all simUar, 
(Euc. 29. ij* Therefore, 

AB : BD ::JiBi B'JVwAB" : B'^D'^ 
Andif AB=:2BD, thenj3/y=2^I>^,and,aj?''=:2^'iy/,&c. 

That is, each abscissa is equal to twice the cinrresponding 
ordinate. But, instead of a separate equation for each pair 
of co-ordinates, one will be sufficient for the whole. Let x 
represent any one of the abscissas, and y, the ordinate be- 
longing to the same point. Then, 

ar=:2y, or y=J;r. 

This is an equation expressing the ratio of the co-ordinates 
of the line AH to each other. It differs from a common 
equation in this, that x and y have no determinate magni- 
tude. The only condition which limits them is, that they 
shall be the abscissa and ordinate of the same pomt. 

If x=zABy then y—BD 

If x^AB', y=iBU 

If x=zAB\ y^zB'iyf, &c. 

* Legendre^ 66. 
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From this it is evident, that, if one of the co-ordinates be 
taken of any particular length, the other will be given by the 
equation. If, for instance, the abscissa x be two inches long, 
the ordinate y, which is half 2;, must be one inch. 
If a?=8, then y=4, If a?=30, then y=:15, 

. If a?=10, y=5, Ifa?=100, y=60, &c. 

On the other hand, if j/=2, then a;;=4, &c. 

529. If the angle HJIF be of any different magnitude,' as 
in Fig. 18, the general equation will be the same, except the 
co-efficient of x. Let the ratio of y to ar be expressed by a, 
that is, let y : a; : : a : 1. Then by converting this into an 
equation, we have 

ar=y. 

The co-efficient a will be a whole number or a fraction, 
according as y is greater or less than x. 

630. To apply these explanations to curves, let it be re- 
quired to find a general equation, of the common fwrahola. 
(Fig. 19.) It is the distinguishing property of this figure, as 
will be shown under Conic Sections, that the abscissas 
are proportioned to the squares of their ordinates. Let the 
ratio of the square of any one ordinate to its abscissa, be 
expressed by a. As the ratio is the same, between the 
square of any other ordinate of the parabola and its abscissa, 
we have universally y* : a? : : a : 1 ; and by converting this 
into an equation, 

aa?=y'. 

This is called the equation of the curve. The important 
advantages gained by this general expression, are owing to 
this, that the equation is equally applicable to enery point of 
the curve. Any value whatever may be assigned to the ab- 
scissa Xy provided the ordinate y is considered as belonging 
to the same' point. But, while x and y vary together, the 
quantity a is supposed to remain constant. 

By the equation of the parabola, ax=:y% and extracUng.tho 
root of both sides, (Art. 297.) 

y=sj^ax. If a=:2, theny= :\/2ar. And 
If x= 4.5=.^^ (Fig.l9.) then y=V2x4.5=V9=3=gD 
If a;= 8. =J1B^ y= V2x8=V l6=4=Jg'iy 

If a?=12.5=wiB^^ y= V2xl2 .5=:V25=5=iy:iy^ 

If a:=18. =:^R^^ y=V2xl8 =V36=:6=i5'''jy'^ 
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531. When ordinates are drawn on bath sides qi the axis 
to which they are applied ; those on one side will be posiiivey 
while those on the other side will be negative* Thus^ in JPig. 
1 9, if the ordinates on the upper side of ^P be considered posi- 
tive, those on the tinder side will be negative. (Art. 507.) 
The abscissas also are either positive or negative, according 
as they are on one side or the other of the point from which 
they are measured. Thus, in Fig. 20, if the abscissas on the 
right, ^By AB^y &c. be considered positive, those on the left, 
j9C, .SCyy &c. will be negative. And in the solution of a 
problem, if an abscissa or an ordinate is found to be negative. 
It must be set offf on the side of the axis opposite to that on 
which the values are positive. 

532. In the preceding instances, the straight tine or curve to 
which the ordinates and abscissas are applied, crosses the 
axis, in the point where it is intersected by the other axis. 
Thus the curve (Fig. 19.) and the straight line iMy(t^ig. 
20.) cross the axis j9F, in the point Ay where it is cut by the 
axis A G. But this is not always the case. The abscissas on 
the axis QJFy (Fig. 21.) may be reckoned from the line GrJVl 

Let X represent any one of the abscissas, MB, MB\ &c. 
and y the corresponding ordinate. 

Let z=zABy b=zMA. 

And a= the ratio of BD to wiB, as before. 

Then az=:yy (Art. 529.) that is, 2?=^ 

a 

But by the figure, AB-MB - MAy i. e. z=zx - b 
Making the two equations equal, a? - 6=i 



a 



Therefore a?=l?+fr. 

a 

533. In investigating the properties of curves, it is impor- 
tant to be able to distinguish readily the cases in which the 
abscissas or ordinates are positivey from those in which they 
are negative ; and to determine under what circumstances, 
either of the co-ordinates vanishes. An abscissa vanishes at 
the point where the curve meets the axis from which the abscissas 
are measured. And an ordinate vanishes, at the pdnt where 
the curve meets the axis from which the ordinates are 
measured. 
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7hm, in Fig. 19^ the ordinslefi are meastued from tlie line 
tSF. The length of each ordinate is the distance of a particu- 
lar point in the curre ih>m the line. As the curve approaches 
. the axis, the onfinate diminishes, UU it becomes nothing, at 
the point of intersection. For, here, there is no distaaee 
between the curve and the axis. 

The abseisscu are measured from the line AG. These 
must diminish also, as the curve approaches this line, and 
become nothing at A* 

534. From^this it is evident, that when the two axes meet 
the curve at the same ptmU, the two co-ordinates vanish to^ 
gether. In Fig. 19, the two axes meet die curve at .4, the 
one cutting, aud the other touching it. But in Fig. 21, the 
axis JIfF crosses the line JVjD at j} ; while 6JV crosses it at 
JV*. The ordinate,, being the distance from MFy vanishes at 
j}, where the distance is nothing. But the abscissa, being 
the distance from GJS*^ vanishes at .TV* or M. 

535. An abscissa or an ordinate changes from potUwe to 
negoHve^ by passing through the point where it is equal to 0: 
Thus the cnrdinate y, (Fig. 20.) diminishes as it approaches 
the point Jl ; here it is nothing, and on the other side of ifl, 
it becomes negative, because it is below the axis CF. (Art. 
507.) In the same manner the abscissa^ on the right of mAG, 
diminishes, as it approaches this line, becomes at .d, and 
then negative on the left. 

In thus case, the two co-ordinates change from positive to 
negative, at the same point. But in Fig. 21, the ordinates 
change from positive to negative at A ; while the abscissas 
continue positive to GrJV*, being still on the right of that line. 
On the right from «4, the co-ordinates are both positive : be- 
tween A and the line GrJV*, the abscissas are positive : and 
the ordinates negative: and, on the left of GJV* both are 
negative. 

536. The most important applications of the principles 
stated in this section, will come under consideration, in suc- 
ceeding branches of the mathematics, particularly in Flux- 
ions. A few examples will be here given to illustrate the 
observations which have now been made. 

Prob. 1. To find the equation of the circle. 
In the circle FGM^ (Fig. 22,) let the two diameters GrJV 
and FM be perpendicular to each other. From any point 
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in the curve, draw the ordinate DB perpendicular ijo^F; 
and JIB will be the corresponding abscissa. 

Let the radius •aD=r, .4J5=a?, J5D=y. 



Then, by Euc. 47. 1,* BD =:JW-^dB 

That is, j/«=r»-a? 

And by evolution, y=±\/»^ - a? 

In the same manner, a:=±\/*^ - S^- 

That is, the abscissa is equal to the square root of the dif- 
ibrence between the square of the radius and the square of 
the ordinate. 

^ If the radius of the circle be taken for a unit^ (Art. 510) its 
square will also be 1, and the two last equations will become 

=±\/l - a", and ar=±\/l -tf*. 

These equations will be the same, in whatever part of the 
arc QDF the point D is taken. For the co-ordinates will be 
the legs of a right angled triangle, the hypothenuseof which 
will be equal to .£0, because it is the radius of the circle. 

537. To understand the application to the other quarters 
of the circle, it must be observed, that, in each of the 
^nations, the root is ambiguous. The valuas of y and of x 
may be either positive or negative. This results from the 
nature of a quadratic equation. (Art. 297.) It corresponds 
also with the situation of the different parts of the circle, with 
respect to the two diameters FM and 6JV*. In the first 
quarter OPy the co-ordinates are supposed to be both positive. 
In the second, OJlf, the ordinates are still positive, but the 
abscissas become negative. (Art. 531 .) In the third, JJbCTV*, 
both are negative, and in the fourth, •ATjP, the ordinates are 
negative, but the abscissas positive. That is, 

{FGy a: is +, and y-}-. 



"' Legendie, 186. 
40 
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538. Ill geometry, lines are supposed to be produced by 
the motion of- a ponU. If the point Hdoves uniformly in one 
direction, it produces a straight line. If it continually varies 
its direction, it produces a curve. The particular nature of 
the curve depends on certain conditions by which the motion 
is regulated. If, for instance, one point moves in such a 
manner, as to keep constantly at the same distance from 
another point which is fixed, the figure described is a drcle, 
of which the fixed point is the centre. It is evident from 
the preceding problem, that the equation of this curve de- 
pends on the manner of description. For it is derived from 
the property that different parts of the periphery are equally 
distant from the center. In a similar manner, the equations 
of other curves may be derived from the law by which they 
are described j as will be seen in the following examples. 

Prob. 2. To find the equation of the curve called the Cis- 
soid of Diocles. (Fig. 23.) 

The description, which may be considered as the defimtion 
of the figure, is as follows. 

In the diameter AB, of the semi-circle t^JVjB, let the point 
R be at the same distance from By as P is fi*om Jl, DraW 
jRJV* perpendicular to ABy to cut the circle in JV. From ^5, 
through .AT, draw a straight line, extending if necessary be- 
yond the circle. And from P, raise a perpendicular, to cut 
this line in M, The cuitc passes through the point M. 

By taking P at different distances firom Ay as in Fig. 24, 
any number of points in the curve may be determined. As 
the line PJ\I moves towards By it becomes longer and longer ; 
so as to extend the Cissoid beyond the semi-circle. 

To find the eqtuition of the curve, let AH BXii AB be the 
axes of the co-ordinates. 



Also, let each of the abscissas APy AP •flP'',-&c. 

each of the ordinates PMy PMy F^M'y &c. 

and the diameter AB 
Then by the construction, PB=iAB 'AP= h 



=a:, 



a 



9 



As PM and JRJV are each perpendicular to ABy the trian- 
gles APM and ARJ^ are similar. (Euc. 27 and 29. 1.) 
Therefore, 
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1. By similar triangles, JIP : PM\ : AR : RJf 

% Or^ by putting PB for its equal ^fi, 

JlP:PM::PB:RJ>r 

3. Therefore, ^^^^^^ RJf 

9 1 

4. Squaring both sides, f ^ X P B ^ j^ 

~IP 



5. By Euc. 35. 3, and 3. 3,f ARxRB=RK 
6. Or, putting PS for its equeil AR, and AP for its equal /J5, 



8 



7. Making 4th and 6th equal, PBx^P=^^ ^ f ^ 



8. Therefore, ^P =PJtf xPB 

9. Or, a;«=y«X(6-a:). 

That is, the cube of the abscissa is equal to the square of 
the ordinate, multiplied by the difference between the diame- 
ter of the circle, and the abscissa. The equation is the same 
for every pair of co-ordinates. 

Prob. 3. To find the equation of the Conchoid of Nico- 
medes. 

To describe the curve, let ^B^ Fig. 25, be a hne giv^ in 
position, and C a point without the line. About this point, let 
the line Ch revolve. From its intersections with JlB^ make 
the distances EM, MM, M^M\ Slc. each equal to AD. 
The curve will pass through the points jD, M, Jlf, JW, &c. 

To find its equcUiony let CD and AB be the axes of the co- 
ordinates. DrawFtWparalleHo«flP, and P«/lf parallel to CF, 
From the construction, AD is equal tx)EM. 

Let the abscissa AP=zFM=ix, 

the ordinate PM=zAF=:yy 

the given line CA^za, 

and AD=tEM=by 

Then will CF= CA+AF=z a-f y . 

.— — ■ ' III I III ».»^— — — — ^ 

♦ Legendre, 105, 224. 
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As CJIf cuts the parallels CD aikl PM, and aho the paral- 
lels j2P and FMf the triangles CJFVlf and MPE are sinular. 
Then 

1. By similar triangles, CF : FM: : PM : PE 

2. Therefore, p^^FM^PM 

CF 



3. Squaring both sides, PE =^^ ^^^ 

CF 

4. By Euc. 47. 1. • lE^EM-^ TM 



6. Mak. 3d and 4th equal, EM ^ p;^^JV^J<^ 

6. That is, 6«-y«= ^\_ 

7. Or, (a+y)'X(6"-!/")==a^». 
539. In these examples, the equation is derived from the 

description of the curve. But this order may be reversed. 
If the equation is given, the curve may be described. For 
the equation expresses the relation of every abscissa to the 
corresponding ordinate. The curve is described, therefore, 
iy tdkmg abscissas of different lengths^ and applying ordinates to 
each. The line required, will pass through the extremities of 
these ordinates. 

Prob. 4. To describe the curve whose equation is 
2a:=y', or y = \/^x. 

On the. line •flJ', (Pig. 19.) take abscissas of differeDt 
lengths : 

For instance, j2B=4.5, then the ordinate jBD=3, (Art. 530.) 
AB^ =8- B^iy = 4, 



\ 
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. Apply theflie seyeral ordinates to their abscissas, aitd can* 
neot the extremities by the line ADUiy^ &c. whidi will be 
the curve required. The description will be more or less 
accurate, according to the number of points for which ordi- 
nates are found. 

540. If a point is conceived to move in such a manner, as 
to pass through the extremities of all the ordinates assigned 
by an equation ; the line which it describes is called i\ie locus 
of the point, that is the path in which it moves, and in which 
it may always be found. The line is also called 'the locus of 
the squaiUm by which the successive positions of the point ere 
determined. Thus the common parabola (Fig. 19,) is called 
the locus of the points, D, ly, 2>^', &c. or of the equation 
axz::^y^. (Art. 5 30.) T he arc of a circle is the foctw of the 

equation xz^±A(/i^ -xf*. (Art 536.) To find the locus of 
an equation, therefore, is the same thing, as to find the 
straight line or curve to which the equation belongs. 

Prob. 5. To find the hcus of the equation 

x=:% or ax=y, 

in which x and y are variable co-ordinates, while a is a deter- 
minate quantity. 

If the abscissa x be taken of different lengths, the ordinate 
y must vary in such a manner as to preserve ax^y ; or con- 
verting the equation into a proportion, y : x::a : I. There- 
fore, as a is a determinate quantity, the ratio of a; to ;/ will be 
invariable ; that is, any one abscissa will be to its ordinate aa 
any other abscissa to its ordinate. Let two of the abscissas 
be ^B and AB^y (Fig. 17.) and their ordinates, BD and 
JEriK; then, 

JlB:BD::AR:B'iy. 

The line ADiy is, therefore, a straight line ; (Euc. 32. 6.) 
and this is the locus of the equation. 

If the proposed equation is a:=^-{-&, the additional term 6 

makes no difference in the nature of the locus. For the only 
efiect of by is to lengthen the abscissas, so that they must not 
be measured from .4, but from some other point, as M, 
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(Fig. t\.) The ratio ofAByAB, &c. to Biy^Biy, &c. still 
remains the same. See Art. 532. The locus of the equation 
is, therefore, a straight line. 

541. From this it will be easy to prove, that the locus of 
enry equation in which the co-ordinates x and y are in sepa- 
rate terms, and do not rise above the first power^ is a straight 
line. For every such equation may be brought to the f<^m 

«:=:^±6. All the terms may be reduced to three, one con- 
a 

taining ar, another y, and a third, the aggregate of the c<m- 

stant quantities which are not co-efficients of x and y ; as will 

be seen in the following problem. 

Prob. 6. To find the locus of the equation 

car - d-f-Aa?.- }(+***=**• 
By transposition, cx-^hx=z y +n - m+rf. 

Dividing by c+h a?=JL_+!Ll^+^. 

^ ^ ^ c+h^ c+h 

Here the constant quantities, in each term, may be repre- 
sented by a single letter. (Art. 321.) If, then, we mcJ^e 

c-|-A=:a, and ^"^'r --t» the equation wiU become ap=:l?-|-6, 

C'\-h a 

whose locus, by the last article, is a straight line. 

542. But if the ordinates are as the squares, cubes, or 
higher powers of the abscissas, the locus of the equation, in- 
stead of being a straight line, is a curve. For the ordinates 
applied to a straight Une, have the same ratio to each other 
which their abscissas have. But quantities have not the 
same ratio to each other, which their squares, cubes, or higher 
powers have. (Art. 354.) Thus, if a^=y, the ordinates 
will increase more rapidly than the abscissas. If the abscis- 
sas be taken, 1, 2, 3, 4, &c. the ordinates will be equal to 
their squares, 1, 4, 9, 16, &c. 

543. As an unlimited variety of equations may be produ- 
ced, by different combinations and powers of the co-ordi- 
nates, and as eacii of these has its appropriate locus ; it is 
evident that the forms of curves must be innumerable. They 
may, however, be reduced to classes. The modern mode of 
classing them, is from the degree of their equations. The 
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differmU orders of Unes are diatinguUhedy by the greaUest mdeXj 
or sum of the inuiices of the co^dmates^ in tmy term of the 
equation. 

Thus the equation ax=y belongs to a line of theirs* or- 
der, because the index of each of the co-ordinates is 1. But 
this order includes no curves, Forj by Art. 541, the locus of 
every such equation is a straight line. 

The equation cx*-oajy=y% belongs to the second order of 
lines, or the first kind of curves, because the greatest index 
is 2. The equation ay-^xy=:bx also belongs to the second 
order. For, although there is here no index greater than 
}, yet the sum of the indices of x and y, in the second term, 
is 2. • 

The equation y^-Saxy=bx^ belongs to the third order of 
lines, or the second kind of curves,, because the greatest in- 
dex of y is 3. 

544. In curves of the higher orders, the ordinate belong- 
ing to any given abscissa may have different values^ and may 
therefore meet the curve in several points. For the length 
of the ordinate is determined by the equation of the curve, 
and if the equation is above the first degree, it may have two 
or more roots^ (Art. 498.) and may, therefore, ^ve diiSerent 
values to the ordinate. 

An equation of the first degree has but one root ; and a 
line of the first order, can be intersected by an ordinate, in 
one point only. Thus the equation of the line •flJT (Fig. 
17.) is aa?=y, in wjiich it is evident y has but one value, 
while X remains the same. If the abscissa x be taken equal 
toABy the ordinate y will be jBI>, which can meet the line 
wii/inDonly. 

But the equation of the parabola j/*=aa:, (Art. 530.) has 
two roots. For, by extracting both sides^ y=i\/ar. (Art. 
297.) It is true, that in this case, the two values of y are 
equal. But one is positive^ and the other negative, Thi» 
shows that the ordinate, may extend both ways from the end 
of the abscissa, and may meet the opposite branches of the 
curve. Thus the ordinate of the abscissa AB (Fig. 19.) may 
be either BD above the abscissa, or Bd belote it, 

A cubic equation has three roots ; and an ordinate of the 
curve belonging to this eqiiation, may have three different 
values, and may meet the curve in three different points. 
Thus the ordinate of the abscissa .^^ (Fig* ^6.) may be BD, 
or BD'y or Bd. 
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546. When the curve meets the axis on which the abscis- . 

sas are measured, the ordmate, after becoming less and less^ 
is reduced, to nothing. (Art. 533.) But, in some cases, a 
cmre may continually approach a line, without ever meeting 
it. Let the distances AB^ BS, B!B\ &c. on the line AF^ 
(Rg. «7.) be tqwA; and let the curve DD^IX', &c. be of 
such a nature that of the several ordinates at the points £, JB^, 
^', &c. each succeeding one shall be haXJ the preceding, 
that is, Bfiy, half BD, Bf'U' half BU^ &c. It is evident 
that, however far the straight line be carried, the curve will 
become nearer and nearer to it, and yet will never quite reach 
it. A Une whkh tiniu c&nHnuaUy approaches a cwne mthovA ever 
mutmg U^ is called an asymptote of the curve. The axis AF 
is here the asymptote of the curve DUiy't &c. As the ab- 
scissa increases, the ordinate diminishes, so that, when the 
absciEBa is niathematically infinite, (Art. 447.) the ordinate 
becomes an infinitesimal, and may be expressed by 0. (Art. 
455.)* 



^SeeNotoT. 
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NOTES. 



Note A. Page 1. 

As the term quantity is here used to signify whatever is 
the object of mathematical inquiry, it will be obvious that 
number is meant to be included ; so far at least, as it can be 
the subject of mathematical investigatioil. Dugald Stewart 
asserts, indeed, that it might be easily shown, that number 
does not fall under the definition of quantity in any sense of 
that word. Philosophy of the Mind, Vol. II. Note G. For 
proof that it is included in the common acceptation of the 
word, it will be sufficient to refer to almost any mathematical 
work in which the term quantity is explained, and particu- 
larly to the familiar distinction between continued quantity or 
magnitude, and discrete quantity or number. 

But does number " fall under the definiiion of quantity V* 
Mr. Stewart after quoting the observation of Eh*. Reid, that 
the object of the mathematics is commonly said to be quan- 
tity, which ought to be defined, that which may be measured^ 
adds, "The appropriate objects of this science are such 
things alone as admit not only of being increased and dimin- 
ished, but of being multiplied and divided. In other words, 
the common character which characterizes all of them, is 
their mensurability.^^ That number may be multiplied and 
divided, will not probably be questioned. But it may per- 
haps be doubted, whether it is capable of mensuration. If, 
as Mr. Locke observes, " number is that which the mind 
makes use of, in measuring all things that are measurable,'' 
can it measure itselfy or be measured 1 1t is evident that it can 
not be measured geometrically^ by applying to it a measure of 
length or capacity. But by measuring a quantity mathe- 
matically, what else is meant, than determining the ratio 
which it bears to some other quantity of the same 'kind ; in 
other words finding how often one is contained in the other, 
either exactly or with a certain excess ? And is not this as 
applicable to number as to magnitude 1 The ratio which a 

41 
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given number bears to umiy cannot, indeed, be the subject 
of mqmry ; because it is expressed by the number itself. 
But the Fatio which it bears to other numbers may be as {h-o- 
per an object of mathematical investigation, as the ratio of a 
mile to a furlong. 

For proof that number is not quantity, Mr. Stewart refers 
to Barrow's Mathematical Lectures. Dr. Barrow has start- 
ed an etymological objection to the appUcation of the term 
quantity to number, which he intimates might, with more 
propriety, be called tfuotity. He observes, ^' The general ob- 
ject of the mathematics has no proper name, either in Greek 
or LatuL** And adds, " It is plain the mathematics is coa- 
versant about two things especially, quantity strictly taken, 
.and quotity ; or magnitude and multitude." There is fre- 
quent occasion for a common name, to express number, diura- 
tion, &c. as well as magnitude ; and the term quantity will 
probably be used for this purpose, till some other word is sub- 
stituted in its stead. 

But though Dr. Barrow thus distinguishes between mag- 
nitude and number, he afterwards gives it as his opinion, 
(page 20, 49,) that there is really no quantity in nature dif- 
ferent from what is called magnitude or ccmtinued quantity, 
and consequently, that this alone oushJt to he accounted the 
object of the mathematics. He accordingly devotes a whole lec- 
ture to the purpose of proving the identity of arithmetic and 
geometry. {Led. 3.) He is " convinced that number really 
differs nothing from what is called continued quantity ; but 
is only formed to express and declare it ;" that as " the con- 
ceptions of magnitude and number could scarcely be separa- 
ted," by the ancients, " in the namcy they can hardly be so 
in the mtml," and " that number includes in it every conside- 
ration pertaining to geometry." He admits of metc^kystcal 
number, which is not the object of geometry, or even of the 
mathematics. But, in bis view, magnitude is always inclu- 
ded in mathematical number, as the imits of which it is com- 
posed are equal. On the other hand, magnitudes are not 
to be considered as mathematical quantities, except as they 
are measured by number. In short, quantity is magmtude 
measured by number. 

It would seem, then, that according to Dr. Barrow, num- 
ber considered as separate from magnitude, has as fair a 
claim to be called quantity, as magnitude considered as sep- 
arate from number. If arithmetic and geometry are the 
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same; quantity is as much the object of one, as of the other. 
How far this scheme is applicable to duration, motion, &c* it 
is not necessary, in this place to inquire. 

Note B. p. 1. 

It is to be regretted, that the science of Fluxions has re- 
ceived its name from the particular manner in which its in- 
ventor. Sir Isaac Newton, explained its principles, rather than 
from the nature of the science itself. This has served to 
countenance the opinion, that the doctrine of fluxions, and 
the differential and integral calculus, in which a different lan- 
guage, and different mode of explanation have been adopted, 
are distinct methods of investigation. Whereas the fimda- 
mental laws of calculation are the same in both. These 
'oave no necessary dependence on motion, or even on geo- 
metrical magnitudes. The method of fluxions has been 
greatly enlarged and modified since Newton's day. But it 
is difficult to change the name, to adapt it to the present 
state of the science, without seeming to derogate from that 
profound regard which is due to the original inventor. 

Note C. p. 32. 

It is common to define multiplication, by saying that * it is 
finding a product which has the aaine ratio to the multipli- 
cand, that the multiplier has to a unit.' This is strictly and 
universally true. But the objection to it, o^ a definiiUmi 1^9 
that the idea of ratio, as the term is understood in arithmetic 
and algebra, seems to imply a previous knowledge of multi- 
plication, as well as of division. In this work at least, the 
expression of geometrical ratio is made to depend on division, 
and division on multiplication. Ratio, therefore, could not 
be properly introduced into the definition of multiplication. 

It is thought, by some, to be absurd to speak of a unit as 
consisting of parts. But whatever may be true with respect 
to number in the abstract, there is certainly no absurdity in 
considering an integer, of one denomination, as made up of 
parts of a different denomination. One rod may contain 
several feet : one foot several inches, &c. And in multipli- 
cation, we may be required to repeat the whole, or a part of 
the multiplicand, as many times as there are inchj^s in a foot, 
or part ci a foot. 
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Note D. p. 66. 

It is perhaps mote philosophically exact, to consider an 
equation as affirming the equivalence of two different expres- 
sions of the same quantity, than to speak of it as expressing 
an equality between one quantity and another. But it is 
doubted whether the former definition is the best adapted to 
the apprehension of the learner; who in this early part of his 
mathematical course, may be supposed to be very little accus- 
tomed to abstraction. Though he may see clearly, that the 
area of a triangle is equal to the area of a parallelogram of 
the same base and half the height ; yet he may hesitate in 
pronouncing that the two surfaces are precisely the same. 

Note E. p. 86. 

As the direet powers of an integral quantity have poiUwe 
indices, while the rec^oeal powers have negiOwe indices ; it 
is common to call the former positive powers^ and the latter 
negoHoe pawen. But this language is ambiguous, and may 
lead to mistake. For the same terms are applied to powers 
with positive and negative signs nrefixed. Thus ^Sc^ is 
called a positive power ; while - 8(r is called a negative one. 
It may occasion perplexity, to speak of the latter as being 
both positive and negative at tne same tune ; positive, be- 
cause it has a positive indexj and negative because it has a 
negative co-emcient. This ambiguity may be avoided, by 
using the terms direct and reciprocal ; meaning, by the for- 
mer, powers with positive exponents, and by the latter, pow** 
ers with negative exponents. 

Note F. p. 109. 

I have been unwilling to admit into the text the rules of 
calculation which are commonly applied to imaginary quan- 
tities ; as mathematicians have not yet settled the logic of 
the principles upon which these rules must be founded. It 
appears to be taken for granted by Euler and others, that the 
product of the imaginary roots of two quantities, is equal to 
the root of the pro duct of t he quantities ; for instance, that 

V^Xy^= V - o X - ^. If this principle he admitted, 
certiw limitations must be o bserved i n the application. If 

we make V-axV-a=V-ox -a, and this in confor* 
inity with the common rule for possible quantities, =3:V^^ 
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yet we are not at liberty to consider the latter expression as 
equivalent to a. For though \/a?, when taken without re- 
ference to its origin, is ambiguous, and may be either -\'a or 
- a I yet when we know that it has been produced by mul- 

iijAymg^~^ into itself^ we are not permitted to give it any 
other value than - o. (Art. 262.) 

On the principle here stated, imaginary expressions may 
De easily prepared for calculation, by resolving the quantity 
under the raaiccd sign into ttoo factors^ one of which t9 - 1 ; 

thereby reducing the imaginary part of the expression to V-1 . 
As -a=-|-ox -1> the expression \/ -o=\/ax-I=V^X 

V^- So V-a-6=Va+6xV^- The first of the 
two factors is a real quantity. After the impossible part of 

imaginary expressions is thus reduced to V-1, they may be 
multiplied and divided by the rules, alrq^y given for other 
radicals. 

Thus in Multiplication^ 

1. V^xV^=V«xV^xV*xV^=V^tx--'i== 

2. -fVr^x-V^=-\/«*x-i=+v«t- 

3. V^9 X V^= - V36 = - 6. 

4. (i-j-v:n')x(i-v~i)=2. 

From these examples it will be seen, that according to the 
principle assumed, the product of two imaginary expreidsiona 
IS a real quantity. 

5. V~aX\/^=V«XV^XV^=V^xV^. 

6, VT2xVi8=6xV-T. 

Hence, the product of a real quantity and an imaginary 
expression, is itself imaginary. 



In Divisiony 



1. " ^^^ - V^xV-i ^ M 2 

' V^ 4/6xVTr "^ b' 



= 1. 



V^XV-.! ^ «> V-a 

Hence, the quotient of one Imaginary expression divided 
by another is a real quantity. 



AJb • A/6 W b^ 



986 ALGEBRA. 

Hence, the quotient of an imaginanr quantity divided by a 
real one, or <tf a real quantity divided by an imaginary one, 
is itself imaginary^ 



By multiplying V - 1 continually into itself, we obtain the 
following powers. 

(V^)«= - 1 (V^)*= - 1 

(Vrry=:+i (VTT)»=+i 

&c. &c. 

The even powers being alternately - 1 and -4-1 ^^^ ^^^ 
odd powers, - V-1 and +V- 1. 

On the nature and use of imaginary expressions, see Eu- 
ler's Algebra, Rees' Cyclopedia, the Edinburgh Review, Vol. 
I. and the London Philosophical Transactions for 1801, 1802 
and 1806. 

Note O. p. 146. 

Every affected quadratic equation may be reduced to 'one 
of the three following forms. 






These, when they are resolved, become it 



1. a?=-Ja+\/K+* ) 

2. x= latVi^+b > 

3. ar= itftVK-* ) 



3 

In the two first of these forms, the roots are never imagi 
nary. For the terms under the radical sign are both posi 
tive. But in the third form, whenever b is greater than ;|a^, 
the expression ia' - 6 is negative, and therefore its root is 
impossible. 
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Note H. p. 175. 

For the sake of keeping clear of the multiplied controver* 
siesj a great portion of them verbal, respecting the nature of 
ratio, I have chosen to define geometrical ratio to be that 
which is expressed by the quotient of one quantity divided by 
another, rather than to say that it consists in this quotient. 
Every ratio which can be mathematically assigned, may be 
expressed in this way, if we include surd quantities among 
those which are to be admitted into the numerator or denomi- 
nator of the fraction representing the quotient. 

Note I. p. 177. 

This definition of compound ratio is more comprehensive 
than the one which is given in Euclid. That is included in 
this, but is limited to a particular case, which is stated in 
Art. 353. It may answer the purposewof geometry, but is 
not sufficiently .general for algebra. 

NoTp K. p. 178. 

It is not dem'ed that very respectable writers use these 
terms indiscriminately. But it appears to be without any 
necessity. The ratio of 6 to 2 is 3. There is certainly a 
difference between twice this ratio, ^nd the square of it, that 
is, between twice three, and the square of three. All are 
agreed to call the latter a duplicate ratio. What occasion is 
there, then, to apply to it the term double also ? This is 
wanted, to distinguish the other ratio. And if it is confined 
to that, it is used according to the common acceptation of the 
word, in familiar language. 

Note L. p. 185. 

The definition here given is meant to be appUcable to 
quantities of every description. The subject of proportion as 
it is treated of in Euclid, is embarrassed by the means which 
are taken to provide for the case of incommensurable quanti- 
ties. But this diflSculty is avoided by the algebraic nota- 
tion which may represent the ratio even of incommensur- 
ables. 

Thus the ratio of 1 to \/2 is 

^ V2 
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It is impossible, indeed, to express in rational numbers, 
the square root of 2, or the ratio which it bears to 1. But 
this is not necessary, for the purpose of showing its equality 
with another ratio. 

The product 4xS=8. 

And, as equal quantities have equal roots, 

2XV^=V^9 therefcnre, t : \/8 : : 1 : V^- 

• 

Here the ratio of 2 to \/8, is proved to be the same, as 
that of 1 to \/2 ; although we are unable to find the exact 
value either of \/S or i\/2. 

It is impossible to determine, with perfect accuracy, the 
ratio which the side of a square has to its diagonal. Tet it 
is easy to prove, that the side of one square has the same ra- 
tio to its diagonal, which the side of any other square has to 
its diagonal. When incommensurable quantities are once 
reduced to a proportion, they are subject to the same laws as 
other proportionals. Throughout the section on proportion, 
the demonstrations do not imfrfy that we know the value of 
the terms, or their ratios ; but only that one of the ratios is 
eqwd to the other. 

Note M. p. 190. 

The inversion of the means can be made with strict pro-* 
priety in those cases only in which all the terms are quanti- 
ties of the same kind. For, if the two last be different from 
the two first, the antecedent of each couplet, after the inver- 
sion will be different from the consequent, and therefore, 
there can be no ratio between them. (Art. 355.) 

This distinction, however, is of little importance in prac- 
tice. For, when the several quantities are expressed in num- 
bersy there will always be a ratio between the numbers. And 
when two of them are to be multiplied together, it is imma- 
terial which is the multiplier, and which the multiplicand. 
Thus in the Rule of Three in arithmetic, a change in the 
order of the two middle terms will make no difference in the 
result. 

Note N. p. 197. 

The terms composition and dimsion are derived from ge- 
ometry, and are introduced here, because they are generally 
used by writers on proportion. But they are calculated rather 
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to perplex, than to assist the learner. The objection to the 
word composition is, that its meaning is Uable to be mistaken 
for the composition or compounding of ratios, (Art. 390.) 
The two cases are entirely different, and ought to be cajrbfiilly 
distinguished. In one, the terms are addedy in the oth^r, 
they are muUiplied together. The word compound has a simi- 
lar ambiguity in other parts of the mathematics. The ex- 
pression a-{>&, in which a is cidded to b, is called a compound 
quantity. The fraction J of f , or | xi> in which i is vmUH- 
plied into f , is called a compound fraction. 

The term division^ as it is used here, is also exceptionable. 
The alteration to which it is applied, is effected by suhtractiony 
and has nothing of the nature of what is called division in 
arithmetic and algebra. But there is another case, (Art. 
392.) totally distinct from this, in which the change in the 
terms of the proportion is actually produced by division. 

Note O. p. 206. 

The principles stated in this section, are not only expressed 
in different language, from the corresponding propositions in 
Euclid, but are in several instances more general. Thus the 
first proposition in the fifth book of the Elements, is confined 
to eqwmiidHples, But the article referred to, as containing this 
proposition, is applicable to all cases of equal ratios^ whether 
the antecedents are multiples of the consequents or not^ 

Note p. p. 222. 

The solution of one of the cases is omitted in the text, be- 
cause it is performed by logarithmsy with which the learner 
is supposed not to be acquainted, in this part of the course. 
When the first term, the last term, and the ratio are given; 
the number of terms may be found by the formula 

log.- 
a 

Note Q. p. 227. 

When it is said that a mathematical quantity may be sup- 
posed to be increased beyond any determinate limits, it is not 
intended that a quantity can be specified so great, that no 
limits greater than this can be assigned. The quantity and 
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the limits may be aUematehf extended one beyond the other. 
If a line be conceived to reach to the most distant point in 
the visible heavens, a limit may be mentioned beyond this. 
The line may then be supposed to be extended farther than 
this limit Another point may be specified still ^ther on, 
and yet the line may be conceived to be carried beycmd it. 

Note R. p. 230. 

The apparent eontntdkHons respecting infinity, are owing 
to the ambiguity of the term. It is often thought that the 
proposition, that quantity is infinitely (JBvisible, involves an 
absurdity. If it can be proved that a line an inch long can 
be divided into an infimte number of parts, it can, by the 
same mode of reasoning, be proved, that a line two w£hes 
long may be first divided in the middle, and then each of th& 
sections be divided into an infinite number of parts. In this 
way, we shall obtain one infinite twice as great as another. 

If by infinity, here is meant that which is beyond any as- 
signable limits, one of these infinites may be supposed greater 
than the other,^ without any absurdity. But if it be meaisyt 
that the number of divisions is so great that it cannot be in- 
creased, we do not prove this, concerning either of the lines. 
We make out, therefore no contradiction. The apparent 
absurdity arises from shifting the meaning of the terms. We 
demonstrate that a quantity is, in one sense infinite ; an4 
then infer that it is infinite, in a sense widely different. 

Note S. p. 2SS. 

Strictly speaking, the inquiry to be made is, how often the 
whole divisor is contained in as many terras of the dividend. 
But it is easier to divide by a part only of the divisor ; and 
this will lead to no error in the result, as the whole divisor lis 
multiplied,, in obtaining the several subtrahends. 

Note T. p. 244. 

The demonstration of this proposition, particularly in its 
application to fractional indices, could not be introduced, with 
advantage, in this part of the course. It does not appear 
that Newton himself demonstrated his theorem, except by 
induction. And though various demonstrations have since 
been given ; yet they are generally founded upon principles 
and methods of investigation not contained in this introauc- 
tion, such as the laws of combination, flu^dcms, and figui:ate 
numbers. 
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the letters, is, in Algebra, a sign of multiplication ; yet he 
does not here undertake to show how the siaes of a paraUeIo» 
gram may be multiplied together. In the first book of the. 
Supplement^ he has indeed demonstrated, that " equiangular 
parallelograms are to one another, as the products of the 
numbers proportional to their sides." But he has not given 
to the expressions the forms most convenient for the suc- 
ceeding parts of this work. In making the transition from 
pure geometry to algebraic solutions and demonstrations, it is 
important to have it clearly seen that the geometrical princi- 

Eles are not altered ; but are^ only expressed in a different 
mguage^ 

Note X. p. 307, 

This section comprises very little of what is commonly 
understood by the application of algebra to geometry. The 
principal object has been, to prepare the way for the other 
parts of the course, by stating the grounds of the algebraic 
notation of geometrical quantities, and rendering it familiar 
by a few examples. 

* On the construction and solution of problems, See New- 
ton's Arithmetic, Simpson's Alg. Sec. 18 and appendix, La-. 
croix's App. Alg. Geom., Saunderson's Alg. Book xiii, Ana- 
lyt. Inst, of Maria Agnesi, Book i. Sec. 2, and Emerson's 
Alg. Book II, Sec. 6., 

Note Y. p. 320. 

On the equations of curves, the geometrical construction 
of equations, the finding of loci^ &c. see Maclatirin's Alg; 
Part III, and appendix, Newton's Arith., Emerson's Alg. 
Book II, Sec. 9, Do. Prob. of Cui*ves, Euler'is Anal. Infin., 
Waring's Prob. Alg. and Mansfield's Essays. 

Among the subjects which, for want of room, are entirely 
omitted in this introduction, one of the most interesting is the 
mAetermmate analysis. No part of Algebra, perhaps, is bet- 
ter calculated to exercise the powers of invention. But other 
branches of the mathematics are so little dependent on this, 
that it is not absolutely necessary to give it a place in an ele- 
mentary course. 

See, on this subject, Euler's Alg. Vol. ii, with Lagrange's 
additions, Saunderson's Alg. Book vi, Bonnycastle's Algebra, 
and the Edinburgh Phil. Transactions, Vol. ii. 
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Those who wish to examine the inquiries on this subject, 
may consult Simpson's Algebra, Section 15, Euler's Algebra, 
Section 2» Chap. 11, Vince's Fluxions, Art. 99, Lacroix's 
Algebra^ Art. 138, &c. Do. Comp. Art. 71, Rees' Cyclopedia, 
Manning's Algebra, the London Phil. Trans. Vol. xxxv, p. 
1^98, Woodbouse's Analytical Calculations, Bonnycastle's 
Algebra, and Lagrange's Theory of Analytical Functioi^. 

Note U. p. 277. 

The very limited extent of this work would admit of no- 
thing more, than a few specimens of the Summation of Se- 
ries* For information on this subject, the learner is referred 
to Emerson's Method of Increments, Sterling's Summation 
of Series, Waring's Fluxions, Maclaurin's Fluxions, Art. 828, 
&c. Wood's Algebra, Art. 410, Lacroix's Comp. Alg. Art. 
81, &c. Euler's Anal. Infin. C. xiii, Simpson's Essays and 
DuBsertatiotts, De Moivre's Miss. Analyt. p. 72, and the Lou- 
don Philosophical Transactions. 

Note V. p. 291. 

To those who have made any considerable progress in the 
mathematics, this section will doubtless appear very defec- 
tive. But it was impossible to do justice to the subject, 
without occupying more room than could be allotted to it 
here. In going through an elementary course of mathema- 
tics and natural philosophy, the student will rarely have oc- 
casion to solve an equation above the second degree. 

Those who wish to examine particularly the d^erent meth- 
ods of solution, will find them in Newton's Universal Arith- 
metic, Maclaurin's Alg. Part. 2, Euler's Alg. Part 1. Sec. 4, 
Waring's Algebra, Do. Medit. Algeb., Wallis' Algebra, Simp*- 
son's Alg. Sec. 12, Fenn's Alg. Ch. 3 and 4., Saunderson's 
Alg. Book X, Simpson's Essays and Dissertations, Journal 
De Physique, Mar. 1807, and the Philosophical Transactions. 

Note W. p. 298. 

It will be thought, perhaps, that it was unnecessary to be 
so particular, in obtaining the expression for the area of a 
parallelogram, for the use of those who read Playfair's edi- 
tion of EucUd, in which ^^AD.DC is put for the rectangle 
contained by ^SD and DC." It is to be observed, however, 
that he introduces this, merely as an article of notation. 
(Book II. Def. 1.) And though a point interposed between 
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